§14. TenszopHas anre6pa BEKTOPHOT'O IPOCTPAHCTBA

Bcioay B aToM maparpade depes V o603HaYaeTCss BEKTOPHOE MMPOCTPAHCTBO HA/l IPOU3BOJIBHBIM I10-
aem k.

14.1. TeH30pHBIE CTEeNEeHH, CBEPTKU U NOJWINHelHble GpopMbl. TeH30pHOe [Ipon3BeZieHHe N JK-
3eMILIAPOB BEKTOPHOTO mpocTpaHcTBa V ¢ camum co6oit V®" = V®...®V HasbiBaeTcs n-Toi meH3op-
Holi cmeneHbto IpocTpaHcTBa V. MBI 110 oTipeziesieHUIO Ioiaraem Ve =kuv® =v.U3 YHUBEpPCaJb-
HOTO CBOICTBA TEH30PHOTO IIPOM3BE/IeHUA " BRITEKAeT, uTo ABolicTBeHHOe K V ®™ mpocTpaHCTBO yen’
nuHeitHbIX GyHKnui V" — |k KaHOHMYeCcKH M30MOPGHO MIPOCTPAHCTBY N-TUHEHHBIX dopM Ha V,
T. €. oTobpakeHuit V X ... X V — Kk, TMHeUHBIX 1O K&XXA0MY U3 N apryMeHTOB. C IpyTroii CTOPOHBIL,
Mesxzy pocrpascramu VO n V& = V* ® ... @ V* nMeeTcs KaHOHUYECKOe GUTMHEHOE ClIapyBa-
HMeE, COTIOCTaBJIAOIIEE PA3IOKMUMBIM TEH30paM vV = 1V, Q... Q v, € veny &= 5‘1 R...Q fn S yen
ux nonryto ceépmry (v, & ) € [[ie(v;, & ) tae (v;, &) = §(v) = ev,(§) € k— pesynbrar Bbrauc-
JIeHMs KoBekTopa §; Ha BekTope v;. Tak Kak ITpaBasd 4acTb (??) IuHeilHa 1o KaXXJ0My v; U &;, IPaBUIO
v (v, &) npu GuKCHpoBaHHOM & KOPPEKTHO 3a/1aéT IMHeHbI dyHKuuoHan V®" — Kk, KoTophrit

JIMHEMHO 3aBUCUT OT Kaxzoro &;. ComocTasiAd KaXXJOMy PasloXUMOMY TeH30py ¢ € V*®™ rakoii
byHKIMOHA, MBI ITOJIy4aeM KOPPEKTHO OIpe/ie/IEHHOe JIMHeHOe 0ToOpaskeHre
n *
VRO L8t s (v (£, 1)) (14-1)

[IPEAJIOXKEHUE 14.1
Jl1st KOHeYHOMepHOTro IIpocTpaHcTBa V nHelHOe oTo6pakeHue (14-1) ABisgeTcss u30MOpPU3MOM.

JIOKABATE/IbCTBO. BribepeM ABoMcTBeHHEIE OA3UCH! €4, ...,e, BV M X, ..., X, B V* u paccMoTpuM
B VO i O COOTBETCTBYIOIIVE 6a3UCH U3 TEH30PHBIX MOHOMOB e, ®..Q¢ u X, R...Q Xj .

T S
V3 cooTHOWEHMI ( X; , € i ) =16; j ¥ paBua (??) OYEBUAHO, YTO 3TO ABOHCTBEHHbIE 6a3uCHL. |

CIEACTBUE 14.1

JlIsi KOHEYHOMEPHOTO MPOCTpaHCcTBa V MPOCTPaHCTBO KaHOHUYECKU U30MOP(QHO MPOCTPaH-
CTBY N-MuHEHHBIX dopM V X ... X V — k. [Ipu aToM n3omMopdu3Me KaxKAbIH Pa3TOKUMBINA TEH30D
£ ® ... ® &, € V*®" nepexoaur n-muneiinyio dopmy (v, ..., v,) H [[1 (& v;)-

V*®Tl

JIOKA3ATE/ILCTBO. DTO KOMITO3ULINA u3oMopdusMma (14-1) ¢ ymoMAHYTEIM BbIIIe H30MOP(U3MOM IIPO-
* o

crpanctBa V™" ¢ mpocTpaHcTBOM N-mHHEHHEIX GopM V X ... X V — K, BEITEKaIOIUM U3 yHUBEp-

CaJIbHOTO CBOMCTBA TEH30PHOTO IPOU3BE/ICHUA. U

14.1.1. Yactuunsie cBépTku. PUKCUPYEM [1Ba THHEKTUBHBIX, HO HE 0053aTeIbHO MOHOTOHHBIX
orobpaxkenus [ : {1,...,m} & {1,...,p}tuJ: {1,...,m} & {1,...,q}, kKoTopbie ByzeM 3amHChI-
BaThb I10C/IeZI0BATEIbHOCTAMU U3 M He NOBTOPAIOIIUXCA UHAEKCOB [ = (i4, ..., L) U] = (i, ... . Jm),
rze i, = 1(v), j, = J(v). JIuneiinsiii oneparop cj : VP @ y®1 _ pr®P-m @ y®a-m) popa-
YUBAIOIUH i,-iI COMHOXUTENb IPOU3BeAEeHUA V®P ¢ j,,-M comHOxuTeeM ipoussenerus V&7 aa
Kakgoro v = 1, ..., m 1 OCTaBJAIOIINI BCe OCTAIbHbIE COMHOXUTENN B TOM K€ TIOPsIZIKe:

688500 8. 0~ ([T (5. ,)) (Qud) ® (Q,,v) 142

'Cm. mpeaur. 13.1 Ha ctp. 210.
206paruTe BHEMAaHMe, YTO STOT U30MOPGU3M UMEET MeCTO I IOOBIX, B TOM UMC/Ie U 6eCKOHEIHOMEPHEIX
BEKTOPHBIX IPOCTPAHCTB
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Has3bIBAETCSA uacmuuHoll ceépmxoti o uHaekcam I, J. [NoguepkHéM, UTO pasHbie oTobpaskenus I, |
0OBIYHO 33/1aI0T pa3HbIE YACTHYHBIE CBEPTKH.

TIPUMEP 14.1 (CBEPTKA BEKTOPA C ITOJIMJIMHEMHOM ®OPMOL)

VnuTeprnipetupyeM n-ivuHelinyo opmy ¢ : VX... XV — knpu nomouiy 3aaBaeMoro IogHoH cBEpT-

Ko n3omopdusma (14-1) Kak TeH30p @ € A CBEpHEM €ero I10 ITIepBOMY T€H30PHOMY COMHO-
*®(n—1) o o

KUTeJIo ¢ BekTopoM v € V. Ilomyuutca TeHsop us V , 3agaromuii (n — 1)-1uHeiHyo dopmy

V X ... XV — Kk, koTopas Ha3bIBaeTCsA 8HYMPEeHHUM NpousgedeHueM BEKTOpa vV C HNOJIMINHEHHON

dopmoii ¢ u obo3HavaeTcA iy, WK v, @. [IoKakeM, UTO I BCeX Wy, ..., W,_4 € V

Iy @Wy, oo s W) =@V, Wy, .. ,Wy_q).

o o n
Tak kak PABEHCTBO JIMHEWHO II0 ¢, €0 AOCTAaTOYHO IIPOBEPUTH Ha JJMHEWHO IMOPOXAAIOIINX V*®

Pa3/IOKMMBIX TEH30pax @ = ¢; ® ... ® ¢, € V*®n, a [iy11 HUX OHO BEpPHO:
LWy, oo sWp_ 1) =(@;, V)" Hv>2<(ﬂv s Wy ) =W, Wy, Wy ).

14.1.2. JluneiiHbIii HOCHTE b TeH30pa. [IycTh t € VO™, [lepeceyenne BcexX TAKMX BEKTOPHEIX
noanpocrpanctB U C V, uro t € U®™, HaspiBaeTca uHeliHbIM HOCUMe leM TeH30Pa t ¥ 0603HaYaeTcs
suppt C V. /Hade HOCUTENb MOXXHO OXapaKTEPU30BaTh KaK TAKOe HAaMeHbIIlee U M0 BKIIOYEHUIO,
¥ TI0 pa3MepHOCTH HoAnpocTpancTBo U C V, uto t € U™, DKBUBaJIEHTHOCTD BCEX STHX OIMMCAHHI
BHITeKaeT u3 paBeHcTa US™ N W™ = (U n W)®™",

YIIPAXKHEHUE 14.1. ,Z[OKa)KI/ITe 9TO PaBE€HCTBO.

Pa3MepHOCTb HOCUTeJIA Ha3kIBaeTCa paHeoM TeH3opa U obosHadaerca rkt £ dimsuppt. Tensop t
Ha3BIBaeTCsA 8blpodcdeHHbIM, eciii Tkt < dim V. 3To o3HayaeT, YTO HEKOMMYTATUBHBIA MHOTOWIEH t
«3aBUCUT» OT MeHbIero, yeM dim V, ynciia «IepeMeHHbIX», U JUITHUE TIepeMeHHbIE MOXKHO yOpaTh
TnoAXoAAIIeH IMHeHHO 3aMeHoi KoopauHat. Hanpumep, e dimsuppt = 1, ot = ¢ - v®" ga
HekoTopeix c € kuv € V.

fIBHO yKa3aTh BEKTOPHL, IMHEHHO MOpOoXKAAtoImue supp t Haz kK MOXXHO Py MOMOIIY YaCTUYHbIX
CcBEPTOK. [l Kax10it IoceioBaTenbHOCTH | = (jy , ... , jp_4) U3 1 — 1 He IOBTOPAOMUXCA MHAEKCOB
1 £ j, € n obo3HaYUM Yepe3

VT v S B E S, (14-3)

TIOJIHYTO CBEPTKY C TEH30POM ¢, KOTOPAsi CIIaPUBAET V-H COMHOXUTEJb TPOU3BEAEHUS prem-1 Jy-M
COMHOXUTeJIeM TeH3opa t A Bcex 1 < v < (n—1). Eciu 3anumcats t B BUZie CYMMBI Pa3/I0KUMBIX TEH-
30pOB BUAA V; & ... ® V,,, TO Pe3y/IbTaTOM TaKOH CBEPTKU OyZeT IMHeHHasA KOMOMHAIUA BEKTOPOB V;
ci & J. O4eBUHO, YTO OHA JIEXKUT B supp t.

TEOPEMA 14.1
[IpocTpaHCTBO SUpp t IMHEHHO [TOpOoXKAAETCA 0Opa3aMu Bcex cBEPTOK (14-3).

JlOKA3ATE/IbCTBO. O603HayuM supp t uepe3 W C V. JlocTaTo4HO ZiloKa3aTh, Kaxkaas JuHelHas ¢popma
& € V*, aunynupytomas o6pasbl Bcex cBEPTOK (14-3), aHHyIMpYeT moAnpoctpanctso W. Ipeamno-
JIOKUM MTPOTUBHOE: IyCTh KOBEKTOP ¢ € V™ nMeeT HeHyneBoe orpaHudyenve Ha W, HO aHHY/IMpYeT

'Emé pa3 moguepKHEM, YTO MHEKCH He 06A3aHEl BO3PACTATH I YOBIBATS.



222 §14 TensopHas aire6pa BEKTOPHOTO IIPOCTPAHCTBA

t; (V*®("_1)> Anst Beex J. Boibepem B V™ Gasuc &, ..., &4, B KoTopoM &, = & M OrpaHHUYEHHUs KO-

BEKTOpPOB &, ..., &, Ha W o6pasytot 6a3uc B W*. O603HaYUM Uepe3 Wy, ... , W), JBONHCTBEHHEIH 6asuc
mpocTpaHcTBa W u pasnokum t mo aTromMy 6asucy. 3HaueHue & (t ](fil R..Q fin_l)) PaBHO TTOJTHOM
CBEPTKE TEH30pa t ¢ 6asMCHBIM TEH30PHBIM MOHOMOM §; ® ... ® §; @ &; 10 BCeM N TEH30PHEIM
COMHOKUTEJIIM B TOM IIOPS/IKe, KOTOPHI IPe/IiCcaH [OCIe0BaTeIbHOCTbIO! | . [TomyJaroleecs B pe-
3yJIbTaTe STOM CBEPTKU YMCJIO PABHO KO3GUIIMEHTY, C KOTOPHIM COOTBETCTBYIOIINM ABONCTBEHHBIN
TEH30DHBIH MOHOM> OT 6a3UCHBIX BEKTOPOB W; BXOAHT B pasoxkeHue t. [loa6upas Hajmexamue J,
MOXKHO TIOJIy9UTh K03$OHUIMEHT IIpH JIF060M cofiepskallleM W, MOHOMe, BXOJSIIEM B pas3oXeHue t.
Tem caMbIM, Bce OHU HyJIeBHIE, T. €. W, & supp t BOIpeKH HallleMy BEIOODY. O

14.2. TeH3opHasA, cMMMeTpU4ecKas U BHEIIHAA aareopsl. TeH30pHOe YMHOXKEHHE BEKTOPOB 33/1a-
. o o def n " Y
éT Ha 6ecKOHeyHoI psiMoii cymme TV = @n>0 V" cTpykTypy acconyaTHBHOM HEKOMMYTaTUBHOMN
rpayipoBaHHOI" kk-anre6prl. OHa HA3BIBAETCH MEH30PHOLL WK c80600HOLl AccoyUAmueHotl anre6-
poii BekTopHOTO npocTtpaHcTBa V. Eciu 3a¢ukcupoBats B V 6asuc E C V, To mo mpezasn. 13.3 Ha
crp. 211 moroM 1 € V®° 1 BceBo3MOXHEIE TEH30PHBIE MOHOMBI

e;®...Qe,, tie ¢,€E, meN, (14-4)

cocTaBAT 6a3nc BeKTopHOro npocrpanctsa TV . YMHOKeHNE MOHOMOB (14-4) 3aKiIioyaeTcs B IPUITH-
CBIBAHHMY UX JPYT K APYTy Yepes3 3HaK @, MOHOM 1 ciayxut eguHuLel. TakuM o6pa3om, GuKcarusa
6asuca E B V oroxzecteiseT anrebpy TV ¢ anrebpoii MHOTOWIEHOB OT He KOMMYTATHUBHEIX IIepEMEH-
HEIX e € E. Kaxzoe mpamoe ciaaraemoe V®™ C TV mpu 3TOM OTOXZIECTBIAETCSA C IPOCTPAHCTBOM Of-
HOPOZHBIX MHOTOWIEHOB CTeIIeHH N. BiioXeHre BEKTOPHOTO TpOCcTpaHcTBa V B anrebpy V B kadecTBe
noanpocrpancta V&1 C TV obosnavaerca t: V < TV u 061aaeT cIeAyiomyM YHUBEPCATbHBIM
CBOMCTBOM.

TIPE/IJIOXKEHME 14.2 (YHUBEPCAJIBHOE CBOMCTBO TEH30PHOII AJITEBPHI)

s mo6oro uHeHOTO oToOpaxkenus f : V — A mpoctpanctBa V B acconuaruBHyo k-anrebpy A
CYIIIECTBYET €IMHCTBEHHBIN Takoi romoMmopdusm k-anrebp a : TV — A, uto f = «a o (. [l]pyrumu
cnoBamu, romomMopousme k-anrebp TV — A HaxogaTcs B KAHOHUYECKOM OMEKIIMU C IMHEHHBIMU
otobpaxkenusm V — A.

JIOKA3ATE/IBCTBO. VICKOMBIHM roMoMOpOU3M @ JOKEH I1epeBOAUTD KaXXAbIN PasIoKUMBbI TeH30D
V,Q..0v, €TV

B IpousBefeHue f(v,) ... f(v,) € A. Tak Kak 5To IpoU3BeieHUe TUHEHHO 110 KaXKAOMY V;, OToOpaxe-
HUA A, V; ® ... v, — f(v;)... f(v,) KOPPEKTHO 3azal0T JUHeHHOoe oToOpaxkeHune a . TV — A
TiepeBozAlllee KOHEUHYIO CYMMY Y., t, OAHOPOJHBIX TEH30POB t) € V&K 5 cymmy Y k @k(ty) € A, Tae
a,: V° — A nepeBoaut efyHUIlY B €AVHALY. g

YIPAXKHEHHUE 14.2. Yoeaurecs, uTo k-anre6pa TV BmecTe ¢ BaoxkeHueM ¢ : V < TV ompezensaioTes

CBOMIM YHUBEpCaJIbHbBIM CBOWICTBOM OJHO3HAYHO C TOYHOCTBIO 0 €TMHCTBEHHOI'O HSOMOP(l)I/IBMa
k—anr'e6p, IIEpECTAaHOBOYHOI'O C BJIOKEHUEM L.

