§3. Ipo6u u psabl

B aToM maparpade MBI TpooKaeM 0603HauaTh Yepe3 K Mpon3BOIbHOE KOMMYTaTUBHOE KOJIBIIO C
eMHULIEH, a yepe3 k — mpousBosIbHOE TTOJTE.

3.1. Kosasna yactHbixX. Criocob U3roTossienus mosst Q us kosblia Z Kak MHOXKeCTBa Apobeii ¢ 1ebiM
YUCJIUTENEM Y HEHY/IEBBIM LIeJTbIM 3HaMeHaTenreM MPYMEHUM B JIIO60M KOMMYTaTUBHOM KOJibIle K
c eauHulei. IlogmHokecTBO S C K Ha3bIBaeTCAa MyJbmuniukamusHsiM, ecini 1 € Su st € S ana
Bcex s, t € S. HanpuMep, MHOKECTBO BCeX IeJIbIX HEOTPUIIATEIbHBIX CTeNleHe qk 106010 s/1eMeHTa
qekK MYJII;TI/IHJII/IKaTI/IBHOZ. MuoxectBo K° C K, cocTosiiee U3 BcexX He JeAIMNX Hy/Ib HEHYJIEBbIX
3JIEMEHTOB, TOXKE MYJIBTUIUTMKAaTUBHO. B 4aCTHOCTH, MHOXKECTBO BCEX HEHYJIEBBIX 3JIEMEHTOB JIFOO0T0
1IeJIOCTHOTO KOJIbITa MYJIBTUILTUKATUBHO. KaXkioe My TBTUILTMKAaTUBHOE TOAMHOXXeCcTBO S C K 3az7aét
Ha MHOXXECTBe YIOPsAJOYeHHHIX Iap K X S oTHoIIeH’e S5KBUBAJIEHTHOCTH ~, nopoxc,aéHHoe3 OTOX-
JecTBleHUAMU (a, s) ~g (at,st) ana Bcex t € S. Kyacc a3KBUBaJeHTHOCTH HaphI (a, S) MO MOZYJIIO
3TOTO OTHOIIEHUS Ha3bIBaeTcs Opobbio CO 3HaMeHaTesleM B S 1 obo3HavaeTcst a /s. MHOXKECTBO BeexX
Takux Zpobeit o6o3Havaerca KS™! wim K[S™ '] u HaskIBaeTCA KOMbYOM UACMHBIX WIK I0KAAU3AYLUeT]
KoJiblla K co 3HamMeHaTesIMU B S.

I[IPUMEP 3.1

Iycte K = Z/(6)u S = {[1], [2], [-2]}. Kaxxzgas Apo6b B K S ~1 yuMeeT npe/icTaBIeHHe CO 3HAMEHATe-

nem[1]: [al/[+2] = [al[¥2]/[+2][F2] = [Fal[2]/[1][2] = [Fal/[1]. BuacTHOCTH, [0]/[£2] = [0]/[1].

Hanee, [+2]/[1] = [+2][2]/[1][2] = [*#1][2]/[1][2] = [#1]/[1]. Hakoneun, [3]/[1] = [3][2]/[1][2] =

=[0]/[2] = [0]/[1]. Tem cameim, KS ™ ucuepnnisaerca apo6amu [0]/[1], [1]/[1] u [-1]/[1].
VIIPAKHEHUE 3.1. YOEAUTECh, YTO STH TP APOOU Pa3INYHEL.

O6paTuTe BHUMaHUe, YTO

(2 _ -1
(11 [’

31_10] o |
Ho [2] - [1] # [-1] - [1], m m—[l],HOB] [1] # [0] - [1].

JIEMMA 3.1
a/s=b/ts KS™1 ecnu v TonmpKo ecnu atu = bsu B K mia HeKoToporou € §S.

JIOKA3ATE/BCTBO. [TomoxkuM (a, s) = (b, t), ecnu atu = bsu a1 HeKoToporo u € S. /IpyxImiaroBas 1ie-
IIOYKa OTOXKJECTBIeHu (a, s) ~ (atu, stu) = (bsu, tsu) ~g (b, t) HOKasbIBAET, YTO OTHOLIEHUE &
COZEPXKUTCA B OTHOUIEHUH ~g. OcTaéTcsa MPOBEPUTD, YTO OTHOLIEHUE & ABJAETCA OTHOLICHHEeM K-
BHUBaJIEHTHOCTH — TOTZ]a OHO COBNAJET C ~¢ B CIJIy MUHUMAJIbHOCTH NOCTIeHero. PedieKcCUBHOCTD
U CUMMEeTPUYHOCTh O4eBUHHI. JIoKakeM TpaH3UTUBHOCTG. [IycTh (a, s) = (b,t) u (b, t) = (c,r), T. €.
CYIIECTBYIOT TaKHe U, W € S, 4To atu = bsu u brw = ctw. Torga

ar(tuw) = (atw)rw = (bsu)rw = (brw)su = (ctw)su = cs(tuw),

T.e.(a,s) ~ (c,r). Il

1Cm. mpum. 0.5 Ha crp. 11 u npum. 1.2 Ha cTp. 21.