IT. e. j,-if cOMHOXHUTeNH TEH30pa t CBOpauMBaeTes ¢ & i, 1P 1 < v < n—1,a0CTaBIIMHCA B t COMHOXUTEb
c HoMepoM {1, ...,n} \ J cBopaunBaerca c &, .

2 J,-¥i MHOXUTEJIb 3TOr0 MOHOMAa paBeH w, mpul<v<n-1a OCTaBIIUICA COMHOXXUTENb C HOMEPOM
{1,...,n}\J paBeH W,.

3 Anre6pa AHaJ KOMMYTaTUBHEIM KOJIBIIOM K Ha3sIBaeTcA 2padyuposaHHOLl, eCiv OHA ABIAETCA HPAMOM CyM-

Moii K-Mozyneit A = @n;o A, u g Beex k, m npoussesenne Ay A, C Ay ..
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14.2.1. Vgeansl BHEKOMMYTAaTUBHOM KOJbIie. B HEKOMMYyTaTUBHOM KOJIblle R OBIBAIOT U/leaslbl
Tpéx TUNOB. [Togkonbio I C R Ha3BIBAETCS JieebM udediom, eciu xa € I ana Bcexa € I, x € R.
CHUMMeTpUYHEIM 06pa3oM, I C R Ha3bIBaeTcsa npagvvm udeanom, ecnu ax € I mpu mobbix a € I u
x € R.Upeanl C R HasbIBaeTcs 08YCMOPOHHUM, €CJIM OH OZJHOBPEMEHHO U JIEBBIH, 1 TpaBeIil. lHaue
JIBYCTOPOHHUE H/leanbl MOXXHO OXapaKTepU30BaTh KaK AZpa roMoMopdr3MoB (HEKOMMYTaTUBHBIX)
KoJsell. JIeiCTBUTENBHO, eI 3JIEMEHT a € R aHHynupyeTcsa romoMopdusmom ¢ : R — S, To ana
JIOOBIX X, Y € R BHIOMHsETCA paBeHCTBO @(xay) = ¢(x)p(a)p(y) = 0. Haobopor, ecsiu aaauTUBHASA
nozrpynnal C R ABIAeTcA AByCTOPOHHUM HzeanoM, To paswio [a][b] £ [ab] koppekTHO 3a4aéT Ha
aAIMTUBHOI abeneBoii dakTop rpymme’ R /I yMHOMXeHMe, 160 1A MOOHIX X, Y € |

(a+x)(b+y)=ab+ (ay +xb+ xy) = ab (modI)

(ob6paruTe BHUMaHUe, YTO /JIs1 OFHOCTOPOHHETO Heasia IIocjieIHee CpaBHEHNE MOXKET He IMeeT Me-
cTa). OTHOCHUTEIBHO TaKOTO YMHOXeHUs GpakTop R/l cTaHOBUTCS KOJIBIIOM, a JANTUBHEIN TOMOMOD-
¢usm dpaxtpuzauuu R » R /I — romomopdusmMoM KoJers ¢ sapom [.

VI3 TeOpeMBI O CTPOEHHH TOMOMOPGU3MA IPYIIT> BHITEKAET, YTO KaXIbIii TOMOMOP(H3M KOJIel]
¢ : R — S saBnAeTcs koMno3unyei snumopousma akropuzauuu R -» R /ker ¢ ~ im ¢ u B1oxxeHUs
R/kerp ~im¢ < S.

Anre6pEl OGBIYHBIX ¥ TPACCMAHOBBIX MHOTOWIEHOB SABJAIOTC GaKTOpaMyu TEH30PHOU aire6psl
II0 IByCTOPOHHUM H/leasaM, NOPOXXAEHHBIM COOTHOIIEHUAMI KOMMYMUPOBAHUSL I AHMUKOMMYMU-
posaHusl.

14.2.2. CummeTrpudeckas anre6pa. O6osnaunm yepes J,,, C TV AByCTOpOHHUH Uzeal, IOPOX-
JIEHHBIN BCeBO3MOXXHBIMU Pa3HOCTAMU UQW—WwQRuU € VRV, raeu, w € V. OH cOCTOUT U3 KOHEUHBIX
JIMHEMHBIX KOMOUHAIMH TEH30POB, KOTOPBIE MOXXHO MOJIYYUTh YMHOKasA 3T Pa3HOCTH CJIEBA U CIIpa-

Ba Ha JTI00bIe a51eMeHTH U3 TV u ABnsAeTCA HpHMOﬁ CYMOﬁ OMHOPOAHBIX KOMIIOHEHT:
— n
gcom - @nzz(gcom nv ),

TZie KaXXZ0€ IIepecevyeHmne J N V®n JIMHENHO IIOPOXZAaeTCsA pa3HOCTAMU BUJa

(.. VRAWR ...) — (... QwRVR® ...), (14-5)

1 0603HaYeHHbIe MHOTOTOYHAIMY COOTBETCTBEHHbIE GParMeHTHI IPOU3BeJeHIH ofuHAKOBEL. PaKkTop
anre6pa SV £ TV /3., HasbIBaeTCA cCUMMempuueckoil Wiu c60600HOl kommMymamusHotl anre6poii
nmpocTtpaHcTBa V. YMHOXeHUe, MHAYIIMPOBaHHOE B Hell TeH30PHBIM IIPOM3BeeH1eM BeKTOPOB, Ha3bl-
BaeTCsI KOMMYMAMUBHbIM YMHOYCeHUeM Y 0603HAYAETCSI TOUKOM, KOTOPYIO, KaK IIPABUJIO, OIIYCKAOT.
Kak BeKTOpHOE IIPOCTPAHCTBO CUMMeETpUYecKas aurebpa sBiieTcs NPsIMON CyMMOH CBOUX OZHOPOZ-
HEIX KOMIOHEHT: SV = @, S™V, tae S"V £ VE" /(I N V™). TIpocpascTso S™V HaspiBaeTca
N-1l cUMMempuUUecKoll cmeneHso IPOCTPAHCTBA V U 110 IIOCTPOEHUIO IOPOXKAAETC KOMMYTaTUBHBIMU
IIPOMSBEAECHUAMH V; ... Uy, TA€ V; € V. O6parute BHUMaHue, uT0 S°V = ku S'V = V. Briouenue
npocrpascTBa V B anre6py SV B kadecTse mpAMOro caraemoro S'V obosnadaerca t: V < SV u
obyaziaeT YHUBEpCAIIbHEIM CBOMCTBOM, aHAJIOTMYHEIM IIpel. 14.2.

VIIPAYKHEHUE 14.3 (YHUBEPCAJIbHOE CBOMCTBO AJITEBPHI SV). YbeauTech, 4TO A J000r0 JUHEeH-
HOTO oTobpakenus f : V — C mpocTpaHcTBa V B IPOU3BOIBHYI0 KOMMYyTaTHBHYIO K-anre6py C

1cm. omp. 10.2 Ha cTp. 184.
2CM. ci1. 10.4 Ha cTp. 184.



224 §14 TensopHas aire6pa BEKTOPHOTO IIPOCTPAHCTBA

MMeeTCs eIMHCTBEHHBIH Takoi romoMopduam k-anre6p f : SV — C,uto f = f o, mpuuém BiIO-
)eHue L . V & SV omnpesensioTcs STUM CBOMCTBOM OHO3HAYHO C TOYHOCTBIO ZI0 €TMHCTBEHHOT'O
IepecTaHOBOYHOTO ¢ t u3oMopduama k-anrebp.

Jlns mo6oro 6asuca E C V anre6pa Kk[E | MHOTOWIEHOB OT lepeMeHHbIX e € E u Biokenue V & K([E]
B KavyeCTBe MOANPOCTPAHCTBA MHOTOWIEHOB cTereHH 1 Toxke 06/1aZiaeT YHUBEPCATbHBIM CBOMCTBOM
us yop. 14.3.

YIPAXKHEHUE 14.4. Y6€AUTECH, YTO /1 TF060M KOMMYTaTUBHOM aire6phl C UMeeTCss KaHOHWYECKas
OUeKIUA MeXIy 0TOOpaskeHUsAMU MHO)KecTB E — C 1 romomopdusmamu k-anrebp k[E] — C.

M&I 3aKJII09aeM, 9TO AJiA Kakzaoro 6asuca E C V cylnecTByeT eIMHCTBEHHBIN U30MOpGU3M anredp
k[E] = SV 7 1 6 7 ™ e e K[E
, IepeBOAANINI KaXX/Ablii 6a3MCHEII MOHOM e; ... e, © € Kk[E] B KoMMyTaTHBHOE IIpO-
m m v
u3BeJieHNe e; ... e, © € TV COOTBETCTBYIOMUX 6a3UCHBIX BEKTOPOB IIPOCTPAHCTBA V/ B TeH30pHOM
anre6pe TV. B 4aCTHOCTH, TaKKe ITPOMU3BEAEHHUA COCTABISIOT 6a3HUC CUMMETPUIECKOM anreGphl KaK

BEKTOPHOTI'O IIPOCTpaHCTBa Ha/ I10JIEM L.

YIPAXXHEHME 14.5. HaiiauTte dim S™V, eciu dimV = d.

[TPUMEP 14.2 (TTIOJIMHOMUAJIBHBIE ®YHKIIMU HA TIPOCTPAHCTBE V)

B ciity yHHUBepcasbHOT'O CBOKMCTBA CUMMETPHYECKOH anreOphl, 3alaBaeMoe KaXk/[bIM BeKTOpoM v € V
oTOGpakeHNe BHIYKCIEHNs Ha HEM TUHENHEIX popM ev,, : V™ — |k, ¢ — ¢@(V), 04HO3HAYHO IPOAOI-
»KaeTcs 0 romoMopdHr3Ma KOMMYTaTUBHBIX K-anrebp ev,, : SV* — Kk, mepeBoAsLIero pasioKuMBIi
TIOJIUHOM @, ... 9, € S"V*, tne p; €V*, B Hi ¢;(v). Ecnu Bei6paTs B V u V* aBolicTBeHHbIE 6a3UCHL
€1s-.es€g U Xy, ..., Xy, YTO IO3BOJIUT 3AMUCHIBATD 37IEMEHTHI f € SV™* Kak MHOTOWIEHS! [ (X4, ... , X;,),
a BEKTODPHI ¥ € V KakK CTPOKU UX KOOPAUHAT, TO Pe3y/IbTaT BHIYACIEHNA eV,,(f) MHOroulIeHa f Ha Bek-
TOpPE V paBeH YHUCIY, TOMyYaloIeMyCs TIOAICTAHOBKOM B f BMECTO IepeMeHHbIX 3HaUeHUH KOOPAUHAT
BekTopa v. I10 3TOM MpUYKMHE CUMMETPUYECKYIO anre6py SV* HasbIBAIOT a12e6poll MHO2OWIEH08 Ha
npoctpaHcrse V.

[TPUMEP 14.3 (CUMMETPUYHBIE MTOJUINHENHBIE OTOBPAYXKEHA)
[MonunuHelHOe oToOpaxkeHue @ : V X ... X V — W Ha3bIBaeTCs CUMMEMPUUHBIM, ECITU

PWg sy Vg )= Py, ... V)

ZUI BCeX NIepeCcTaHoBoK (g, ... , ) € Sy, B cuily yHUBepcalIbHOTO CBOMCTBA TEH30PHOTO IIPOM3Be-
JeHs1, KaxX/0e TIOMIWINHENHOe 0ToOpaXeHre f eJMHCTBEHHBIM 00pa30M pacKIaZbIBAETCA B KOMIIO-
SHIIUIO TEH30PHOTO YMHOXKEHHA T : V X ... X V — V™ 1 muneitnoro orob6paskeHus

GV S W, 1,®...0vU, @(V;,...,V,).

Ec/ti 0To6pakeHue () CHMMETPUYHO, TO BCe IMHEHHO MOopoX/Aatomye IpocTpaHcTso I, N V®™ pas-
Hoctu (14-5) nexar B ker @, IIOCKOJIBKY
..V RQWR®...—..QWRVR® ...)=0¢(..,v,w,...)—@(...,w,v,...)=0.

TeM caMbIM, () KOPPEKTHO GaKTOPUIYETCs [I0 TUHERHOTO 0TOOPaXKEHUS

@SV =V®")(T, ., NVE) > W.

om

MBI 3aKJIF09AEM, YTO KOMMYTAaTUBHOE YMHOKEHHE BEKTOPOB 0 & V X ... XV — S™V apiseTcs yHUBep-
Ca/lbHBIM CUMMETPUYHBIM MTOTWIMHERHBIM OTOGPaKEHUEM B TOM CMBICTIE, YTO KaXKj0e CUMMETPUY-
HOe MOMWIMHeRHoe oTo6paxenue ¢ © V X ... X V — W eIMHCTBEHHBIM CIIOCOGOM PacK/IabIBaeTCa
B KOMIIO3UIIUIO @ = @0, T7e ¢ . SV — W nuHeiHo.
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YTIPAXKHEHUE 14.6. [IOKaQ)XUTe, YTO KOMMYTaTUBHOE YMHOXXEHUE BEKTOPOB OTIPE/IENSETCS STUM CBOM-
CTBOM OZIHO3HAYHO C TOYHOCTBIO ZI0 €IMHCTBEHHOIO JIMHEHHOTO M30MOpdH3Ma, IIeEpeCcTaHOBOY-
HOTO C KOMMYTAaTUBHBIM YMHOXKEHUEM BEKTOPOB.

CJ/IEICTBME 14.2
[TpocTpaHCTBO CUMMETPUYHBIX N-TUHEHHBIX opM V X ... X V — |k KaHOHUYECKU IBOHUCTBEHHO IPO-
crpaHcTBy S™V 1A m060ro’ BEKTOPHOTO TIpocTpaHcTBa V. O

14.2.3. BHemHasa anre6pa. O6o3naunm yepes Iy C TV AByCTOpOHHUI HAeas, MOPOXAEHHBIN
KBaZipaTaMu vV @ v € V @ V BceBO3MOXKHBIX BEKTOPOB v € V. OH ABJsAETCA IPSIMON CyMMOM

T = @n;z Ta NV,

CBOMX OJHODOJHBIX KOMIIOHEHT Jy N V®n, KOTOpBIe JIMHENHO NOPOXKAAI0TCA PA3I0KUMBIMU TEH30-
pamuBUIa U, Q ... Q U, VR VRO W; Q ... ® W, U B YACTHOCTU COLEPIKAT BCE CYMMBbI

(..uRWR® ..)+(..0wRu®...), (14-6)

a TaK>Ke BCe Pas3IoXHUMBIE TEH30PB BUJA ...V Q U ® ... @ U, @ V @ ..., Y KOTOPHIX COBIIaJaroIIye
COMHOXXUTEJIHU ¥ He 0053aTeIbHO CTOAT PAZOM.

YIPAKHEHHUE 14.7. YOeanUTeCh B 3TOM U B TOM, YTO cyMMHI (14-6) mHeitHO nopoxaatoT Jg N V®n,
eciu chark # 2.

®daxrop anre6pa AV £ TV / I Ha3bIBaeTCs HewHell WIN 2paccmManosoll anrebpoii mpocrpaHcTsa V.
YMHOXeHUe B AV, UHAyLMpOBaHHOE TEH30PHBIM ITpou3BeZieHueM B TV, Ha3pIBaeTCa 8HEWHUM WIN
2PACCMAHOBbIM YMHOXKEHUEM U 0603Ha4YaeTcsl 3HaKOM A. Kak BEKTOpPHOe IPOCTPaHCTBO, BHEIIHAA
anre6pa siBnAeTcA mpAMoit cymmoit AV = P, A"V cBOUX 0IHOPOAHBIX KOMITOHEHT

AV =k, AV=V u AVEV® /I, nV®),

KOTOpHIE Ha3hIBAIOTCA BHEWHUMU cmeneHamu rpocTpancTsa V. ITo mocrpoenuto, A™V 1uHeNRHO mo-
POX/aeTcs IPOUSBEAECHUAMU V; A ... A Uy, T V; € V, U 5TU IPOU3BEJE€HUA KOCOCUMMETPUYHBI:

vAV=0 u vy A AV =5g0(g) VAL ATy
ZUIAL TIOOBIX BEKTOPOB VU, V4, ..., V, € V U IlepecTaHOBOK g = (g4, ..., gpn) € Sp,. A IIPOM3BOMBHBIX
OZHOPOJHBIX W € AFY, n € A™V BHINONHAETCS PABEHCTBO

wAn=D""Aw.
I'paZlylpoBaHHbIE anre6pEl ¢ TAKUM CBOMCTBOM HA3BIBAIOTCH S-KOMMYMAmusHuIMu®, a anre6pa AV
WHayve Ha3bIBaeTCsA c80600HOI S-KOMMYTAaTUBHOM rpaZiyupoBaHHOM Kk-anre6poii, TOpoXkIEHHOI BEK-
TOPHBIM IIpOCTpPaHCTBOM V.

!B ToM ynce 6ecKOHEIHOMEPHOTO.
2He 06513aTeIbHO PA3IOXUMEIX B TPACCMAHOBO IPOU3BE/ICHIe BEKTOPOB.
3TIpeduxc «s» MOXKHO 10 XeNTaHMIO BOCTIPHHIMATh KaK a66peBHAaTypy AUIA super WIK 1A skew.
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[TPUMEP 14.4 (KOCOCUMMETPUYHBIE MOJIMJIMHENHBIE OTOBPAXKEHUSA, CP. C ITPUM. 14.3)
TMonunHeitHOe oTobpaxkeHue @ : V X ... X V — W HasbIBaeTCs KOCOCUMMEMPUUHBIM, ECTH OHO
3aHyJIeTCS BCIKUH pas, Korzla Kakve-HUOyIb IBa ero apryMeHTa COBIAZAI0T, T. €. TP JIloboM v € V

o(..,v,...,v,...) =0,

re Ha 0003HaYEeHHBIX MHOTOTOYHSAMU MECTaX MOXKET CTOATH BCé, 9TO YIrOAHO.

YIIPAXKHEHUE 14.8. Y6€UTECH, YTO B 3TOM cIydae ¢(v RS vgn) = sgn(g)e(v,, ..., V) AN MOOBIX
v; €EVug € S, uITO AN KOCOCUMMETPUYHOCTH IIOIIIMHEHHOTO 0TO6paXeHUA AOCTATOYHO,
YTOOBI OHO 3aHYJISIOCH TIPU COBIAZIEHUH JIFOOBIX ZIBYX COCETHUX apPTyYMEHTOB.

ToyHo Takke, Kak B IpuM. 14.3 Ha cTp. 224, U3 yHHBEPCaJbHOI'O CBONUCTBA TEH30PHOT'O ITpOU3Be/ie-
HUA U KOCOCUMMETPUYHOCTUA OTOOpaKEHUS (9 BBITEKAET, UTO [ €AMHCTBEHHBIM 06pa3oM pacKJIazbl-
BaeTCs B KOMIIO3UIIUIO TEH30PHOTO YMHOXKEHHA T : V X ... X V — V®™ 1 muHeitHOro 0To6pakeHIA

GV S W, 1,®..QU, @Vy,...,V,).

KOTOpOE 3aHy/IAeTCsA Ha TEH30pax BUuJaU; Q@ ... QU Qv @ v @ w; ® ... ® Wy, ¥ TeM CaAMBIM KOp-
PEKTHO GpaKTOPU3YeTCH 0 IMHENHOro oTobpaxkenud @ . A"V — W. VIHBIMU C/IOBaMH, TPACCMAHOBO
YMHOX€EHHE BEKTOPOB 0 & V X ... X V — S™V ABjseTcsa yHUBepCaTbHEIM KOCOCUMMETPUYHEIM IIOJIK-
JIMHEMHBIM O0TOOpakeHWeM B TOM CMBICJIE, YTO KaXKZ0e€ KOCOCUMMETPUYHOE MOIMINHEHOe 0To6pa-
skeHne @ : V X ... XV — W eANHCTBEHHEIM CIIOCOGOM pacKIaAbIBAETCA B KOMIIO3UIUIO ) = (0, TIE
@ : S™V — W nuHeiHO.

YIIPAXXHEHUE 14.9. [IOKa)KHTe, YTO IPacCMaHOBO YMHOXXEHUE BEKTOPOB ONpeeIAeTCs STUM CBOH-
CTBOM OZHO3HAYHO C TOYHOCTBIO ZI0 €JUHCTBEHHOT0 JIMHeiHoro u3oMopdr3Ma, nepecTaHoBOY-
HOTO C I'PacCMaHOBEIM YMHOXXEHHEM.

CAEZCTBUE 14.3
[IpocTpaHCTBO KOCOCUMMETPUYHBIX N-TUHEHHBIX GopM V X ... X V — |k kaHOHWUYECKH ABOHCTBEHHO
npocTpancTBy A"V a1 mo6oro’ BeKTOpHOro mpocTpaHcTsa V. O

[IPEAJIOXKEHME 14.3

s moboro 6a3uca E C V otobpakenue 8 : k(E) — AV u3 anre6psl rpacCMaHOBBIX MHOTOUWIEHOB?
OT TIepeMeHHbIX ¢ € E BO BHEIIHIOI0 aireOpy ImpocTpaHCcTBa V, mepeBojsiilee KaXKAbIi 6a3uCHBIN
rpaccMaHOB MOHOM e, A ... A e, € k(E) B rpaccMaHOBO IIpou3BeZieHuE e; A ... A e, € AV cooTBeT-
CTBYIOLITMX 0a3MCHBIX BEKTOPOB MPOCTpaHCcTBa V Bo BHelTHel anrebpe AV, sBiseTcss u30MoppU3MOM
k-anre6p.

JIOKABATE/LCTBO. O6paTHoe oToGpaxkenue AV — Kk(E) mepeBoguT Kax10€ rpacCMaHOBO IIPOU3BE-
[€HUE BEKTOPOB V; A ... AV, € A" BrpaccMaHOB MHOTOWIEH U, A ... AV, € Kk(E), KOTOPHIH SBJIAETCA
npou3sBeseHueM B anrebpe lk(E) aTux BEKTOPOB, pacCMaTPUBaEMBIX KaK OZHOPOAHbIE TPACCMaHOBBI
MHOTOWIEHHI cTenleHH 1 oT TepeMeHHbIX e € E. [IocKOIbKY NoCIeiHee TPOU3Be/ieHHe TOMINHEITHO
U KOCOCUMMETPHYHO II0 BeKTOpaM v; € V, 53To IpaBIWIO KOPPEKTHO 3a/aéT IMHeHHOe 0ToOpaKeHe
u3 A™V B IPOCTPAHCTBO OHOPOAHBIX IPACCMAHOBEIX MHOTOYIEHOB CTENIEHH N OT IEPeMEHHbIX e € E,
¥ 9TO 0TOOparkeHYe IepeBOJUT BhIYKCIeHHbIE B AV rpaccMaHOBHI TPOU3BeeHUs 6a3MCHBIX BEKTOPOB
B 6a3ucHbIe rpaccMaHOBB MOHOMBI anrebpsl k(F ). O

TOM 4Hcjie 6ECKOHEYHOMEDPHOTO.
'B 6
2Cm. n° 8.3 Ha cTp. 135.
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CIECTBME 14.4

ITycTh MMHEMHO yIOpAZOYeHHOe MHOXECTBO BeKTopoB E C V aBiserca 6a3rcoM npocTpaHcrsa V.
Torza rpaccMaHOBLI MOHOMBL €5 A ... A e, TAe e; < e, < ... < e, UBce e; € E, obpasyroT 6asuc
BHellTHel anre6psr AV. O

I[TPUMEP 14.5 (TPACCMAHOBBI KBAZIPATUYHBIE ®OPMHBI)

[MokakeM, YTO Ha KOHEUHOMEPHOM MpocTpaHcTBe V Ha o6biM TIoieM K Kask/pIii HEHYIEBOM OIHO-
POJHBIN I'PAaCcCCMaHOB MHOTOWIEH BTOPOM CTENeHN w € A%V B mogxoxsimem 6asuce ey, ..., ey Ipo-
crpaHcTBa V 3ammceiBaeTcs B HopmansHom 8ude Jap6y

e;Ne;+esANe,+ ... tey g Aeg,. (14-7)
PaccMOTpHUM IIPOU3BOJIBHEIHN 6a3KC Uy, ... , Uy U IEPEHyMepyeM ero BeKTOPHI TaK, YTOOBI
w=uy; A(auy + ...+ apuy) +u, A(Bsug + ..+ Bruy,) + (WieHs 6e3 U, nU,),

rzie koaddurmeHT a, # 0. [lepeiizéM K HOBOMY 6a3HCy V, ..., Vy, BKOTOPOM U, = Q U, + ...+ d, Uy,
a OCTajIbHbIE V; = U; IPU | # 2.
YIPAXKHEHHUE 14.10. YoeuTech, YTO 3TO AeHCTBUTENIbHO 6a3nc.

HOJIy‘{I/IM BbIpaXX€HUE BHU/Ja

W=V, AV, +V, A(Y3V5 + ... + V) + (WIeHBI 6€3 v, U V,) =
=V, —V3V3 — ... — YpVp) AV, + (WieHEl 6€3 v, U V,)
ZUIS1 HEKOTOPBIX Vs, ..., ¥V, € k. Ilepexons k 6a3ucy U3 BEKTOPOB Wy = Uy — Y3V3 — ... — YUy |

w; = v; IpH i # 1, mosydaeM w = w; A W, + (WIeHH 6€3 w; U W, ), TIoCJIe Yero nporecc MOXeT 6BITh
IIPOZAOJDKEH 110 MHAYKIINH.

[IPEAJ/IOKEHME 14.4
Ecnu char k # 2, To ofHOPOZAHBIN TPacCMaHOB MHOTOWIEH W € A2V Torza u ToMBKO TOrZA PasIoKUM
B [Ipou3BeZleHre U A W IBYX BeKTOpoB u, w € V, xorma w A w = 0.

JIOKABATE/NBCTBO. ECTM w = U AW, TOW AW = UAW A UAW = 0. UToOBI IOTYyIUTh 0OpaTHOE,
BeIOepeM B / Takoii 6asuce,, ..., e , 9TO W = e; A e, + e; A e, + ..., Kak B IpuM. 14.5 Brime. Eciu
B 3TO} cyMMe ecTb XOTA ObI iBa c/IaraeMbIX, TO 6a3UCHBIN MOHOM e; A e, A e; A e, BOMIET B w A w
¢ koaddurmeHTOM 2. MBI 3aKI049aeM, 4TO MpH 2 # 0 paBeHCTBO W A w = 0 BO3MOXKHO TOJIBKO €CJIH
w=-e;Ae,. g

VIIPAYKHEHVE 14.11. 3aIIMIIEM KOOPAMHATHI BeKTOpoB U, w € k* B cranzapTHbiM GasucoMm e, ... , e,
TI0 CTPOKaM MaTpHUIIBL
A= <a11 12 Gi3 a14>
Gz1 Qg3 Qa3 Qg

Y6enurech, 9T0 K03bOUIMEHT IIPH €; A € B IPOU3BEAEHUN W = U A W PaBeH MUHOPY

a;; aq;

Auzdet< u 11)

azi Qyj
¥ BBIBE/IUTE OTCIOAA, YTO LIECTD YnceN A;; € K ABIAIOTCA MUHOPAaMH 2 X 4 MaTPHIIBI €CJIA U TOJIb-
KO eCJTH BHITIOTHAETCA KBA/[paTUIHOe cooTHOMeHue [lmokkepa’ A,, A5, —Aj3A,, +A;,4,5 = 0.

1Cp. ¢ popmymoii (8-20) us mpum. 8.4 Ha cTp. 139.
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14.3. CuMMeTpUYHBIE ¥ 3HAKOIIepeMeHHbIe TeH30PhI. BCioly B 3TOM pasziesie MbI 110 YMOTYaHUIO
cuMTaeM, 9TO OCHOBHOe 1ojie k MMeeT XxapakTepucTUKY Hy/Ib. CUMMeTpHUYecKas Ipymnna S, AefcTByeT

Ha pa3jIO’KMMBIX TEH30pax U3 V®n InepeCTaHOBKaMU COMHOXKUTEJEH: IJIA KaXXZIoro g € Sn l'IO]IO)KI/IM1

g, ®...Qv,) = Vg-1(1) ® - ® Vg-1(n) - (14-8)

Tak kak IpaBas 4acTh OJMJIMHENHO 3aBUCHT OT V4, ... , U, 3Ta GOpMy/Ia KOPPEKTHO ONpesesaeT IU-
HeliHbI onepatop g : VO — VO™ Tensop t € VO™ masmBaerca cummempuunbim, ecim g(t) = t
s BeeX g € S™, v anaxonepementbim — ecin g(t) = sgn(g) t ans Becex g € S™. CUMMeTpUYHbIE U
3HaKoIlepeMeHHbIe TeH30pbI 06pasyioT B V®" BeKTOpHBIE MIOAIPOCTPAHCTBA
Sym"V={teV®|vVges, gt)=t},
ny _ ®n —
Alt"V ={teV®"|VgeSs, g(t)=sgn(g) - t}.

14.3.1. CranzapTHbie 6a3ucel. 3adpurcupyem B mpocTpaHcTBe V 6asuc E C V u 6yaem 3anuch-
BaTh TeH3opsl t € V™ B Bu/ie HEKOMMYTAaTHUBHBIX MHOTOYJIEHOB OT 6a3UCHBIX MOHOMOB €, ® ... ® e,,,
rie e; € E. IBa TakuX MOHOMA JIeXaT B OZHOH S,,-OpOUTe eCIi U TOJIBKO eCsU I KaXaoro e € E
KOJIM4YeCTBO Mm(e) PABHEIX € COMHOXHTeJIEH B 3TUX MOHOMAaX OfMHAKOBO. MBI 3aK/II09aeM, 4To S,,-0p-
6UTHI 6a3KCHBIX MOHOMOB B V®™ HyMepyioTesa yHKumAMU m : E — Z C KOHEYHBIM HOCUTEJIEM U

o o def ~
cymMoii 3HadeHuit [m| = )’ . m(e) paBHO#i n. [Ipy 3TOM TeH30p t CUMMETPHYEH eCJIH U TOJIBKO ec-

JIK BMECTE C KaXXJIbIM 6a31CHBEIM MOHOM B HET'O C TEM K€ CAMBIM KOB(l)(l)I/IL[I/IEHTOM BXOZAT BC€ MOHOMBI
Sn-Op6I/ITbI 3TOro 6a3ucHOro MoHoMa. Mul 3aKJ/II09aeM, 9YTO CHMMETPUYHBIE TEH30PBI

o cyMMa Bcex 6asHCHBIX TEH30PHBIX MOHOMOB, KyZa (14-0)
[m] — " }
KaX/Iblii BEKTOP e € E BXOAUT POBHO m(e) pas,

3aHymepoBanHble GyHKIMAMU M E — Z, ¢ |m| = n, o6pasytoT 6a31c BEKTOPHOTO MOANPOCTPAH-
ctBa Sym™ V c V™, Hanpumep, 6azuc B Sym> (k?) cOCTaBIIAIOT TeH30PhI
ez =€, ®e; ®e;, epz=e,Qe,Qe,,
€11 =610, Qe +e; Qe, Qe +e,Be; Qey,
€2 =€610e, Qe +e, Qe Qe +e, e, ey,
e E = {ey, e,} C k* — crangaprusiii 6asuc, a [i,j]: E — Zyg, e, — i,e, - .
YIPAXKHEHUE 14.12. Y6eauTech, 94To B cymme (14-9) posuo n!/ H ecg M(e)! cnaraemeix.