2MsI o onpezenenmo nojaraem q° = 1.

3T. e. HaUMeHbIITee TI0 BKITIOYEHHIO OTHONIEHHE SKBUBATEHTHOCTH R C (K X S) X (K X S), cofepalee Bce
mapel Buza ((a, s),(at, st)), raet € S, cm. n° 0.4.1 Ha cTp. 11.
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JIEMMA 3.2
Omnepanyun % + g £l %Sbr me. b ab o pexTHO 3agat0T Ha KS™! CTPYKTYpYy KOMMYTAaTHBHOTO

T Ts
Koublia ¢ equHuneii 1 /1 v uyném 0/1.

JIOKABATENBCTBO. Tak KaK KaXK/0e OTOX/ECTBJICHNEe ~¢ SABJIAETCA LETIOYKON IeMeHTapHEIX OTOX-

JecTBiaeHul (a,r) ~s (au,ru), rge u € S, AOCTAaTOYHO IIPOBEPUTH, YTO Pe3Y/IbTATHl Ollepaluii He

b b
MEeHHAIOTCA TIPY 3aMeHe % Ha %, as—Ha ﬁ, Ie U, W € S, 9TO OUEeBHUHO:

%+b_w_ausw+bwru_(as+br)-wu_as+br

TU  Sw TUSW TS - wu s
au bw _aubw _ (ab)-wu _ab
TU SW  Tusw TS - wu rs

HpOBepKy BBITIOTHEHHUA B KS_l BCEX aKCMOM KOMMYTAaTUBHOI'O KOJIbLla C e,Z[I/IHPIHeﬁ MBI OCTaBJ/IAEM
YUTATE/IIO0 B Ka4eCTBe yIIpaKHEHUA. O

CIEACTBUE 3.1
Kosbiio KS ™' Hy/neBoe ecii 1 TONBKO eC/Ii S COAEPKUT HYIb.

JlOKA3ATEBLCTBO. Ecin 0 € S, To smro6ast apobr a/s = (a-0)/(s-0)=0/0=(0-0)/(1-0)=0/1
sKBUBaseHTHA HymO. C Apyroi croponsl, 1 /1 = 0 /1 TonbKO eciu CyIeCTBYET Takoi S € S, 4TO
1-1-5s=0-1-5s=0,otkyzmas =0 € S. O

TEOPEMA 3.1

Oro6paxenue i : K — KS™!, nepesoasmee a € K Bipo6sb a/1 € KS™*, apnsercs romomopdusmom
xoser c aapoM kerig = {a € K| 3s € §S: as = 0}. O6pas i4(s) moboro aneMeHTa s € S obpaTum
B KS™1. Jlns moboro romoMmopdusma @ : K — R B LIeJIOCTHOE KOJIBIIO R, TIEPEBOJSAIIETO KaXKAbIH
JIeEMeHT U3 S B 06paTUMBIH 3JIEMeHT U3 R, cyllecTByeT eJMHCTBEHHBIN TaKO TOMOMOPH3M KoJer
s KS™' > R, 410 @0 = @pg 0 L.

JIOKABATENBCTBO. O4eBUAHO, YTO (g ABIAETCA roMoMopduaMoM. Ipobs tg(a) = a/1 pasHa 0/1 ecin
Y TOJIBKO €C/TM HalziéTcA Takoi s € S,uyroa-1-s =0-1.5 = 0. O6paTHbIM K tg(s) = 5/1 anemeHTOM
ABIAETCA APo6b 1/s. OcTaéres foKa3aTh IociaesHee yTBepKAeHue. I TpoAo/DKeHNs roMoMopdr3Ma
@ : K — R no romomopdusma ¢ : KS™' — R HeT uHOro BRIGOPA KaK MoNoKuTh Pg(1/s) = 1/¢(s),
TaK KaK B KOJIbIle R JOIKHEI BBIIOIHATHCSA paBeHCTBa Pg(1/s) - ¢g(s) = (ps(s . (1/5)) =¢p(l)=1.
CrieZioBaTeIbHO, UCKOMOE MPOZIoyKeHue 06513aHo 3azaBaThes dopMyioit pg(a/s) £ p(a)/¢(s). Ona