B pasnoxeHWH KOCOCMMMETPUYHOrO TeH3opa t € Alt"™ V y4acTBYIOT TONBKO Te 6a3MCHBIE MOHOMBI
e; @ ... ®ey,, yKOTOPbIX €; # €; IpU i # j. OpbuTa Takoro MOHOMa COCTOUT U3 1! MOHOMOB

g(1) R ... ®eg(n), e g €S,

1 K03 GHUIMEHT IPU KaXKA0M TAKOM MOHOMe IOJTydaeTcs U3 koadouuueHTanpu e; ®. .. @e,, yMHOXKe-
HUeM Ha sgn g. MBI 3akiodaeM, 4To eciy 3adUKCHPOBATh HA MHOXKeCTBE 6a3UCHBIX BeKTopoB E C V
KaKOM-HUOY/b TMHEHHBIN MTOPALOK, TO KOCOCUMMETPUYHBIE TEH30PBI

def
(e, ®...Qe,) = desn sgn(g) eg1) ® - ® ey, TAE €1 < ... < ey, (14-10)
cocTaBAT 6a3Kc BEKTOPHOTo moAmpocTpaHcTea Alt™ V C V&,
!O6paruTe BHUMaHKeE, YTO HAGOP 3aHYMEPOBAHHbBIX BEKTOPOB v, ... , V,, €CTh He 4TO MHOE, KaK 0TOBpaske-
Hue v: {1,...,n} — V.JleBoe AeiicTBUe I'PYINIIH S,, aBTOMOpH3MOB MHOXecTBa {1, ...,7} Ha TaKuX 0TOb-

pakeHHUAX 3afaéres npaBuioM gv(i) = v(g~*(i)). IIpu aToM i-it cleBa aneMeHT Ha6Opa ¥ OKa3LIBaeTCA B Ha-
6ope g(v) Ha g(i)-M cieBa MecTe.
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TEOPEMA 14.2 (TIOJIAPU3ALIVISI MHOTOYWIEHOB)
Ecmu char k = 0, To orpanuyenus oTobpaxeHus GpaKkTOpU3aNU

VO 5 S =V®" /(Lom NV®D), 1, ®..Qv, > v,...7,, (14-11)
Ha TIOATIPOCTPAHCTBO CUMMETPUYHBIX TEH30POB Sym™ C Ve u oTobpakeHU: pakTOpU3aLUU
VO o A"V =VE /(35 nV®Y), 1, ®...QU, >V A... AV, (14-12)

Ha MOANIPOCTPAHCTBO 3HAKOIIEPEMEHHEIX TeH30poB Alt"™ C VO™ gpnsroTCS IMHEHHBIMU n3omop¢us-
MaMU BEKTOPHBIX IIpocTpaHcTB. OHU IeUCTBYIOT Ha cTaHAapTHBIE 6a3uckl (14-9) u (14-10) Tak:

n! m(e)
e = e , 14-13
(m] HeeE m(e)! HeeE ( )
(e,®...Qe )= nle;A...Ae,. (14-149)

JTOKA3BATE/ILCTBO. [TIpoekiius (14-11) mepeBoauT Kaxkaoe ua n!/ H ecE m(e)! cmaraeMbIX, BXOASIINX B
cymmy (14-9), B CTaHAAPTHEIM KOMMYTaTHBHBIN 6a3uCHBIH MOHOM [ [,.cx e™® anre6pel MHOTOWIE-
HoB k[E], a mpoeknus (14-12) mepeBoauT kaxzaoe u3 n! ciaraemerx cyMmsl (14-10) B cTaHZAPTHBINA
6a3MCHBII rPacCMaHOB MOHOM €, A ... A e, anre6psl rpacCMaHOBLIX MHOrowIeHOB k(E ). O

[TPENOCTEPEXEHME 14.1. He cMoTps Ha Teop. 14.2, cMuMMeTpUYHBIE ¥ 3HAKOIIepeMeHHbIe TEH30DHI,
T. e. moampocrpadcTBa Sym™ V € VO g Alt" V C V®™, He crenyeT myTaTh ¢ OZHOPOAHBIMU MHOTO-
YeHaMH, T. e. ¢ hakTop mpoctpanctBamu SV = V& /(7. nVE) u A"V = V& /(T4 n VO™,
Ecmu chark = p > 0, To orpanuyenus npoekmuii VO —» S™V u V®" 5 A™V Ha moampocTpaH-
CTBa CUMMETPUYECKUX U 3HaKOIIepEMEeHHBIX TEH30pOB MOI'YT UMeTh HeHyJeBhle Afpa. Jlake B Xxapak-
TEPUCTUKE HyJIb 3TU IIPOEKIUY NIePeBOAAT CTaHAAPTHLIe Oa3KCHBIe BEKTOPHI TEH30PHBIX U IIOJINHO-
MUAIBHBIX IPOCTPAHCTB He GYKBAJIBHO APYT B APYyra, HO B HEKOTOPBIE KPATHOCTH APYT APYyTa, U 3TU
MIOIIPaBOYHbIE KOMOMHATOPHEIE MHOXXUTENN IPUXOAUTCS YIUTHIBATD KaK IIPU MONBITKE ITOAHATDh Ha
NIPOCTPAaHCTBA CUMMETPUYHBIX U 3HAKOIIePEMEHHBIX TEH30POB KOMMYTAaTUBHOE U S-KOMMYTaTUBHOE
YMHOXeHUs, UMelomuecs B anrebpax SV u AV, Tak ¥ Ipy NOMBITKE CIYCTUTh B CHUMMETPHYECKYIO U
rpaccMaHOBY anrebpy oTOOpaKeHUA CBEPTKHM, KOTOPbIe UMEIOTC MEXAY TEH30paMU U3 JBOHCTBEH-
HBIX IpOCTpaHcTB V u V™,

14.3.2. JIBoiicTBeHHOCTh. HalmoMHI0, YTO ITOJIHAsA CBépTKa1 3a/1aéT HEBBIPOXKAEHHOE ClIapHBa-
HHe MeXJy TeH30pPHBIMU CTelleHAMU yoen yy*en ZIBOMICTBEHHBIX APYT APYTY KOHEUHOMEPHBIX BEK-
TOPHBIX TPOCTPaHCTB V u V™, ¥ TEH30pHBIE MOHOMBI e, ®...Q0 e UXj ®...8x j,» COCTaBIEHHBIE
13 BEKTOPOB IBONCTBEHHBIX APYT APYTy 6a3ncoB e, ...,e4 € VU x,, ..., x4 € V*, 06pa3yior ABOH-
CTBEHHBIE ZIPyTy 6a3uCHl B VO™ u g V*®" Ecu chark = 0, To orpaHuYeHue 3TOro clapuBaHUA Ha
HOANIPOCTPAHCTBA CUMMETPUYECKUX TeH30poB Sym™ V 1 Sym™ V* Toxe HEBBHIPOXKAEHO, M CTAHAAPT-
Hble 6a3uCcHbIe CUMMeTpuYecKkre TeH30pH (14-9) cBOpauynBalOTCsA PYT C IPYTOM IO TTPABUITY

(X(m] > €y ) = n!/[leegm(e)! n ( Xy » epp)) = 0mpu k # £, (14-15)

TIOCKOJIBKY KaxkZloe ciiaraeMoe cyMMEI (14-9) cBopaunBaeTcsa B eJUHUILy POBHO C OZHUM CJIaraeMbIM
TaKOM K€ CyMMbI, COCTaBJI€HHOW 13 ABOMCTBEHHBIX GA3MCHBIX BEKTOPOB, M CBOPAaYMBAETCA B HYJIb

1Cm. n° 14.1 ma crp. 220.



230 §14 TensopHas aire6pa BEKTOPHOTO IIPOCTPAHCTBA

€O BCeMHU IIPOYHMMU 6a3uCHBIMU MOHOMaMu. Vzomopduam (14-13) mpeBpamjaeT 3To cliapuBaHUE B
HEBBIPOXK/IEHHOE KaHOHWYECKOE CIIapUBAHUE MEXAY CUMMETpUYeCKuMU crenedsamu STV u SV,
IIpU KOTOPOM 6a3uCHBIE MOHOMBI, COCTaBJIEHHbIE U3 BEKTOPOB JH06bLX JBOUCTBEHHBIX APYT 6a3KCOB
BV uBV* cntapuBaroTcs 10 IpaBUIy

my!..m,!/n! ecmu(ky,....k,) =(my,...,my)

(xfl... xﬁ", el enm) = (14-16)

0 B OCTaJIbHBIX CJIydasax.

AHaIOrMYHLEIM 06pa3oM, OrpaHMYeHMe ONTHON CBEPTKM Ha mogmnpocTpadcTrsa Alt" V u Alt" V* mag
TIoJIeM XapaKTePUCTUKU Hy/b 3a1a€T MeXX /Ty HUMU HeBRIPOXKIeHHOe cllapriBaHue, IpU KOTOPOM CTaH-
JlapTHbIe Oa3KCHbIE 3HAKOIlepeMeHHbIe TeH30ph! (14-10) cBOpauYMBarOTCsA IO IIPABUILY

n! ecmu (iy,...,05) = (s s Jn)

0 B OCTaJIbHBIX C/1y4dadx,

((x;, ®...Q0x;),(e;, ®...Q¢€; )) = (14-17)

Y tocpeZicTBoM u3omopodusMa (14-14) aTo cnmapuBaHue IIpeBpaliaeTcsa B HEBBIPOXKJEHHOe cllaprBa-
HUEe MEX/y BHEITHUMU cTenenamu A"V u A"V, npu koTopoM 6asvcHble MOHOMBI, COCTaBJIEHHbIE U3
BEKTOPOB J1706bLX IBOUCTBEHHBIX IpyT 6a3ucoB B V u B V* cnapuBaroTesA Mo MpaBuity

1/n! ecmu (i, ... ip) = Gygseeesn)

(Xg Ao AXp e Ao Aey )= (14-18)
' " ' " 0 B OCTaJIbHBIX C/IYYasx,
rie o6a Habopa MHAEKCOB CTPOTO BO3PACTAOT: iy < ... < i, UJ; < ... < j.
14.3.3. IIpoekTopsl. JInHelHbIE OTOOpAKEHUA
@ 1 . y®n ®n 1
sym, = — deSn g:vetsvet te i desn g, (14-19)
o 1 . y®n ®n 1
alt, = i desn sgn(g)g: Vet -Vt i desn sgn(g) g(t), (14-20)

Ha3bIBAlOTCA cwvzmempusaqueﬁ " asibmepHuposaHuem TEH30POB.

YIPAYXKHEHME 14.13. Y6eZ[I/ITECb, 4yTO 064 OHU IIepeCTaHOBOYHEI C ZIeMCTBUEM TPYIIIIbL Sn, T. €.

Sym, eg = gesym, u alt, g = geoalt, anaBcex g € S,,.

V3 ynipakHeHUs BBITEKAET, YTO CUMMETpH3aluA [lepecTaHOBOYHA C aJbTepHUpOoBaHueM. O4eBUAHO
TaKXe, YTO CUMMeTpHU3aLUsA TOXAEeCTBEHHO efCTByeT Ha CMMeTPHUYHbIe TEH30Phl U aHHYINPYeT
3HaKollepeMeHHbIe, a aJbTepHUPOBaHNe TOXAECTBEHHO AeHCTBYeT Ha 3HaKollepeMeHHble TeH30PH
¥ aHHY/IMPyeT CHMMeTpUYHEIe. MBI 3aK/miodaeM, uTo cymMa Sym” @ Alt™ ¢ V®™ npamas, u onepa-
TOP Sym,, npoextupyet’ V®" mamoanpocrparcto Sym™ V € V®™ prons moanpocrpancTsa ker Sym,,,
cogepxamiero Alt" V, a oneparop alt,, HpoeKTI/IpyeT2 V®" ga moanpoctpanctso Alt" V C V®" Baonn
noznpocrpancrsa ker alt,,, cogeprxauiero Sym”™ V. B yactHocTH,

sym? = sym,,, alt? =alt, u sym,alt, =alt, sym, =0. (14-21)

'Cm. mpum. 9.4 Ha ctp. 158.
2Cm. npum. 9.4 Ha cTp. 158.
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[IPUMEP 14.6 (PA3JIOXKEHUE TEH30PHOT'O KBAJIPATA)
[ToCKOMBbKY AJIs1 d-MepHOT0 BEKTOPHOTO ITpocTpaHcTBa V

d(d+1)+d(d—1) _
2 2

MI 3aKmiogaeM, uTo V®? = Sym? V @ dim Alt* V. 3To cormacyeTcs ¢ U3BeCTHBIM U3 Kypca IMHEHHOM

anre6pr’ dakToM, 4TO KaxkAas 6uanHeitHaa Gopma B ¢ V X V — k, koTopas 1o 1. 14.1 Ha cTp. 220

IpeZcTaBAeT coboro TeH3op S € V*®2 onHO3HAYHO packaagbBaeTca B cymmy = 5, + f_ cuMMeT-

PUYHOM U KOCOCUMMETPUYIHOU hopM

By (u,w) = p, W)-;ﬁ(w’ ) eSym?V* u p_(u,w)=

B wacTHocTH, ker sym, = Alt? V u ker alt, = Sym? V.

dim Sym? V + dim Alt? V = d? = dimv®?,

ﬂ(u’ W) - .B(W»u)
2

e Alt? V™.

TTPUMEP 14.7 (PA3JIOXXEHHE TEH30PHOTO KYBA)
B ycioBusAx mpegpiaymiero npuMepa npu dimV = d > 2

dd+1)(d+2)  dd-1)d-2) _ d® +2d
6 6 )

Tlostomy Sym? V @ Alt® V # V®3. U3 cootHomenuii (14-21) BEITEKAET, YTO OIIEPATOP

<d®=dimVv®3.

dim Sym® V + dim Alt® V =

def

Ty = 1d — sym, —alt; =1d - %(Id+‘r+r2), e t=11,2,3) € S — 3-nux,

TOKe ABJIAETCA MPOeKTOpoM>, u60 15 = (Id — sym, — alt;)? = Id — sym, — alt, = 7. Ero o6pa3s
imm, = {t €V® | mut) =t} = {t € V| t +1(t) + %(t) = 0}

COCTOUT M3 TEH30POB, KOTOPbIe aHHYIUPYIOTCS YCpeAHEeHWeM 10 3-IMKITy. Ecau HHTepIpeTHpoBaTh
tensopri t € V&3 xak Tpummneiiabie opmbr t © V*XV*XV* — |k, To im 74 COCTOMT U3 TPUTHHEHHBIX
dopmM, yaosneTBopsrommx moxcdecmay Akobu t(&,1n,¢) +t(m,{, &) + t({,&,n) = 0. Eciu 0603HaYNUTh
gepes [a, b] € a®b—b® a KoMMyTaTOp B aCCONUATUBHOI anre6pe TV, TO s TIOOBIX TPEX BEKTOPOB

u,v,w € V tensop [u, [v,w]] € A JIeXUT B im 1 4, 160
[u,[v,Wwll=u@rw — —VRQWRUF+FWRVRU
T, [v,w]]=wQRQuRr—-—rvQuURIW—-—uQvRw+
P, v,w]]=vQwRuUu-—-wRVRU-WwWQRQURQUV+ T QU W.

YITPAXHEHUE 14.14™ . O603HauuM yepes Lie® V € V®3 nmuneitnyio 060/1049Ky BCeBO3MOKHBIX BOI-
HBIX KOMMYTaTopoB [u, [v, w]], rie u, v,w € V. [lokaxwure, uro imm, = Lie* V @ tLie* V.
Tax KaK KaXXJbIi U3 IPOEKTOPOB SyM3, T4, alt; aHHyIMpyeT 06paskl ABYX APYTUX, KAXKA0€e U3 ITOAIPO-
CTPaHCTB im symg,, im 14, im alt, mepecekaeT cyMMy ABYX APYTHX IO Hym0. B cuny paBeHcrBa Id =
= sym, +1, + alt; kaxaprii TeHsop t € V®2 packiagpiaeTcs B cymMy t = sym, t + 74t + alt, t. Mbl
saxmodaeM, 9to V®3 = im sym, @imn, @ imalt, = Sym® V @ Lie® V @ tLie* V @ Al V.

VIIPAYKHEHUE 14.15. JIOKQXKUTE TOXKAECTBO SKOOM A1 KOMMYTaTOPOBSZ

[u, [v,w]] + [w, [u,v]] + [v,[w,u]] =0.

1Cm. pasgen 13.4 Ha c. 179 nexnuu http://gorod.bogomolov-lab.ru/ps/stud/geom ru/2122/lec 13.pdf.
2Cm. npum. 9.4 Ha ctp. 158.
306paTI/ITe BHMMaHMe, YTO TeH30pH (W, [u, v]] u [v, [w, u]] ommyaroTed ot t[u, [v, w]] u 72[u, [v, w]]!


http://gorod.bogomolov-lab.ru/ps/stud/geom_ru/2122/lec_13.pdf
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14.4. Tlonapu3anusa MHOTOWIEHOB U YacTHBIE IPOU3BO/HbIE. BCIoZly B 3TOM pas/iesie Mbl CIUTAEM,
yto chark = 0, a BeKTOpHOe IpOCTPaHCTBO V KoHeyHOMepHO. [1o Teop. 14.2 ayia KaXX0ro MHOTO-
wreHa f € S™V* cymecTByeT eIMHCTBEHHEIA CHMMETPHYHBI TeH30p f € Sym™ V*, KoTopklii mpo-
exTupyerca B f npu dpakropusamuu V™ s S™V. Cormacuo cr. 14.1 Ha cTp. 220 TeH30p f 3aaéT
CHMMETPUYHYIO n-THHelHyIo dopMy f : V X ... X V — Kk, 3HaueHHe KOTOPOii Ha HaGope BEKTOPOB
(v4, ..., V,) PaBHO IIOJIHOM CBEPTKe T€H30pa f ¢ Tensopom v, @ ... ® v,. Bupum. 14.2 Ha cTp. 224
MbI BUZIENH, YTO KK ABIA MHOTOWIEH f € S™V* 3azaér monuHomuasbHyo dyHkiuio f : V — Kk, npu-
4éM /ISl Pa3/IOKMMBIX MHOTOWIEHOB f = ¢, ... ¢, 3Hadenue f(v) = []; ¢;(v). CpaBHUBas oTH /Be
KOHCTPYKIIMH, MBI 3aKJII0YaeM, 9TO 11 TF060r0 OAHOPOZHOTO MHOTOWIEHA f CTelleH! 11 Ha KOHEYHO-
MepHOM BEKTOPHOM IIPOCTpaHCTBe V Haj IojieM XapaKTEePUCTUKU HYJb CYyIIEeCTByeT eANHCTBeHHAsA
Takas n-IMHelHaA cuMMeTpuyuHad gopMa f : V X ... X V — Kk, uto ana Bcex v € V

fw)=f@,...,v). (14-22)

Ota popMa HasbIBaeTCs NonHol nosspusayueii MHorounesa f. [lonHasa nonapusanua § . VXV — k
OJHOPOJHOI KBapaTH4HOI GopMbI ¢ € S?V* M3BecTHA U3 Kypca TMHEHHOM anre6ph! :

Gu,w) = (qu+w) — qw) —qw)) /2.
[Tonnaa ToJsiAspru3anyd OAHOPOAHOT'O KY6I/I‘{eCKOl"O MHOTI'O4YJIeHa UMeeT B/,

6f(u,v,w)=f(u+v+w)—f(u+17)—f(u+w)—f(v+w)+f(u)+f(v)+f(w).

[IPEZJIOKEHUE 14.5 (KOMBMHATOPHAS ®OPMVYJIA /1A [TOJHOM ITOJIAPUSALINN)

n!f(vl, ©eoVn) = Zlgu,...,n}(_l)w)f(Ziey vi) ’ (14-23)

I/ie CyMMHUpPOBaHUe UET TI0 BCeM coOCTBEHHBIM TToaMHOkecTBaMm I € {1, ...,n}, BKIroyas mMycToe, a
£(I) o3HAYAET YMCIIO DJIEMEHTOB B I.

JIOKA3ATE/NBCTBO. IIycTh 3aZlaHBI BEKTODHI U, ... ,U; € V, a HA6Op BEKTOPOB Wy, ..., W,, COCTOUT

U3 M; KOIUH KaXZAOTO U3 BEeKTOPOB U;, TAe i = 1,....k,Bcem; > 0mum, + ... + m; = n. Ilo-

CKOJIBKY 3HaueHue f (W, ..., W,,) He MeHAeTCs IIPY IIePeCTAHOBKaX apI'yMEHTOB U 3aBUCUT TOJIBKO OT

o rySLEY My _ F

BEKTOPOB U; ¥ KPaTHOCTEH M;, YCJIOBUMCS 3alIUCHIBATh €ro Kak f(u; ', ..., U, ) = f(wy,...,w,). B

3THX 0603HaYeHUsX, 4151 BeeX f € S'V™ u mo6kIX vy, ..., V), € V clipaBeAnuBa My/JIbTHHOMUAAIbHAS
dopmyma’

n! . m my,

v, +...+v =2 —f(: 4, ...,V 14-24

@ K My my, m1!...mk!f( L V) ( )

I7le CyMMHPOBaHYeE HJET 110 BceM HabopaM LesbIX YHCesT My, ..., My, B KOTOPEX 0 < m; < n npu

KaxaoM i um, + ... +my, = n.
VIIPAXKHEHUE 14.16. YOeZUTECh B 3TOM.

[Tpu k = n B npasoii yacTtu (14-24) nuMeeTcs poBHO OJJHO cjIaraeMoe, 3aBHUCsIIee OT BCeX N apTyMeH-
TOBVy, ..., V,, auMeHHo, n! f (v, ..., v,). A Kaxzaoro cobcTBeHHOTro oAMHOkectBal € {1,...,n}
He 3aBUCHIINe OT BEKTOPOB V; ¢ i € [ cylaraeMsle U3 IpaBoif yactu dopmyisl (14-24) BXoAT B Heé ¢

LCm. paszen 14.3 Ha cTp. 186 B http://gorod.bogomolov-lab.ru/ps/stud/geom ru/2122/lec 14.pdf.
2Cp. ¢ mpuM. 0.2 Ha cTp. 8.
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TeM Xe caMbIM K02bUIIIeHTOM, YTO U B pasnoxeHue (14-24) ana f (Zig | Vi), IOCKOJIbKY TIOCIIE/HEE
HoJIy4aeTcs U3 pasaokeHus 44 f (v, + ... +v,) HogcTaHoBKoM v; = 0 aytA Bcex i € I. TakuM o6pa3oM,
BCe cjlaraeMele, He COAep:KallFie XOTs OBl OZIUH U3 BEKTOPOB V;, MOTYT OBITh yAaeHsl 13 (14-24) mpu
MIOMOIIY CTAaHAAPTHOM MpoIeZAyphl BKIIOUeHUA-UCKIIOUEHHUA, YTO U JAéT 3adBIeHHYI0 GOPMYILY

n!-f(vl,...,vn)=f(;vv)—{ f(Zvv)+2f(Zvv)— 2 £ Z )+ -

i} V£ (i,j}  v#ij {i.j.k}  v#Ljk

[TPEZIIOKEHUE 14.6 (ITPUHIIUII APOHTOJIB/IA)

Hazi 1mojieM XxapaKTepUCTHKH HyJlb IPOCTPAHCTBO CHMMETPUYECKUX TEH30poB Sym™ V C V® nuneitno
" = R ... Q n, rge v € V, a IpoCTpaHCTBO OZHOPOAHBIX MHOTOWIe-
HOB S™V* — MHorOwIeHamu @, re ¢ € V*.

IIOpoOXJgaeTcda TEH30paMUu v

JIOKABATE/ILCTBO. JIBOMCTBEHHOE K Sym™ V mPOCTPaHCTBO KAHOHUYECKH M30MOPGHO TIPOCTPAHCTBY
CHMMETPHYHbIX N-THHEHHEIX hopM V X ... X V — k. Ecu Takas popMma f 3aHynseTcs Ha Bcex Habo-
pax (v, ..., V), To MHOrowIeH f € S™V*, nonsapusarueii KOTOPOTo OHa SABJISETCSA, 3aJAET TOXJECTBEH-
Ho Hy/eByIo ¢ynKImio f : V — k oTkyza f = 0, a3Haunt u f = 0. TeM caMbIM, JTHHeiHasA 060109Ka
Tenzopos v®"
BO€ yTBepK/eHre. BTopoe ciie/lyeT U3 TepBOro, MOCKONBKY IpU usoMopdusme Sym”™ V* = S*y*
TeH30phl p®™ mepexofAT B MHOTOWIEHH . O

He JIEKUT HY B KAKOW TUIIEPIUIOCKOCTH TIPOCTpaHcTBa Sym™ V, 4To foKasbBaeT mep-

14.4.1. TIpousBogHad MHOrOWIeHa B HaIpaBJeHUN BeKTopa. 3apukcupyeM BeKTop v € V.
CBEpTKA C 3THM BEKTOPOM TI0 [IepBOMY TeH30PHOMY COMHOXHTEJTIO 33/[aéT THHEetHOe oTo6pakeHHe!

N

) - n-1

TIpHMeHSIA ero K [I0/HOI o/spy3anyy f MHorowieHa f € S™V* unpoextupys pesysrar us V* &1
B S""1V*, nonydaem nuHeiiHO 3aBuCAIIEe OT V TMHElHOe oTo6paxkenue pl, : STV* — S 1V* ko-
TOpOE Ha3BIBAETCA NOAAPUALLETl BAOIb ¥ ¥ BKIIOYAETCA B KOMMYTATUBHYIO JMarpaMMy

VO 5 symnyF L @D (14-25)

Lz

snyr 2

_V> Sn—l V* .
[IycTb BEKTODHI €,, ..., 64 € V 1 KOBEKTOPHI X4, ..., X; € V* obpasyioT ABolicTBeHHbIE Gasuckl. Co-
o o m m
mracHo ¢popm. (14-13) Ha cTp. 229 KaxKAbIA 6a3UCHBIA MOHOM X; ... X5 ¢ € S™V™ momspusyercs B
CUMMETPUYHBIN TEH30D
n!

n £
ol gl mma) € SYREVE

TAE X[, ... .m,] 0003HAYAET CyMMY BCEX TEH30PHBIX MOHOMOB, COAEPIKAIINX KaXK/bIi Ga3MCHBIA KO-
BEKTOp X; POBHO m; pa3. CBEPTKA TEH30PA Xy i,
TE€H30PHOMY COMHOXKUTEJIIO 3aHyJIsieTcs IIpu m; = 0, a BO BceX OCTaNbHBIX CIy4yasx paBHa

| ¢ 6asucHBIM BeKTOpOM ¢; € V 1o nepsomy

n—1 y,*
x[mlv'"7mi—1’mi_1’mi+1’md] € S) Ve

1cm. npum. 14.1 Ha cTp. 221.
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m, my _ om; My m_y, my=1 M, mg _ 1 9 . my my
ME&I 3aKjII09aeM, 4TO pleix1 e Xg = X X X Xy e Xgt = Za_xixl ...x4 “. Ha-

TIIOMHIO, YTO B aHAJIM3€ YACMHAs NPOU380OHAst MHOTOWIeHa f € SV* B HalpaBlIeHUH BEKTOpa
v=wae,+...+tageg €V

OIIpeZesIAeTCA paBEHCTBOM

of of
0,f La, — + ... —.
Vf al axl + + ad axd

TT0CKO/IbKY MHOTOWIEH Pl,f GHINHENRHO 3aBUCHT OT ¥ U f, I itoObix u,w € V u f € S™V* cmpa-
BEZJIIBO PABEHCTBO

plyf(w) = fau, w1 = % o,f. (14-26)

OTMeTUM, YTO IIOCKOJIbKY JieBasd 4acTh 3TOHU GpopMyJIib ollpesiesieHa NHBAPHAHTHO, IIpaBasd 4acTh TOXeE
He 3aBHCHT OT BHIGOPA IBOUCTBEHHBIX KoOpAUHAT BV u V™,

[Tpumenas n pa3 ¢opmyny (14-26), monydaeM elé oJHO ABHOEe BhIpaKeHHE IIOTHOHN MOoJApU3a-
1y f MHOTOWIeHa f € S™V* 4epes 3TOT MHOTOWIEH:

z 1
f(vl,...,vn):Eavl...avnf. (14-27)

YIIPAXXHEHUE 14.17. Y6eANUTeCh, YTO YaCTHEIE IIPOM3BOAHbBIE KOMMYTHUDYIOT: 0,,0,, = 0,,0,, A/ Bcex
u,w € V u goxaxure npasuno Jletitonuya: d,(f g) = go,(f) + f0,(g).

W3 popmyisl (14-26) TakKe BBITEKAET, YTO AIA MIOOBIX U, w € Vu f € S"V* npuBcex0 < k < n

F (uk, wr k) = = ok py = K gnek gy, (14-28)
n! n!

rae 8¢ = d,, ... 0, 03HaYaeT £-KpaTHYIO IPOU3BOAHYIO B HAIPABICHHH V.

T[IPYIMEP 14.8 (PA3JIOXKEHUE TEM/IOPA)
7151 MoGBIX IBYX BEKTOPOB U, W € V 1 MHorowreHa f € S™V* cipaBeanuBa dpopMyna 6uHOMAa'

n
fa+w)=Ff(@+w),...,@+w) =) <Z> fak,wny.
k=0
CootHomeHus (14-28) mM0O3BOIAIOT IIEpenucaTh 3TO PABEHCTBO KaK pasnioncerue Teilnopa

n n

fat+w =Y % akfaw =y ;' K F(w). (14-29)

k=0 """ k=0 (n—k)

cripaBeIuBOe Jyis Beex [ € S™V* U cuMMeTpUYHOE TI0 U, W B CUITY COOTHOIIeHu# (14-28).

LCm. popmyny (14-24) Ha cTp. 232.
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14.4.2. JluHeitHEBIi HOCUTEIb MHOTOWIeHA. JIMHeH Il HocuTenb! supp f C V* momHoii mons-
pusaruy f MHOrowIeHa f € S™V* HasbIBaeTCA IUHeliHbIM HOCUMeleM MHO20ueHd f . OH paBeH Imepe-
CeYeHHIO BCeX TAKKX oATpocTpancTs® U C V¥, uto w € AU, U ABNAETCA, TeM CAMBIM, HAMEHbIIHM
13 3TUX MOAIPOCTPAHCTB, KaK 110 BKJIIOYEHHUIO, TaK U 10 Pa3MepPHOCTH.

VIIPAXXHEHUE 14.18. Y6€UTech, YTO MHOTOWIEH f KOPPEKTHO 33/[aéT IOMMHOMUATBHYIO GYHKIIHIO
Ha V /Ann (supp f) no npasuny f([v]) = f(v).

Cornacto Teop. 14.1 Ha ctp. 221, moampocTpancTBo supp f C V* sBisieTcss 06pa3oM MOTHON CBEPTKU

crt y®M=1 _, y* ¢ rensopoM f 1o mepBBIM® N — 1 €ro TeH30PHEIM COMHOMKHUTEIIAM, T. €. (";f;z)
JIMHERHBIMA GOpMaMu

. m m

fler*,....,eg)eV*, tme m+..+my=n—-1. (14-30)
Ec/u 3ammcaTh MHOTOUIEH [ B BUZE

n! Vi Va
f= 2 o G X (14-31)
Vv LT d-:

TO €r0 MOJTHAs TOJIApU3aIys, coracHo popm. (14-13) Ha cTp. 229, 6yAeT UMETH BUJ

f= Zvl...vd Ay, vg Xy vglo

n * o
e Xy, v, € Sym"™ V" — cymMMa Bcex TeH30PHBIX MOHOMOB, COZI€PXKAIINX V; COMHOXHUTENEHN X; JJIA
Bcexi =1, ...,d, amuHeiinble popMmel (14-30) — Bu/,
J

z m my, _ 4
f(el Yo €a )= Zi=1 aml...mi_l(mi+1)mi+14..mdxi : (14-32)

[IPEZIJIOXKEHUE 14.7 (MHOTOYIEHBI C OZHOMEPHBIM HOCUTEJIEM)
OpHopogHbiii MHOTOWIEH (14-31) Haz anrebpanyecku 3aMKHYTBHIM TI0JieM K XapaKTepUCTUKU HYJTb
n+d-2

g1 )—ManHua U3
k03¢ uneHToB MUHEHHBIX dopM (14-32) uMmeet paHr 1. B aTom ciydae ecTb POBHO N JIMHEMHBIX
bOpM @, YIOBIETBOPAIOLIMX YPABHEHHUIO @"* = f, Bce OHU MPOMOPUMOHANIbHEl dopMam (14-32) u

TIOJTy9aloTCsA APYT U3 pyra yMHOXXEHHEM Ha KOPHU N-TOM CTeNeHU U3 eNHUIIBL B rojie K.

TOrZla M1 TOJIBKO TOrJa ABJJIAETCA N-TOH CTEINEHbIO JUHENHOMN (1)0pr1, Korzga d X (

JIOKABATEILCTBO. PaBeHCTBO f = @™ 03HayaerT, 4To supp f ofHOMEpeH U MOPOXAEH dpopmoii . B
aTOM ciy4ae Bce Gopmbl (14-32) MpoMOpIHOHANIBHEL GOPMe ¢, U ypaBHeHuUe t = [ uMeeT B Iie-

noctHOM Komblie K[x,, ..., x,] poBHO n kopHel Buza { - ¢, rae { mpoberaeT MHOXXECTBO KOPHeH U3
eaunUIIb B osie k. Hao6opor, ecu Bce popmsl (14-32) mpomoplroHaIbHbI, U # 0 — ofiHA U3 HUX,
Tosuppf=]k-l/)I/If=/11,Dn,£[JIHHeKOTOp0I‘O/1€]k,a(p={!/Z-l[). U

1Cm. n° 14.1.2 Ha ctp. 221.

206paruTe BHUMAaHUe, YTO JHMHEHHBIH HOCHTEb> MHOTOWIEHA Ha MPOCTPAHCTBE V ABIAETCA BEKTOPHBIM
MOATIPOCTPAaHCTBOM B V¥, aHe B V.