a au au\ _ e@u) _ e@ew) _ @@
KOppPeKTHa, IIOCKOJIbKY IpU 3aMeHe — Ha — C U € S uMmeeM (— = = =
PP > y up s % su Ps \su psw) — e)em  (s)
BecxUTpoCTHYIO IPOBEPKY TOTO, YTO IIOCTPOEHHOE 0TOOpaKeHHE ¢ ¢ TIePeCTaHOBOYHO CO CJIOXKEHHUEM
1 YMHOXXE€HHUEM, MBI OCTaBJIsIEM YUTATEJIO. O

YrpaXHEHUE 3.2. [Iyete K = Z/(30),a S = {[2k]30 | k=0,...,4}.Tlokaxure, uto KS~* ~ Z,/(15).

[TPUMEP 3.2 (ITOJIE YACTHBIX LIEJIOCTHOT'O KOJIBIIA)

Ecyu konbIio K He MMeeT fenuTeseli HyJls, eT0 HeHyIeBble 3JIEMEHTHI 00pa3yioT MyJIBTUIUIUKATUBHYIO
cucreMy. KosbI[o 4acTHBIX CO 3HAMeHAaTeJIsIMU B 3TOH cucTeMe sABJAeTcs noseM. OHO Ha3bIBaeTCs no-
JleM YacmHblX IeJIOCTHOTO Kosblia K 1 obo3Havaercsa Q. PaBeHcTBO a /b = ¢ /d B Qi paBHOCKIBHO
paBeHcTBY ac = bd BK,aromomopdusmi: K < Qg,a — a/l, "HbeKTHBEH, 1 IT0601 roMOMOpGU3M
@ : K — R BIIeJIOCTHOE KOJIBIIO R, TepeBOAAIMINI Bce HEHY/IeBbIe 3JieMeHTH U3 K B 06paTuMBble dJie-
MEHTHI KOJIbLIA R, €ANHCTBEHHBIM CIIOCOGOM ITPOZOJIKAETCS 10 BIOYKEHHS II0JI YaCTHBIX @ © Qi < R.



3.2. PaunoHanabHBE GYHKIINI 55

ITPuMEP 3.3 (110JE Q)
[ToseM YacTHEBIX 11eJIOCTHOT'O KOJIblIA Z ABJIAETCA M0JIe palliOHaNIbHbIX uncel Q = @, KOTopoe KaHo-

HHN4YE€CKH BKJIaAbIBA€TCA B moboe 1ose XapaKTEPUCTUKU HYJIb B KQYECTBE IIPOCTOI'O l'IC)LII'IOJ'I}:I1 .

TIPUMEP 3.4 (TTOJE PAAOB JIOPAHA)

[Toste yacTHBIX KoJblia GOpMabHEIX cTeneHHbIX psazioB kx| ¢ koadduimenTamMu B IpOM3BOILHOM
none k o6osnavaerca k(x) £ Qu ] - Tax Kax 060 psiA ¢ HEHy/IEBBIM CBOGOAHBIM WIEHOM 00pa-
um? B k[x[], kaxzpas apo6s p(x) / q(x) € k(x) ogHosHauHO TIpezcTaBNAeTCA B BuAe X h(x), rae
h € k(x| umeer HeHyneBOI CBOGOAHEIN WieH, a MOKa3arelb m € Z paBeH Pa3HOCTH MOKa3aTe-
Jiell MIaZiInX WIEHOB PSZAOB p u q. ViHade roBopsi, nose k(x) coctouT us GopMasbHBIX CTEIIEHHBIX
pszoB Buzga f(x) = ). k>m(f) a;,x*, B KOTOPBIX I0TTyCKaeTCA KOHEYHOe YHCIO MOHOMOB OTPUIATEb-
HOI1 cTenienu. Takue psAAbI HasbIBatOTCs psadamu Jlopaua, a mone k(x ) — nonem psidos Jlopana. Homep
m(f) € Z camoro jeBoro HeHysneBoro koadounueHTa psazga Jlopana f HasbIBaeTcsa nopsi0kom psaza f .

3.2. PaguoHanbHblie QyHKIUH. [Tose yacTHBIX Kosblla k[x] o6o3navaercs gepes k(x) 1 HaspiBaeTcst
noJieM payuoHanbHbIX PyHkyuil oT x. Ero ajleMeHTaMu ABIAIOTCSA Apobu Buga p(x)/q(x) cp, q € k[x].