3U3-3a cuMMeTpUYHOCTH TeH30pa FCBépTKa He 3aBHCHT OT BbI6Opa [TOC/IeA0BATENbHOCTH U3 1 — 1 MHIEKCOB,
110 KOTOPBIM OHA IIPOU3BOAUTCA.
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[TPUMEP 14.9 (BUHAPHBIE ®OPMBI PAHTA 1)

o _ n k.n—-k
OZHOPOAHEBIM MHOTOWIEH CTENIEHU N OT /IBYX IEePEMeHHBIX f(Xg, X;) = ). Gy - ( k) - XgXy = TIpes-
cTaBisieTcs B BUZe (X, + @, X;)'" €M U TOJIbKO €CU Q;,, . @; = Q, : (¢; He 3aBUCUT OT i, 4TO
PaBHOCWIBHO YCJIOBUIO

a, a, ... a
rk( 1o n > =1, (14-33)
ag a; ... Qp_4
Y BBIPAXKAETCA KBA/PATHYHBIMU COOTHOWICHUAMM ;41 = @;_0j, TAe 1 < i < j £ n, Ha KO-

a¢dunmenTs MHOrowtena f. Cton6msl MaTpuilel (14-33) cyTh KO3QPUIMEHTH! n TUHERHBIX GOpM
fes™, e = a;x, + a;_, x, u3 dopmynst (14-32).

14.5. T'paccmaHOBBI NPOU3BOAHBIE U coOoTHOIIeHUd Ilmokkepa. CornacHo Teop. 14.2, Haz noieMm
HyJIEBOM XapaKTePUCTUKHU Tpoekiws Alt" V' — A™V 3HakormepeMeHHBIX TEH30pOB Ha GaKTOp TeH-
30pHOM areOphl IO COOTHOLIEHUSAM aHTUKOMMYTHPOBAHHUSA ABIAETCA H30MOpdu3MoM. OOpaTHBIN K
Hemy usomopdusm A"V = Alt" V HasbiBaeTcs noHoll noaspusayuell TpacCMaHOBBIX MHOTOYJIEHOB.
OH COMOCTaBJIsSIET OAHOPOAHOMY I'PACCMAHOBY MHOTOWIEHY w € A™V eJMHCTBEHHBIN 3HAKOTIEPEMEH-
HbI#t TeHzop @ € Alt" V C V®", nexamuii B knacce w € VE™ /(T4 nVE™).

14.5.1. 'paccMaHOBBI YacTHbBIE IPOU3BOAHBIE. Kak 1 /151 OGBIYHBIX MHOI‘OLIIICHOBl, KaKAbINA
koBekTOp ¢ € V* 3azaér nuHeliHOe 0TOGpaKeHHEe plf : A" — A"V nonapusayuu edons &, KoTo-
poe MepeBOJUT IPacCMaHOB MHOTOWIEH w € A™V B1poekuuio Ha A™ 1V pesynbraTa cBEPTKH MOTHOM
HO/IAPU3ALIAY () MHOTOWIEHA (w C KOBEKTOPOM & 110 IIEPBOMY TEH30PHOMY COMHOMKUTEIO ¥ BKJIIOYA-
eTcA B KOMMYTaTUBHYIO frarpaMMy

Ve 5 Al Y — o yOn
P
v 2y
OIpeesiuM 2paccmMaHogy npousgodHyio OT w B HATIpaBIeHUH KoBeKkTopa & € V™ dpopmysoi

def

dgw =npliw.
Tak KaK TEH30D @ KOCOCUMMETPUYIEH, I IIOOBIX &, 1, Yy, ..., Pp_, € V*
ifina (11’1’ I:[’n—z) =w (5»77’1/’1, lpn—z) =-w (77’5,1/’19 lpn—z) = _inifa (1/’1’ lpn—z) >
T. €. TPACCMaHOBBI TIOJIAPU3AIUHU U IPACCMAHOBEI YaCTHBIE TPOU3BOJHEIE AHTUKOMMYTHPYIOT:
plepl, = —pl,ply u 0:0, = —0,0;,

B YaCTHOCTH 6? = 0 s mo6oro & € V¥, 4To comracyeTcs ¢ TEM, YTO TPACCMAHOBBI MHOTOWIEHB
JIMHEHBI 110 KaX/[0H TlepeMeHHOMH. Kak 1 B KOMMyTaTHBHOM C/Iy4ae’, BHIIOTHAETCSA PABEHCTBO

~ 1
(&, ..., &) = py 651 Ofna). (14-34)

Eciu KOBEeKTOpHL X; € V™ 1 BeKTOphl e; € V 06pasyioT ABOWCTBEHHbIE APYT APYry 6a3ucChl IIPO-
crparcTB V u V¥, T0 B cuily OWIMHENHOM 3aBUCUMOCTH plgw oT ¢ ¥ w, TPacCcMaHOBa NIPOU3BOAHAS

1Cp. cn° 14.4.1 Ha cTp. 233
2Cp. ¢ 14-27 Ha ctp. 234
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B HaNpaB/IeHUN KOBEKTOpa § = ), @;X; MOXeT ObITb 3anucana Kak 0 = Y; @; 0, . [Ip1 oTOM HeHy-

JIEBOU BKJIaJ, B axiw OyZeT JUIIb OT BXOAANINX B 0 MOHOMOB e;=ej N...Nej c/oi.

YIPAXXHEHUE 14.19. YOeAUTECh, UTO O, €; A ... A€ =e; A...Ae; A 1060t moceoBaTeNh-
iq n n

HOCTH IIOIIAPHO Pa3HBIX UHAEKCOB iy, ..., i,.

TakuMm o6pasoM, AuddepeHIIMpOBaHKE IPacCMaHOBa MOHOMA B HalpaBJIeHUH 6a3MCHOTO KOBEKTO-

pa, IBOMCTBEHHOTO K TIEPBOM C/IeBa TepeMeHHOM B MOHOME, BeAET cebst KaK OOBIYHasA YacTHasA IIPo-

u3BogHasa 0 / 0, TI0 3TOM NepPeMEeHHOM. B Cily aHTKOMMYTaTHBHOCTHU I'PACCMaHOBBIX [IEPEMEHHBIX,
1

nuddepeHnpoBaHue 1o k-Tol c/ieBa mepeMeHHOM MOHOMA BeJET cebs Kak (-1)F 19 / ael_ :
k

— k-1 —
eil/\"‘/\ein_axik(_l) e, Neg Ao Ney  Aey ... =

Xi lg—1 U1 ln

k
= (D" e A A

lg—1

A eik+l ein .
HMuaue roBOpA, I'paCCMaHOBEI IIPOMU3BOAHBIE YIOBJIIETBOPAIOT 2PACCMAHOBY NpasuLy ﬂeﬁ61—tuua: AJIA
JIIOOBIX OZHOPOAHBIX 'PACCMAaHOBBIX MHOT'OYIEHOB W, T € AV u mo6oro KOBEKTOpa f ev*

Bg(w A7) = Bg(w) AN+ (—1)*B%w A Bg(n) . (14-35)

14.5.2. JInHelHEBII HOCUTEJIb FPacCMaHOBa MHOTOWIeHa. Kak 1 B KOMMyTaTHBHOM CIydae, Jiu-
Hellnblil Hocumess SUpPp @ C V OHOPOZHOro rpaccMaHoOBa MHOrowIeHa w € A™V ompegensaerca Kak
JMHEeHHEBII HOCUTENb> supp(@) ero moiHoi nonapusamuu @ € Alt" V C V®™. On paBeH nepeceue-
HUIO BCeX TaKuX noamnpocrpancts U C V,uto w € AU, u ABIAeTCA, TeEM CaMBIM, HaMMEHBIIUM U3
3THUX IOANIPOCTPAHCTB, KaK 0 BKJIIOYEHUIO, TAK U 110 pa3MepHocTu. [ToHo# nossipu3anyei rpaccma-
HOBa MHOT'OYJIeHa

w = ZI a,el = Zi1<..,<in ail.“ineil VANPAN ein 5 (14'36)
rael = (iy, ..., i,) npoberaer Bo3pacTaroliye I0ocIe0BaTeIbHOCTH U3 N UHAEKCOB, ABJIACTCA TeH30p3
5:12 a(e-®...®e-):2 a; e ®..Qe; (14-37)

n! 1 CINTY i igeniy bl h [

I/le CipaBa CyMMHMPOBaHUE U/ET yoKe I10 BCeM ITOC/Ie0BaTeTbHOCTAM U3 1l He IIOBTOPSAIONIMXCA UHAEK-
COB, a KOOQQUUUEHTE d; | ; KOCOCHMMETPUYHBIIIO iy, ..., I, M d;y ; = a; ; /M!KOIAA MHAEKCHI

'n

cTporo BospacTaror. ITo Teop. 14.1 Ha cTp. 221, mognpocTpaHcTBo supp(w) C V asmgeTcsa o6pasoM

o o . n—1 ~
IIOJTHOU CBEPTKM C; AL N 7 TensopoM @ € V®™ 1o mepBbIM n — 1 TEH30PHBIM COMHOMKH-

TenaM? U IMHeITHO MOpOXjaeTCa BeKTOpaMu
W] = C(;(le ® ® xjn—l) = z aj1~~~jn—1i ei N (14'38)
i¢]
I'ﬂ;e] = (jl’ ... ’jn—l) Hp06eraeT BO3pacTarouiye nmocaea0BaTeJIbHOCTH U3 N — 1 UHAEKCOB.

[IPE/IZIOXKEHUE 14.8 (TPACCMAHOBBI MHOTOYIEHBI C MUHUMAJIBHBIM HEHYJIEBBIM HOCHUTEJIEM)
Crezytolye TpY yCJIOBUA HAa TpaccMaHoOB MHorowieH (14-36) 3KBUBaJIeHTHBI:

He o6s13aTe/IbHO BO3paCTAIOLIEH.

2Cm. n° 14.1.2 Ha cTp. 221.

3Cm. dopmymy (14-14) Ha cTp. 229.

*B cuiTy 3HaKOIIlepeMeHHOCTH TeH30Pa & BHIOOP MOC/IeA0BATENLHOCTH U3 1 — 1 CBOPAUYMBAEMEIX COMHOMH-
TeJIell MOXKET IIPUBECTH JIUIIb K CMEHe 3HAKa y Pe3yJIbTaTa.
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1) dimsuppw <n 2)w=u A... AUy, TAe Uy, ..., u, €V 3)VuEsuppouAw=0

4) s mo6BIX ABYX HAOOPOB [, ] BO3pACTAIOMUX UHAEKCOB i; < ... < Iy Uj; < ... < jpm_q,
TaKUX, 4To [ P |, BEITIOJIHEHBI cOOmHoWeHUs [IntokKkepa
m+1
—1)V1g. : P . = -
2v=1 ( 1) a]1~~]m—1lval1'-~lv~~'lm+1 0, (14-39)

[/le «KpBIIIKa» B 4; 3
.

3 . O3Ha4aeT, 9TO MHAEKC 1,, CJIEAYET IIPOITyCTUTh.

v“'lm+

JIOKA3ATEIBCTBO. YcmoBus (1), (2) u (3) o4eBHUIHO SKBUBAJIEHTHHI U 03HAYAIOT, YTO (W JIEXKUT B CTap-

mreii BHemmHedt crenenu A9™SUPP @ cpoeii THHEHHO 06OTOYKH SUPP W.

YOPAXKHEHUE 14.20. ITycth w € AV udimV = d. Y6eautech, uto v A w = 0 151 Bcex v € V e u
TOMBKO ec w € A%V.

CootHoweHue (14-39) koHcTaTHpyeT OOHYIeHUE K03 duLireHTa TpU e;, A...Ae;  BIPOU3BEJCHUU
W; A @ JJIs THHEHHO MOPOXKAAIOIMX SUPP W BEKTOPOB W U3 popmyssl (14-38). O

[TPUMEP 14.10 (ITPOJJO/KEHUE IIPHM. 8.4 HA CTP. I39 U IIPE/L. 14.4 HA CTP. 227)

JIns1 4eTEIPEXMEPHOTO TIPOCTPAHCTBA V ¢ 6A3UCOM €y, ...,e, U W = ), _ j @ij€; A €j COOTHOLIEHHE
TlmokKepa 11 Habopos uHAekcoB [ = (2,3,4)u] = (1) uMeeT BUA' —a,, 05, + 1305, — 01,053 = 0,
1 110001 Apyroi BEIOOp HellepeceKaromuxcs Habopos (i, i,, i) U (j) IPUBOAUT K TOMY )K€ CaMOMy C
TOYHOCTBIO /10 06IIero 3HaKa cooTHoleHuto. Ecmu j € {i;,i,,i5}, ckaxem I = (1,2,3),] = (1), To

TI0JTy4aeTCsl TPUBUATIBHOE COOTHOIIEHHE A, 3 — Q13045 = 0.

[IPUMEP 14.11

EcmuV = k° ¢ 6asucom €4, ..., €5, TONMo IpeAs. 14.4 Ha cTp. 227 pasnoKUMOCTb FPACCMaHOBOM KBaJ-
paTHYHOI GOPMBEI W = D;_ jaijei Ne; € A*V paBHOCWIbHA PaBeHCTBY W A w = 0. TTockombKy
@ A W JIOXUT B NATHMepHOM mpocTpaHcTBe A*k®, 3T0 paBeHCTBO SKBUBA/NEHTHO MATH KBAAPaTHY-
HBIM COOTHOLIEHUSM Ha K03$OULMEHTE! a;; $OPMBL w. ITH IATH COOTHOLIEHNH COBIAAAIOT C IATHIO
COOTHOIIeHUAMHU IITI0KKepa, BOSHUKAIOIMMHY U3 IIATH [1ap HellepeceKarouuxcsa HabopoB NHAEKCOB
I = (i, 1,,i3) n] = (j), o6 berHEeHNA KOTOPHIX [ Ll / Tpo6eraroT IATh Pa3IMYHbIX YeTHIPEXDTIeMeHT-
HBIX HOAMHOXeCTBB {1, ..., 5}. [Ipu dukcrpoBaHHOM [ LI YeThIpe pa3IudHbIX pa3OUeHUs STOr0 MHO-
JKECTBA Ha HellepeceKaroIyecs MogHa00PHI U3 OZHOTO U TPEX 3JIEMEHTOB JJAI0T, KaK U B IPeAbIAYIIeM

mpuM. 14.10, oAMHAKOBBIE C TOYHOCTHIO ZI0 OOIIETO 3HAKa COOTHONIEHUA BUA

Qi jRiyiy — Dy j Ay + Ai,j%,i, = 0.

Ipu j =i; € {iy,i;, i3} nomy4aerca TpUBMAIbHOR COOTHOLIEHHE ; ; G; ;. — @y ;. @; i, = 0.

14.6. I'paccmanuaHbl. MHOXXECTBO BCeX M-MePHBIX BEKTOPHBIX IOJIIPOCTPAHCTB d-MEPHOTO BEK-
TOPHOTO IIpocTpaHcTBa V HasbIBaeTca epaccmanuanom Gr(m, d) wim Gr(m, V), eciu BaXKHO IOAYEPK-
HYTb IpUpozy npoctpancTsa V.C Touku 3peHus IPOeKTHBHOM reoMeTpuu rpaccManuaH Gr(m, d) AB-
JIfieTcs MHOXKeCTBOM BeeX (m—1)-MepHBIX IPOeKTUBHBIX TOANIPOCTpaHCTB B P;_, . I'paccMaHuaHH AB-
JISIIOTCS €CTECTBEHHBIMU 0000IEHUAMY TPOEKTUBHBIX IIPOCTPAHCTB: JBOMCTBEHHBIE IPOCTPAHCTBA

P,=Gr(l,n+1) u P} =Gr(n,n+1)

SIBJIAIOTCSA TIPOCTEUIITMMU TPUMEPaMU rpacCMaHUaHOB. [IBoficTBeHHOCTb U < Ann U Mexay m-mep-
HBIMU 1 (d — m)-MePHBIMHU IIOIIPOCTPAHCTBAMH JABOMCTBEHHBIX BEKTOPHBIX ITpocTpaHcTB V u V™ 3a-
JAéT KaHOHMYECKOe oToXAecTBiaeHue Gr(m, V) = Gr(d — m, V™).

1Cp. c mpum. 8.4 Ha cTp. 139 u ynp. 14.11 Ha cTp. 227.
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14.6.1. ILtrokKkepoBoO BiaO:keHHe. ['paccmanuan Gr(m, V) BknagsiBaetcsa B P(A™V) omobpadice-
Huem [Lnokkepa
Pm . GI(m, V) & P(A™V), (14-40)

KOTOpOEe IePEeBOAUT M-MePHOE BEKTOPHOE MOANpocTpaHcTBo U C V' B 0AHOMepHOe BeKTOPHOE IOJ-
npoctpanctBo AU C A™V. Eciiv BEKTOPBL Uy, ... , Uy, 00pasytoT 6azucB U, To p,,(U) = u; A... Aly,.
BriGop apyroro 6asuca wy, ... , W,, U3 BEKTOPOB W; = Y, j QijUj 3aMEHACT Uy A ... A Uy, HA TIPOIIOP-
LIMOHA/IbHBIH PA3/IOKUMBIN ITPACCMAHOB MHOTOWIEH Wy A ... A Wy, = det(a;;) Uy A ... A Up,.

[IPEZ/IOKEHUE 14.9
Orob6pakenue [ntokkepa (14-40) UHBEKTUBHO, a ero o6pa3 ABJseTcsa aarebpandyecKumM MHOT006pa-
31eM, 3aZlaBaeMbIM KBaJpaTUYHBIMU COOTHOLIeHUAMU [ ntokkepa us npezn. 14.8.

JJOKABATE/BCTBO. O6pa3 oTobpaskeHus (14-40) COCTOUT U3 BCEX PA3IOKUMBIX IPACCMAHOBEIX MHOT'O-
YWIEHOB CTENIEHU M U OIHCchIBaeTcs npet. 14.8. [TokaxkeM, yTo oTo6paskeHre TUTIOKKepa UHbEKTUB-

Ho. Ecmn U # W, To B V ecTb 6a3UC U3 TAKUX BEKTOPOB UV, ..., Vpy Uy ove s Ug, Wy, oo s We, Ugsvnn s U,
YTO BEKTODHI V4, ... , U, 00pasyioT 6asuc B U N W, a Ha6opsI BEKTOPOB
Vi eoos Upy Uy ooy Uy U Vg, o, Upy Wy, ee, W

saBnatoTcsa 6asucamu B U u B W. OTobpaxkeHnue [UTIOKKepa COMOCTABISET UM Pa3Hble 6a3MCHbIE MOHO-
n
MBLU; A ... AVR AU A oo AUy TV A ... AV AW, A ... AW, _, IpocTpaHcTBa A™V. O

14.6.2. Muoroo6pa3sue Cerpe Kak ce4eHHe rpacCMaHuaHa. PacCMOTPUM NPSAMYIO CyMMy
w=Ve&..eV,

KOHEYHOMEPHBIX BEKTOPHBIX ITpocTpaHcTB V;. [ina kaxgoro k € N 1 mpou3BosIbHON NTOCTIeI0BATENb-

HOCTH LieJIbIX YUCENT My, ..., My, Tae 0 < m; < dimV; umy + ... + m, = k, 0603HaYMM Yepe3
Wy, m, C AW maneiinyio 0G0T0UKY BCeX Pas/IOKHMBIX IPACCMAHOBBIX MHOTOWIEHOB Wy A ... AWy,
Y KOTOPBIX POBHO M; COMHOXXUTENIEN W,, JIEXKUT B V; Ipr Beex i = 1, ..., n.
VIIPAXXHEHUE 14.21. [TOK&KUTe, 9TO IPABWIO W; @ ... ® W, — W; A ... A W, KOPPEKTHO 3a7aéT
nunetinbiit nsomopdusm A™MV; @ ... @ ATV, = W,y mHTO
k m m
Akw = @ml,...,mn Wi, m = @ml’_”’mn A™MY, @ ... Q A™nV, . (14-41)

TensopHoe npoussezienue V; ® ... ® V,, kaHOHNYecKH M3oMopdHO ciaraemomy W, ; C A™W u3 pas-
noxeHus (14-41). isomopdusM epeBOAUT KaKABIH PasnoXUMBIH TeH30p v, @ ... ® v, B 'PaCCMaHOB
MOHOM V; A ... AV,. MBI 3aKI0o4aeM, 4To MHoroo6pasue Cerpe u3 n’ 13.1.2 Ha cTp. 212 nipeicTaBisgeT
cob6oro mepeceuenve Gr(n, W) N P(W, ) u sBisietcs anre6pandeckuM MHOroo6pasuem B P(A™W),
3a/laBaeMbIM KBaZIPaTUIYHBIMU COOTHOIIeHUAMHY I UTtoKKepa u3 nipezyt. 14.8 v TMHeHHBIMY YpaBHEHU-
SIMH, OIIMCHIBAIOIINMY BEKTOPHOE HoAnpocTpancTso W, | C A™W.

14.6.3. OgHOpOAHBIE KOOPJUHATHI Ha rpaccMaHuaHe 0000IIa0T OfHOPOAHBIE KOOPAUHATHI HA
IIPOeKTHBHOM IIpocTpaHcTse. Ecim 3adukcuposars BV 6asuce,, ..., e4, TO m-MepHOe IIOAIIPOCTPAH-
ctBo U C V MoxHO 3a7aBaTh MaTpulei X,, pasmepa d X m, o CTpoKaM KOTOPOY 3aIMCaHbl KOOPAU-
HaTbI BEKTOPOB Uy, ... , U, KAKOTO-HUOYAb 6azuca u B U. PasymeeTcs, Takoe Ipe/cTaBleHIe He e1H-
CTBEHHO: ipyroMy 6asucy w B U, cocTaBleHHOMY U3 BEKTOPOB W, , ... , W,,, OTBe4aeT Apyras MaTpuIia
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X, = Cyy Xy, Monydatomascsa u3 X,, YMHOXXeHHEM CJleBa Ha HEBBIPOXK/EHHYIO KBaZIPATHYIO m X m-
MaTpHUILy [Tlepexozia, KOTOpasi ONpeAesseTCs COOTHOIIEHUEM

Wy Uy
=Cyy -
Win Umn

Mbi 3axio4aem, 4to rpaceManua Gr(m, d) = GLy, (k) ~ Mat, . (k) sBiseTcs MHOKeCTBOM op6ut
neBoro Aeiicteus rpymusl GL,, (k) Ha MHoxkecTBe Mat) (k) maTpur pasmepa m X d u pasra m. [Ipu
m = 1 3To ollucaHue ITpeBpallaeTcs B ONIMCaHKe IPOEKTUBHOTO NTpocTpaHcTBa [P;_, kak MHOXeCTBa
HEHYJIEBBIX KOOPAWHATHBIX CTPOK JUIMHBI d C TOYHOCTBIO 0 YMHOXKEHUS Ha HEHyJIeBble KOHCTAHTHI.
Taxum o6pa3oM, MaTpuria X,, C TOYHOCTBIO 10 YMHO)KEHHA cleBa Ha 06paTHMble MaTPUIIBI ABJIAETCA
MPSIMBIM aHAJIOTOM OZTHOPOAHBIX KOOPZAMHAT.

14.6.4. TLIIOKKEepPOBBI KOOPAUHATSHL. [LTIOKKEPOBO BIOKEHHUE P,, : Gr(m,V) & P(A™V) cono-
CTaBJsAeT m-MepHOMY HoznpocTpaHcTBy U C V c6asucom uy, ... , U, OAHOMEPHOE IOATIPOCTPAHCTBO
A™U € A™V ¢ 6asucoM U, A ... Ay, Ecmm 3adukcnposats BV 6asuce,, ..., e4, a B AV — 6asuc us
rpacCMaHOBBIX MOHOMOB e; = €; A ... A¢; ,TO [ -1 oIHOPOAHOM KOOPAUHATOMN Pa3I0KUMOTO I'pac-
CMaHOBa MHOTOWIEHA U; A ... A U, OTHOCUTEIBLHO 6asyca U3 MOHOMOB e; 6yzeT [-it MuHOD det X;
nopagka m, rae X; C X — noaMaTpuria, o6pa3oBaHHasA CTONOIAMY C HOMEPAMU i, ... , iy,.

VIIPAYKHEHUE 14.22. YOeJUTEeCh B 9TOM.

I[TIpu yMHOXeHUU MaTpuIlsl X cleBa Ha obpaTuMyto Marpuly C € GL,, Bce (m X m)-MuHOpHI det X;
MaTpuIsl X YMHOXKATCA Ha HeHy/leBylo KOHCTaHTy det C. PaccmMaTpuBaeMbIii ¢ TOYHOCTBIO IO TIPO-
NOPIMOHATBHOCTH Hab0p MUHOPOB det X; Ha3BIBAETCS NIHOKKePOBbIMU KOOPOUHAMAMU 3aJaBaeMOi
MaTpuueii X Touku rpaccmanunana Gr(m, d). Takum 06pa3oM, IUTIOKKEPOBEL KOOPAUHATEL CYTh OTpa-
HUYEHUs OHOPOAHBIX KoopauHat B P(A™V) Ha 06pa3 rpaccMaHWaHa [Py IUIFOKKEPOBOM BIOKEHUN
Pm . Gr(m,V) & P(A™V).

14.6.5. CrangaptHoe apPpunHOe nokpsiTHE U adPUHHBIE KOOPAUHATHI. AHAIOTOM -i CTaH-
mapTHOH adduHHOM KapTh! U; IPOEKTUBHOTO HpOCTpaHCTBal P,, = Gr(1, n) Ha IPOM3BOJILHOM I'pac-
cMmaHuase Gr(m, d) ABnAeTcsa MHOXecTBO U; Bcex m X d MaTpun X ¢ HeHy/leBbIM MUHOpoM det X;. B
GL,,, (k)-opbure Ka>kZj0H TaKOH MaTpPHILE! X €CTh eJUHCTBEHHBIN IIPe/CTaBUTe b, UMEIOLINI B CTONIO-

1ax | eAMHUYHYIO MaTpUIly pasMepa m X m. O603Ha4uM ero T & X,'lX . Crosinye BHe CTOIOLIOB

¢ HoMepaMu U3 | MaTpUYHBIE JI€MEHTBI tgf, marpuns TV HaspiBaroTes nokansHbiMu apdurHbMU
koopounamamu Touku X € Gr(m, d) B cmandapmroii kapte U, 1 Bcero ux umeercs m(d —m). I[Lmok-
KEPOBO BIOKEHHE P, : Gr(m,V) & P(A™V) 6uekTuBHO oTO6paxkaet kapty U; C Gr(m, V) Ha nepe-
ceyeHue o6pasa p,,(Gr(m,V)) co crangapraoit apdunnoi kapToit U, C P(A™V) Ha MPOEKTUBHOM
IIPOCTPAHCTBE.

Ha reomerpuueckoM sAsbike kapTta U; C Gr(m, V) cocTout U3 Beex nognpoctpancTs U C V, ko-
TOpBIe U30MOPGHO 0TOGpAKAIOTCA Ha [-e KOOpAUHATHOE NOANpPOCTpaHcTBoO E; C V, HaTAHyTOe Ha
GasuCHbIE BEKTOPHIL €; , ..., €; , IPU NPOEKUK 77 : V > E} BAOJIb JOTONTHUTENBHOTO KOOPAMHATHO-
ro NOAIIPOCTpaHcTBa E; C V, HATAHYTOrO Ha 6a3uCHbIe BEKTOPHI € j ¢J & 1. TloampoctpancrBo U C V

'OHa cocTouT U3 Beex ToUeK (X, : X, ... : X,) € P, cx; # 0. Kaxaas Takas TouKa p OAHOZHAYIHO
IIpeZicTaBIAeTCA BEKTOPOM, ¥ KOTOPOTO X; = 1, 11 ocTajJbHEIE T KOOPAMHAT 3TOT0 BeKTopa b6epyTcs B kadecTBe
JIOKaIbHBIX apPUHHBIX KOOPAUHAT TOYKU P B KapTe U;, cM. mpuMep 16.4 Ha cTp. 207 jekiuu http://gorod.
bogomolov-lab.ru/ps/stud/geom ru/2122/lec 16.pdf.


http://gorod.bogomolov-lab.ru/ps/stud/geom_ru/2122/lec_16.pdf
http://gorod.bogomolov-lab.ru/ps/stud/geom_ru/2122/lec_16.pdf
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JIeXUT B CTaHZAAPTHOM KapTe U; ecmt u Tonbko ecn U N E; = 0, ¥ B K&XKAOM TaKOM IIOATIPOCTPaH-
crBe U MMeeTcs eAMHCTBEHHBIM 0a3UC Uy, ... , U,,, KOTOPHIH NIPOEKTUPYeTCAd B CTaHAAPTHBIHM 6asuc

e , eim IIPpOCTPpaHCTBa EI‘ ManI/ILla T(I) COCTaBJIEHA N3 KOOPANHAT 3THUX BEKTOPOB U;.

i

14.6.6. A¢pduHHas OKpECTHOCTh TOYKH. Bosiee o61IrM 06pa3om, A1 060ro (d — m)-MepHOTO
BEKTOPHOTO noAnpocTtpancTsa W C V mHoxectBo Uy, = {U € Gr(m,V)| UNW = 0} apnaerca
adUHHBIM IPOCTPAHCTBOM HaJl BEKTOPHBIM rpocTpancTBoM Hom(V /W, W). B camom zerte, mo6bie
ZiBa IoNoHUTeNbHEIE K W nognpoctpancrsa U, , U, nsomopdHo npoektupytorcsa Ha V /W npu dax-
Topu3anuu my, . V. > V /W. Iloatomy y kaxzoro kiacca [v] = [v,] = [v,] € V /W umerorca
eIMHCTBEHHBIE IIpeJicTaBUTeNn v, € U; nv, € U,. O6o3Hauas gepes @2 1 V/W — W nuneliHOe
oTobpakeHue, nepeBojsiiee kiaacc [v] € V /W B pa3Hocts v, — v; € W 3TUX IIpe/CTaBUTENElH, MBI
conocTapageM Kaxzaou nape Touek U,, U, € Uy, BeKTOp mz € Hom(V /W, W). OueBuzHO, 9TO
U, U, +U,U; =U,U, anascexU,,U,, U; € Uy,. Eciu sadukcrupoBarts iro60e «HadaabHOe» HOTIPo-
crpaHcTBo U € Uy, U OTOXAECTBUTH ero ¢ V /W npu nomolny usoMopdusma TL'W| gy U=V /W,
a Hom(V /W, W) oroxzaectButs ¢ Hom(U, W), To oTo6paxeHre BEKTOpU3alUU ¢ LeHTpoM B U, me-
peBojAllee Kaxaylo Touky U, € Uy, B €€ paguyc BEKTOD ﬁl € Hom(U, W), GyzeT comocTaB/IsATh

KaXZoMy AolonHuTeabHOMY k W nognpocrpancTBy U; C U @ W nuHeiiHoe oTobpakenue U — W,
rpadHKOM KOTOPOT'O ABJIAETCS IOAIPOCTPAHCTBO U, . O4eBHUHO, YTO TAKOE COIIOCTABJIEHNe GEKTHB-
Ho. [Tockomeky W =~ V /U, MOXHO cKa3aTh, 4To Kaxgasa Touka U € Gr(m,V) obnagaet adpdbunHo
OKPEeCTHOCTBIO, ITOTy4YaoueNcsa «0TKIafbIBaHeM» OT U BCEBO3MOKHBIX BEKTOPOB U3 IIPOCTPAHCTBA
Hom(U, V/U). Eciu 3adukcupoBaTth Kakoe-HUOYZAb JOMIOTHUTENbHOE K U nognpocTpaHcTso W v nipez-
cTaBsaTh Kiaaccel u3 V /U BekTopamu u3 W, TO pe3y/bTaToOM «OTKJIaJbIBaHUsA» OT U 0TOOpaXkeHUs
T: U — W 6yger rpaduk I, = {(u,t(w)) € U W | u € U} orobparkeHUs T, Ipe/ICTaBIIAIONINH
coboto gonosHUTeNbHOE K W noamnpocTpancTBoB Y = U @ W.