[TPEAJIOKEHME 3.1
Ecmn g = 9, ... m, TAe g; € klx] nHoA(g;, gj) = 1 mpu i # j, T0 1pn mobom f € k[x] apobs f /g
€ZINHCTBEHHBIM 00pa30M IPE/ICTAB/SIETCS B BHUE CyMMBbI

£=h+£+---+fﬂ, (3-1)

g 91 Im
rae h € k[x] u deg f; < deg g; mpu Bcex i.

JIOKA3BATELCTBO. [lenis f Ha g ¢ OCTaTKOM®, 3aKyIo4aeM, 9To f /g = h+1/g, rie h — HemonHOe YacT-
HOe, a OCTaTOK r UMeeT cTelleHb degr < deg g. Ecim g = g, g, uHOA(g,,9,) = 1,TO [gz]g1 obpaTum
B k[x]/(g,)- IIpeacraBum [rlg, / lg.1g4, = [fil4, MHOrOWIEHOM f; CTeneHH deg f; < degg,. Torma
r = f; -9, +f, - g, AnaHekoroporo f, € k[x]. CpaBHUBadA cTeneHy, 3akaodaeM, 9to deg f, < deg g,.
Takum obpasom, r/g = f, /94 + f>/ 9, ¥ K KaKA0M U3 3TUX Apobeii IPUMEHNMO TO K€ PaCCyKIeHue,
ecIy e€ 3HaMeHaTesb ABJIAETCA IPor3BeleHHeM B3aUMHO IIPOCTBIX MHOTOWIEHOB. DTO J0Ka3bIBaeT
CylecTBOBaHUe pas3noxeHuq (3-1). g foKa3aTenbCTBa ero eJUHCTBEHHOCTU, YMHOXHUM 00€e 9acTy
pasnoxenus (3-1) Ha g. [Tonyynm paBeHcTBO Buzia f = hg + f,G, + ... + f,,G,,,, TAe gepe3 G; = g/ g;
o6o3HaueHO NIpou3Be/ieHNe BceX MHOTOWIEHOB g, kpoMe i-ro. Tak kak deg(f; G, +...+£,,,G,,,) < degg,
MHOTOWIeH h ABJIAeTCA HEIIOJIHBIM YaCTHBIM, a1 = f; G, + ...+ f;;,G,, — OCTaTKOM OT JleJieHus f Ha g.
Kaxxzplii f; ABIAETCA TEM eJMHCTBEHHEIM MHOT'OWIEHOM cTelleHH < deg g;, kinacc kotoporo B k[x [/ g;)
paBeH [f] g /1G] g;+ TaKIM 06pas3om, Bce UHI'pequeHTH GopMyJIbl (3-1) OAHO3HAYHO ONPEAEIOTCA
MHOTOWIeHaMH" f U g4, ..., gpn- U

[TPEZ/IOXKEHUE 3.2
Jlro6yto 1pobs Buga f /g™, B kotopoii deg f < deg g™ = m deg g, MOXHO eIMHCTBEHHEIM 06Pa3oM
[IPe/ICTAaBUTh B BUZI€ CyMMBI

f _h

_=_+L22+...+fﬂ

) (3-2)
g g g gm

rae deg f; < deg g npu Beex i.

'Cm. n° 1.5.6 Ha cTp. 32.
2Cm. npum. 2.2 Ha cTp. 37.
3Cm. n° 2.2 Ha cTp. 39.
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JloKA3ATEBCTBO. [IpeacTaBienue (3-2) paBHOCWIBHO 3anucy f B BUJE

F=R9" T+ L™+ o+ fruea G+ s (3-3)

aHaJIOTUYHOM 3all}CH 1IeI0To Yucia f B g-UYHOM MO3ULIMOHHOM cUCTeMe UCYUCIeHUA: f,, ABIdeTcs
OCTaTKOM OT JiefleHus f Ha ¢, f,,_; — OCTaTKOM OT JejeHud yacTHoro (f — f,,) /g HA g, fin_p» —