14.6.7. KBagpuka ILnrokkepa B IP; u ipsmble B P3. [IepBBIM OTIMYHEIM OT IPOEKTHUBHOTO IIPO-
CTpaHCTBa rpaccMaHuaHoOM sBisieTcss Gr(2,4), ToYkaMu KOTOPOT'O CJIYKaT AByMEPHBIE BEKTODHBIE
noznpocrpanctsa U B V = k* wiu, 4To To e caMoe, TpoeKTUBHEIe mpaMmble £ = P(U) B P, = P(V).
I'paccmanmaHn Gr(2, 4) BkaaabiBaeTcs B Py = P(A?V) omo6pascenuem ILnokkepa

p: Gr(2,4) < P(A%V), U A%U, (14-42)

KOTOpOe NepeBoAUT npamyto (ab) C PP, Apidrouyrocsa IpoeKTUBU3aluell JByMepHOr0 BEKTOPHOTO
noanpocTpanctBa U C V ¢ 6asuicoM a, b, B oiHOMepHOe HoAnpocTpancTBo A2U C A?V, mopoxaéH-
HOe TPacCMaHOBHIM ITpou3BeZeHueM a A b. CornacHo mpezs. 14.4 Ha cTp. 227, pa3ioXUMOCTb Ipac-
CMaHOBOM KBaZpaTUYHOH GOPMEl w € A*V Ha ABa MMHEHHBEIX MHOXUTE/IA PaBHOCKHILHA TOMY, UTO
w A w = 0. 3TO COOTHOIIEHHE 3aJa€T B IPOCTpaHCTBe P = P(AV) xeadpuxky Ilnokkepa

P=V(Q)={w€eAV|wAw=0}, (14-43)

CumMeTpuyHas 6unuHelHas popma § : A%V x A%V — Kk, koTopas ApjseTca noagpusalyueis ypasHe-
HUS 3TOUM KBaJPUKU, OFHO3HAYHO C TOYHOCTHIO ZI0 MTPOTIOPIUOHAIEHOCTH ONIPEAENAETCA TEM, UTO /IS
BCexX w,, w, € A*V B 0lHOMEPHOM BEKTOPHOM NpocTpaHcTBe A*V BhINoHAETCA paBeHCTBO

W, Aw, = G(wy,w,) e, Ae, Aeg Aey, (14-44)

IZe ey, e,, e5, e, — IIPOU3BOJIbHBIH 6asuc B V.

YIIPAXKHEHUE 14.23. Y6eAUTeCh, YTO 33/1aBaeMasi paBeHCTBOM (14-44) dopma § ObwiuHelHa, cuM-
MeTpUYHa, HEBBIPOXKAEHA U IIPH BhIOOpE Apyroro 6asrca B V yMHOXKaeTcs Ha HEHY/IEBYIO KOH-
craHTy. Hanummre e€ maTpuny ['pama B cTaHZapTHOM 6asuce U3 MOHOMOB €;

]-:ei/\ej.
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B xoopzMHaTax X;; OTHOCUTENBHO CTAHAAPTHOTO 0asuca e;; = €; A e;, PAaBEHCTBO W A w = 0 ans
dopmer w = D, X;j€;; UMeeT BUA' X1,X3, — X13X54 + X14X,3 = 0, a oTO6pakenue (14-42) mepeso-
IWT IpAMYIo (ab), MOPOXXAEHHYIO BEKTOPaMH a, b, CTPOKK KOOpAUHAT KOTOPHIX B 6asuce e, ..., e,
a; A 4z 4,

, B TPacCMaHOBY KBaJgpaTU4IHYIO GOpMYy a A b ¢ KO-
bl bZ b3 b4

COCTaBJIAIT 2 X 4 MaTpuly (

ai a]'
OpAVHATAMHU X;; = det b b )
i Y

JIEMMA 14.1
Be npsamble £, £, C [P, mepeceKaloTcs eCIy U TOJIBKO €CIU UX IUTIOKKEPOBEI 006pa3kl OPTOTOHATBHEI
1-t2 3
OTHOCHTEBHO KBaIpaTUYHOH Gopmel (14-44).

JoxasaTENbCTBO. Ecrn £, N £, = @, To B V cymecTByeT Takoi 6a3uc ey, e,, e5, e,, 94To £, = (e,e,),
aft, = (ese,). Tormap(f) Ap(f,) =e; Ae, ANeg Ae, # 0. Ecun £, u £, nepecekaroTcs B TOYKE d, TO
¢, = (ab),a ¥, = (ac) ana HexoTopbix b,c €V, up(¥,) Ap(f,)=aAbAraAc=0. O

CHEJCTBUE 14.5
PNT,P = {p(')| ¢' n¢# @} nmamoboit Touku p = p(¥) € P.

Puc. 1401. Konyc C = PN T,P.

[TPUMEP 14.12 (CBA3KU Y ITYYKU MIPAMBIX B [P5)

MHoXxecTBO NpAMBIX B [P, HasbIBaeTcsa c853Koll, eCcIU ero IUIIOKKEePOB 06pa3 ABIAETCA AByMEPHOH
IUIOCKOCThI0. Kaxkzaa Takas IIOCKOCTh T C P JuHeNHO NMOpOoXKAaeTcs TPOHKON HeKOJUIMHeapHBIX
Toyek a; = p(¥;), i = 1,2,3. lpuatomn = T, PNTy P NT, P C P.Ilo mem. 14.1 u . 14.5 coot-
BETCTBYIOIIAsA CBA3KA IPSMBIX COCTOUT U3 BCEX MPAMBIX, IepECEKAIOINX KaXKAYI0 U3 TPEX IIOIapHO

1Cm. mpum. 14.10 Ha cTp. 238.
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nepecekaromuxcsa npamsix £, £,, €3 B P;. Tpu npsmMsle B [P, nonapHo nepecekaloTcs POBHO B IBYX
CTy4asix: KOrja OHU JIeXKaT B OZHOM IUIOCKOCTU WJIM KOTZIA OHU IIPOXOJAT Yepe3 OfHY TOUKy. Takum
06pasoM, ecTb Ba FeOMeTPUIECKH PA3HBIX THIA CBA30K NIPAMBIX Ha P5:

a-nnockocms m,(c) C P, cocToAman U3 Beex MPAMBIX, IPOXOAALINX Yepes AaHHYI0 TOUKy ¢ € Py
[-nnockocms nB(H ) C P, cocrosmas 13 Bcex MPAMBIX, JIeXKallUX B JaHHOH IockocTH I1 € P,.

OTH ZiBa ceMelCTBa IUIOCKOCTEH Ha KBaJpuKe P TaKOBBI, YTO JIFOObIE /IBE TUIOCKOCTH OZHOTO THUIIA Tie-
PECEKaIOTCA I10 TOUKE: nﬁ(ﬂl) nrrﬁ(ﬂz) =p (171 NnIi, ), ma(c)Nmy(cy) =p ((c1 cz)) , 4 IBE IUIOCKOCTU
nﬁ(ﬂ ), T, () pasHBIX TUIIOB He IlepecekaroTcsA IpU ¢ & 1, anpu ¢ € I mepeceKaroTcs 110 IPAMON

Mc, ) ={p)eP|cetcll}, (14-45)

KOTOpast ABJIAETCA IUTFOKKEPOBBHIM 00pa3oM IMydyKa MPSAMBIX, JIEXKAIUX B IUIOCKOCTH [T ¥ POXOASIIUX
yepe3 TouKy ¢ € [I. IlokaxkeM, 4TO Bce Jiexkalllle Ha KBaJpuke P npAMble UMeloT BuZ, (14-45). [na
aToro paccMoTpuM KoHyc C = PNT, P ¢ BepmnHOM B Touke a € P, 06pa3oBaHHEBIN BCeMH ITPOXOAAIIN-
MU Yepe3 a MPIMBIMH, JIEKAITMMU Ha P, u 3adpuKcupyeM t060e He POXo/sIlee Yepe3 a TpEXMepHoe
IIpoeKTUBHOe nognpocrpanctso H C T, P, cM. puc. 14¢1. [lepecedenue G = C N H ABiAeTcA IMaAKON
1-nmaHapHo# KBaZpuKoH B H, 1 mo6as poxoAAmad yepes a paMad Ha P uMmeet Buz (ab) = m, N1 B
AJIs1 HEKOTOPOM TOUKU b € G Y IUVIOCKOCTEN T, TT g HATAHYTHIX Ha TOUKY P ¥ Iapy IPOXOAALINX Yepes b
MIPSIMOJTMHEHHBIX 00pasyIoMKX KBaAPUKH G .
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Yymp. 14.1. Beibepem 6a3uc E B U N W, 1oNIOTHUM €T0 MHOXKeCTBaMU E "uE" pno 6azucos B U u W coot-
BETCTBEHHO, 1 3adukcupyeM B V 6asuc Buga E UE’ UE” LE" . Tlpoctparctso U™ N W™ cocTour
13 IMHEWHBIX KOMOWHAIIUHA TEH30PHBIX MOHOMOB, COCTaBJIEHHBIX U3 OAa3WCHBIX BEKTOPOB, JIEKAIUX
B E, 1 cTaso 65ITh, coBmazaer ¢ (U N W)®™,

VYrip. 14.2. 3TO AeaeTcs JOCIOBHO TakXKe, Kak B IpeAii. 13.2 Ha cTp. 210.

yrie. 14.3. Kaxkzoe nuHeiiHoe oToGpakenue f . V — C B KoMMyTaTuBHYMO Kk-anre6py C 0fHO3HAYHO
TTOAHUMAeTCs [0 YHUBEPCaTbHOMY CBOMCTBY TeH30PHO# are6prI 10 roMoMopduaMa are6p f : TV —
C 1o dopmyre f v, ®...0v,) = f(vy) ... f(v,). Tak Kak B KOMMyTaTUBHOH anrebpe f(u)f(w) =
= f(w)f(u) ansaBcex u, w € V, roMmoMopdu3M f aHHYIMPYyeT BCe pasHOCTH U @ W — W & U ¥ IIPOITyC-

KaeTcs yepe3 paxropuzauuro TV - T /7, =~ SV. DTo foKa3bIBaeT BHIIOJHEHUE YHIBEPCAIBHOIO

om
CBOMCTBA. TO, uyro SV u 1 OAHO3HAYHO UM OIIPpEAE/IAI0TCA, YCTaHABJIMBAETCA AOC/TIOBHO TaK XK€, KaK B

npea. 13.2 Ha cTp. 210.

yip. 14.4. [lis mo6oro otobpakenus MHOXKecTB o . E — C exauHcTBeHHOe oTobpaxkenue k[E] — C,
COBIAaoIIee ¢ ¢ Ha E, ABIAETCS MOACTAaHOBKOW B MHOTOWIEHHI OT IIepeMeHHBIX e € E 3HaueHUi
e=o0d(e)eC.

Ymp. 14.5. Y0 ebIX HEOTPULIATENbHEIX PEIeHUH (M, ..., My) YPaBHEHUA M, + M, +...+my =1,
ABHOE (n+d—1) _ (n+d—1)
p d-1 n :

ymip. 14.6. JIOCJIOBHO Te € apryMeHTBI, 4YTO U I TEH30PHOI'0 YMHOXKEHUA, CM. ITpez. 13.2 Ha cTp. 210.

Yrip. 14.7. PaBeHCTBO

..AUAAWIRUAWI R ..)=(..QuRuUR .. )+(..QWRW ...)+
+(..UAWR ..)+(..wWQRu®...)

IIOKa3bIBAET, YTO Bce CyMMEI (14-6) nexar B Iy N yen, [Tpu u = w = v cymmMa (14-6) npespatiaetca
B2(... @ v ® v ® ...). Hakonern, mo mozysto cymm (14-6)

VU R ..UV ... =DV VU ®...Qu,...).

Vrip. 14.8. OTO aHaJIOrM4HO ynp. 14.7.

yrip. 14.9. JIOCJIOBHO Te € apryMeHTBI, 4YTO 1 I TEH30PHOI'0 YMHOXEHUA, CM. ITpe. 13.2 Ha cTp. 210.

ymp. 14.12.  CTabGWIN3aTOP KX/OTO CIAraeMoro cocTouT u3 | [,cp m(e)! mepecTaHOBOK OZMHAKOBBIX
6a3uCHBIX BEKTOPOB MEXY COO0I0.

yip. 14.13. Tax xak conpsbkenue Adg @ S, = Sy, h ghg™*, aBnaerca 6uexiueii u sgn(ghg™') =
= sgn(g), MBI 3aKJII0YaeM, 4TO

_(1 _(1 -1\, —
SYMyp °g = <E Zhesn h)g - <E Zhesn ghg )g -
1 1
T hesngh_g<ﬂ Zhesnh)_g°5ym"’
1 1 -
alt, og = (; Zhesn sgn(h)h)g = <F Zhesn sgn(h) ghg 1) g=

1
n!

1
hes, sgn(hygh=g <m Zhesn sgn(h) h) =gealt, .

268
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Ymp. 14.14. BeibepeM B V 6asuc ey, ..., ;4. [lokaxxuTe, 4TO d3 - d) /3 xommyTaTopos [[e;, e]-], eyl, roe
i < jui < k, cocTapnamoT 6a3uc BEeKTOPHOTO ToAmpocTpaHeTsa Lie® V C V®3. 3arem y6egurech
B TOM, 4TO JMHelHasa 060/M0uKa S>-0p6UTHl KaXA0Tro KOMMyTaTopa ¢ = [u, [v,w]] ABideTca ABy-
MepHBIM BeKTOPHBIM IIPOCTPAHCTBOM, HAa KOTOPOM IpyIna S° elicTByeT KaK I'PyIIa TPeyrolTbHUKA C
BepIIMHAMHU B C, TC, T>C, U Y 3TOTO JeficTBUA HEeT MHBAPHAHTHAIX OZHOMEePHBIX IIOATIPOCTPaHCTB. 13
3TOTO BHITEKAET, UTO TUHeiHbIe 060I0YKH S >-0pOUT ABYX KOMMYTAaTOPOB C; U C,, IM60 COBIAAIOT, JIU-
60 UMEIOT Hy/leBoe TlepeceyeHue. BEIBeIuTe OTCI0ZA, YTO cyMMa S>-0p6UT 6a3HCHBIX KOMMYTaTOPOB
[[e;, e j], e, ] mpsAMasd u coBnazaert C Lie® V @ t Lie® V. Tak kax mociesuss CyMMa COAEP>KUTCA B im 1T 4
udimimm, = d* — dim Sym® V — dim Alt® V = 2(d® — d)/3, 3To BK/ItOueHYe ABNAETCS PABEHCTBOM.

Yop. 14.15. i kaxzaoro v € V orobpaxenue ad,, : TV — TV, x = [v,x] = v @ x — x @ v #gelicTByeT
Ha TEH30PHBbIE POU3BEJEHS IO npaswiy JletibHuya:

ad,x®y)=rvR@xQ@y—-xQ@yQ®v=
=vR®xQ@Yy-xQ@VAy+x@v®y-x@y®v=ad,(x) @y +x ®ad,(y).

[To3TOMy ¥ Ha KOMMYTaTOPBI OHO TOXKE A€HCTBYET IO MpaBwIy JIeHOHUIA:

ad,([x,yD) =ad,x®y-y®x)=ad,(x®y) —ad,(y ® x) =
=ad,(x) @y +x®ad,(y) —ad,(y) ® x —y ® ad,,(x) = [ad,,(x), y] + [x,ad,(¥)].

B CHJTY 3HaKOIIEPEMEHHOCTU KOMMYTATOPOB, 3TO PaBEHCTBO II€EPENNChIBACTCA KaK

v, [x,y1] = [[v, x], y] + [x, [v, ¥]] = =[y, [v, x]] — [x, [y, V]],

a aTo U ecTb TOXZAecTBO fkobu [v, [x, y]] + [y, [v, x]] + [x, [y, v]] = 0.

Ymp. 14.16. [leperosopure paccyxzaeHusa us npuM. 0.2 Ha cTp. 8.

n-1\ _
) = pl,,pl,, f(v). Bropas dopmyna
. .. my, my k, kg
TpWIMHEHA 110 v, f, g, ¥ €€ J0CTATOYHO IPOBEPUTh VAV = e, f = x; ... x5 %, g = x3 4. x4%.

Vrp. 14.17. TlepBoe BhITeKaeT us paBeHcTs pl,pl,, f (V) = f (u, w,v

Ymp. 14.20. Beibepem BV 6asuc ey, ..., e,. Eciii B pasjioxeHUH w 10 6a3MCHBEIM MOHOMAaM €CTh MOHOM,
He coZepxallluil BeKTopa e;, To e;w # 0.

Ymp. 14.23. BUIMHEHHOCTb U HEBBIPOXK/IEHHOCTb OYEeBU/IHBI, CHMMETPUYHOCTD BBIT€KAeT U3 TOTO, YTO
OJHODPO/JHbIE 'PACCMAaHOBEI MHOTOYJIEHBI CTEIIEHHU JiBa KOMMYTHUPYIOT IpyT ¢ ApyroM. HeHyneBbIe ae-
MeHTHI MaTPUIL! 'paMa MCUePIIBIBAIOTCA (15 34 = (1423 = 1, Q1324 = —1 ¥ CUMMETPHUYHEIMY UM.
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