OCTaTKOM OT /IeJIeHUs 4YaCTHOT'O (% — fn-1 ) /gHagur.a. [l

3.2.1. PasnoxxeHHe Ha IpoCTeHIIne Jpoou. V3 IpeApIyIINX ABYX IPEAIOKEHHH BEITEKAET, YTO
Kakgas apobs f /g € k(x) momyckaeT edurcmeenHoe TIpeACTaBIeHUE B BU/IE CYMMBI HETTOJTHOTO YacT-
HOTO OT ZieieHus f Ha g v Apobeii Buga p /q™, Te q mpoGeraeT HETPUBOAMMBIE IEJIUTEN 3HAMEHa-
TeJIsl g, TIOKa3aTeslb M MeHAeTCs OT 1 10 KpaTHOCTHY BXOXK/IEHWUS g B pa3/ioXKeHNe g Ha HeIIPUBOAIMbIE
MHOXUTENN, U B KOKJ0U U3 Takux Apobeli degp < deg q. Takoe nmpejcTaBieHre Ha3bIBAETCSA PA3J10-
acenuem f / g na npocmetiwiue Opo6bu v OBIBAET IIOJIE3HO B MPAKTHYECKVX BEIYUCIEHUAX C PAIlOHAb-
HBIMU GYHKIVSIMU.

[TPUMEP 3.5
BeraucamuM 2022-10 IPOM3BOJHYIO, a TaKXkKe mepsoobpasHyio’ or 1/(1 + x?). Pa3noxum Ty Apo6h B
nonie C(x) Ha mpocTelie:

1 o« + B
1+ x2 1+ix 1-ix

, rme a,f e€C.

[Moacrassas x = +i B paBeHcTBO 1 = a(1 — ix) + f(1 + ix), Haxoguma = f = 1 /2, T.e.

1 1( 1 1 )
- = — + - .
1+ x2 2\1+ix 1-ix

Teneps auddepeHLIIpyeM KakJoe caraemMoe:

<i>2022 1 _ 2022! (_L‘)ZOZZ i2022 B
dx T+x2 2 \(1+ix)2023 * (1-ix)2023 )

=—-2022!.

11— 00 + A+ 1%: 2023 (=D""x®
2 (1 + x2)2023 - : 2v (1 + x2)2023 >

v=0

U MHTErPUpPYEM KaXX/0e caraeMoe:

/ dx =l/ dx +l/ dx =1n(1+lx)_ln(1_[x)=lln1+l_x=arctgx.

1+x%2 2 1+ix 2 1-—ix 20 20 1-ix

[ToguepkHéM, YTO BCe IPOJeTaHHbIe BEIYUCIEHU KOPPEKTHO ompezeneHH B kKoiblie C[[x]], a Bce Ha-
TFICaHHbIE PABEHCTBA CyTh PABEHCTBA MEXK/LY 7eMEHTaMU STOTO KOJIbITa~.

IT. e. Takoii paz f 6e3 cBo6ogHOrO WwieHa, 4o f'(x) = 1/(1 + x?). Tlogpo6Hee cm. B n° 3.3 Ha cTp. 59.
2B yacTHOCTH, IIOCTEIHEE PABEHCTBO BBITEKAET M3 OIpe/le/leHHA TaHTeHCa:
w sint 1 et—e™ 1 e _1q

= — . — —==-.—— € C[t] .
cost i elt+e"it | e2it4 1 L]

: 14 .. .
Ilonaras tg t = x, momydaem e = ;—Z [1po 5KCIOHEHTY U TorapudM MBI el11é MoAPOOGHO HOroBopuM B n° 3.3
Ha CTp. 59 HuXKe.
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3.2.2. PasnoxkeHHe paliOHAIbHON QYHKIMY B cTelleHHOMH paf. [To Teop. 3.1 Ha cTp. 54 cymie-
CTByeT efUHCTBeHHOE BiaokeHue Kk(x) — k(x), mepeBoasiiee Kaabplii MHOTOWIEH B ceOs1. MHaue
rOBOPA, KAKAYIO PAlOHAIBHYIO GYHKIMIO MOXKHO pa3oxuTh B paz Jlopana. Eciu ocHoBHOe noste k
anre6paryecKy 3aMKHYTO! , TaKoe pas/iosKeHye OIUCHIBAETCH J0BOTBHO ABHBIMU dopMyaaMu. ITycTh
deg f < deg g u 3HaMeHaTenb Apobu f / g uMeeT BUA:

gx)=1+ax+ax*+...+a,x" = H(l —a;x)™, (3-9)

TZie BCe Uncia a; € Ik IIOIIapHO Ppa3JUYIHBI.

VIIPAXKHEHUE 3.3. Y6eUTeCh, 4TO YMCIA (; U3 PasIokeHus (3-4) CyTb KOPHU MHOTOWIEHA
t"ta "+ ta,tta, = H(t —a)™.

Mo mpeat. 3.1 v ipeas. 3.2 dyHkus f / g ABIAETCI CyMMO#M MPOCTENIINX Apobeit
B
—__, (3-5)
(1 —a;x)*y

rZle IpU KaXK/IOM [ TToKa3aTesu k s exkar B mpegenax 1 < k; j <m;,ap; i € k.
Ecnu Bce KpaTHOCTH M; = 1, TO pasjioKeHUe Ha MPOCTeHIINe JpOOH UMeET BUJ

fx) __ B Bn

= + ...+ ;
l-ax)..1—a,x) 1-—a;x 1—a,x

YTOOBI HANUTH f3;, YMHOXHUM 00e 4acTH Ha OOIINi 3HaMeHAaTeJlb U IOACTaBUM X = ai_l. [Momyunm

go_ ) a7 () 26)
‘ Hv#i(l - (av/ai)) Hv;éi (ai - av)
MBEI 3aKiIr04aeM, 4To Korsa Bce m; = 1, 1pobs f / g ABnAeTcs cymMMoil n = deg g TeOMeTpPUYECKUX
TIPOT'PEeCcCUii:
@:Z(ﬁla'f+ﬁ2a§+...+ﬁ af) - x*, (3-7)
g9(x) e

rAe f; HaxozATcA 1Mo dopmynam (3-6).
Ipocrefimas Apo6e (3-5) ¢ nokasareneMm k;; = m > 1 packiaAbIBaeTcs B Psf NIPU OMOLIN
dopmynbl HeioToHa 11 GUHOMA C OTPULIATENTbHBIM TIOKa3aTeleM

Z(k+m_1)'“(k+2)(k+1)~xk=2<k+m_1>'xk’ (3-8)

6 (m—-1)! o m-—1

1—x)m

KoTopas mosydaercsa (m — 1)-kpaTHeiM AuddepeHIIMpoBaHHEM 00erX YacTel pasoKeHUsI TeOMeT-
pudeckoii mporpeccuu (1 —x) ' =1+x +x% +x3 + ...
n
YIIPAXXHEHHUE 3.4. Y6eZuTechb, 4To <%) 1-x)"t=n!/1-x)""

Takum 06pa3oM, pasyoKeHue mpocTediei Apobu (3-5) umeeT BUz

k+m-1 k
()

k>0

IT. e. ka b1t MHOrowreH u3 k[x] monHocThIO packtazpiBaercs B k[X] Ha IMHeHHEIE MHOXHUTEIH.
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3.2.3. PelieHue JINHEHHBIX PEKyPPEHTHBIX ypaBHEHUIA. [IpebIyIye BEIMUCIEHNI MOXKHO HC-
HI0JIb30BATB A1 OTBICKaHUA «POPMYJIBI K-TOTr0 WieHa» II0CIeA0BaTeIbHOCTH Z),, 3alaHHOH IUHeTIHbIM
PeKYPPeHMHbIM YPABHEHUEeM N-M020 NOPsI0KA:

Zk + alzk_l + aZZk_Z + ...+ anZk_n - 0 N (3'10)

rzie K03bQUIMEHTH a4, ... , a4, € C— 3azanHble yncia. [Ipu k > n ypaBHeHuto (3-10) yaoBieTBODA-
10T KO3QUIMEHTEHI Z, 0000 CTeNIeHHOTO psja Buja

1

by +byx + ...+ b,_x""
Zo+zx+zxt + . = —2—1 = -
1+a;x+a,x?+ ... +ayx

Eciu B unciuTesIe IpaBoi yacTu nogobpars koapduiueHTs! by, by, ..., b,_; € C Tak, 4TOOHI NEp-
BBIE 1 KOIOPUITUEHTOB Z), ... , Z,_, PA3JI0XKeHNA OIyIeHHOH APoOHU B CTeNIeHHOH psJ COBIAJIH C ITep-
BBIMU N WIeHaMU nocienoBareabHocTH (3-10), To dopmyssl (3-6) u (3-9) AaAyT ABHBIE BRIpAXKEHUSA
3/IEMEHTOB 0C/IeI0OBATebHOCTH Zj, Yepes k.

ITPUMEP 3.6 (4nciA PUBOHAYYN)
Haiiném siBHOe BhIpaxkeHUe uepes k /715 371leMeHTOB II0C/Ie[0BaTeIbHOCTH Zj,, B KOTOPOU

Z2y=0,z,=1uz,=2,_,+2z,_,upuk > 2.

PekyppeHTHOe YpaBHEHUE Z}, — Zj,_, — Zj_, = 0 OIMCBIBaeT KO3GPUIINEHTH! psaza
by + b x
X+ 2yx% 4230 + = 22—,
1-x-—x
y KoToporo z, = 0 1 z; = 1. YMHOXas obe yacTH Ha 3HaMeHaTeJIb ¥ CpaBHUBAsA KOAPOUIIMEHTHI IIPU
x° u x', sakmouaewm, uto b, = 0, a b, = 1. Takum 06pazom,

x P B-

= + s
1-x—x2 1-ax 1-a_x

rmea, = (1+ \/g)/Z CyTh KOPHU MHOTOWIeHa t* —t — 1,af, = —f_ =1/(a, —a_) = 1/\/Er[o
dopmyie (3-6). Pasznoxxenue z(x) B psi UMeET BUJ

x 1 11 _yai-d
1—x—x2_\/§<1—a+x 1—a_x>_]§) NG s
L, _ 1+ V- -5k

k 25

[IPEAJIOXKEHME 3.3
Eciu nocnesoBaTebHOCTD Yncel z;, € C yZoBIeTBOPAET IIPU kK > N peKyppPeHTHOMY YDaBHEHUIO

Zp+aZy_ 4+ 0,z 5+ ...+ apz,_, =0 (3-11)

¢ IoCTOAHHBIME KodbdummenTamu a; € C, 10 z, = aXo, (k) + ... + a¥¢,.(k), tae ay, ..., a, — 310
BCe pa3TUIHble KOPHM MHOTOWIeHa

t"+a t" Lt ay,, (3-12)

a @;(x) € C[x] u deg ¢; cTporo MeHblIe KPATHOCTU COOTBETCTBYIOIIETO KOPHA ;.

1 On HasbIBaeTCA XapaxmepuCMUUeckUM MHO20UIEHOM PEKYPPEHTHOTO ypaBHeHus (3-10).
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JIOKABATEIBCTBO. Pan Y. z,.x¥ € C[x]], koaddurmentrr kotoporo pemator ypasHenue (3-11), aB-

nseTes cyMMol apo6eti Buaa B(1 — ax)™™, rae a mpo6eraeT pasIuyHbe KOPHU MHOrowIeHa (3-12),
MTOKa3aTesTb M JIEKUT B TIpeZiesiax oT 1 /10 KpaTHOCTH COOTBETCTBYIOIIETO KOPHS (@, ¥ /I KAXK/JOM TTaphl
a, M KOMIUIEKCHOE Yuciio S = (&, m) OfHO3HAYHO BBIYUC/IAETCA 10 &, M Y IEPBBIM 1 KO3QPUIIeH-
TaM [oc/Ie[0BaTeNIbHOCTH Z;,. ComtacHo ¢popmyte (3-9) koadduiueHT npu x¥ y pasnoxenus apobu
(1 — ax)™™ B CTENEHHOMN PsAS UMeET BU/ ak(p(k), rae (k) = (kjnnzl) ABJIAETCA MHOTOWIEHOM CTe-
meau m — 1 ot k. O

3.3. Jlorapu¢Mm U 3KCIIOHEHTA. BCIoAy B 9TOM pas/iesie Mbl pacCMaTPHUBaEM PSiZibI C KO3PPHUIEeHTaMU
B nosie k xapaxrepuctuku char k = 0. B aToMm ciydae i mo6oro paaa f(x) = ag + a; x + a,x* + ...
CYILIECTBYET €JUHCTBEHHBIN psiZ 6e3 CBOOOAHOTO WieHa, IIPOU3BOAHAA OT KOTOpOoro paBHa f(x). OH
Ha3bIBAETCA Nep8ooOpA3HOL WK UHMezpanom oT f 1 ob6o3HadaeTcs

/f(x)dxd:efaox+ﬂx2+ﬁx3+...=bek. (3-13)
2 3 &k

[TepBoOGpPasHbIH PSAZl OT 3HAKOIIEPEMEHHOMN reOMeTPUYIECKOH IIPOrPECCUU HAa3BIBAETCS J102apudMom
¥ obo3HavaeTcs

1n(1+x)°‘=ef/10f =/(1—x+x2—x3+...)dx=
X

EAMHCTBEHHBIN PsiZl cO CBOGOAHBIM WieHOM 1, COBIaZaoNIMil Co CBOel MPOM3BOAHOM, HAa3bIBAETCS
3KCNOHeHmoll ¥ 0003HaYaeTCs

2 3 4 XS

SN ok =1ex+ T+ 3-15
I;) / 2 6 24 120 ( .

3.3.1. JlorapudmupoBaHue U IKcIIoHeHupoBaHue. O6o3uaunm yepe3 N = (x) C k([x] agau-
THBHYIO abeJieBy TPYIIITY BCeX PsoB 6e3 cBobGoaHoro wieHa, ayepe3 U = 1+N C k|x]] — mynbrurwiu-
KaTHUBHYIO abeJieBy TPYIITY BCEX PAJOB C €JMHUYHBIM CBOOOAHBIM YieHOM. [10/icTaHOBKA B apTyMeHT
sorapudma BMecTo 1 + Xx mpousBosbHOrO psga u(x) € U o3HayYaeT IMOACTAHOBKY B JIoTapudpMude-

ckuii psag (3-14) BMecTo mepeMeHHOU x psaga u(x) — 1 6e3 cBO6OAHOTO WieHa U TEM CAMBIM SIBJIIETCS
anrebpanyeckoi onepauneﬁl. ME&I TosTy4aeM 0TOGparKEHUE J102aPUPMUPOBAHUS

In: U= N, urlnu. (3-16)

VIIPAXKHEHME 3.5. YoequTech, 4TO d% Inu=u'/uuln(l/u) = —Inu anascexu € U.
[MoacTaHOBKA B 3KCIOHEHTY (3-15) BMecTo x jroboro psaga t(x) € N gaér psag e™) co CBOOOAHBIM
wieHoM 1. MBI TOJIy4aeM 3KCnoHeHUUAIbLHOe 0mobpaiceHLe

exp: N->U, 10 e". (3-17)

JIEMMA 3.3
Jina pagos u,w € U paBerctBau = w,u’ = w’, In(u) = Inw)uu’ /u = w’ /w nonapuo skBuBa-
JIEHTHBI IPYT ZIPYTY.

1Cm. n° 2.1.1 Ha cTp. 36.
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JIOKA3ATE/IBCTBO. [lepBoe paBeHCTBO BIEYET 3a o060l Bce ocTambHbIE. [I0CKOMBKY PAABI C PABHEI-
MU CBOGOJHBIMH WIEHAMY COBIIAJAIOT eC/IM U TOJIBKO eCJIM COBIAZIAlOT UX IPOM3BOAHEIE, TIEPBhIE BA
paBeHCTBa U TOC/Ie/IHME B PaBeHCTBA PaBHOCKIBHEL ZIPYT ApyTy. OcTaéTes IoKasaTh, 9TO U3 IIO-
c/lef[Hero paBeHCTBa ceAyeT mepsoe. Ho mocieqHee paBeHCTBO yTBepkaaeT, uto u’ /u —w' /w =
=@'w-w'u)/uw=w/u)-(u/w) =0orkyza (u/w) =0,T.e.u/w = const = 1. O

TEOPEMA 3.2
DKCIOHeHIMaMbHOE U JorapudmMudeckoe otobpakerus (3-17) u (3-16) saBJsA0OTCA B3aMMHO 00OpaT-
HBIMH 130MOopdU3MaMy abeseBEIX IPYIL, T. €. JIA JTI00bIX PAOB U, U, U, U3 U U T, T,, T, U3 N BHI-

nonuATCA ToxkAecTa Ine” = 7, e % = u, In(uyu,) = In(u,) + In(w,), €777 = e,

JIOKA3ATEJIbCTBO. PaBeHcTBO Ine® =1 IIPOBEPAETCA CPAaBHEHMEM ITPON3BOJHBIX OT 006€eunx yacTe:

T\/ ’
’ e e't
(Ine®) :u:—:r',
et et
a paBeHCTBO e™* = 1 — cpaBHEHHeM JIOrapuPMHUIECKUX IPOU3BOAHBIX:

(elnu)/ _eMnw)’ _ W/

elnu elnu u

TeM cambIM, SKCIIOHEHIIMPOBaHUe U Torapu$pMUpOBaHUE ABIAIOTCA B3AUMHO OOPATHBIMU GHEKLHA-
mu. Psiget In(u, u, ) v In u, +1n u, COBIAAAIOT, HOCKONbKY MUMEIOT HyJIeBble CBOGOHbIE WIEHBI U PABHBIE
TIPOU3BOAHBIE:

C(wuy)  ujuy fugulup o ug

!/
==L+ —2=(lnu, +Inu,) .
U U, U U, U U

(ln(uluz)) !

[ToaTomy JiorapudmMupoBaHue — roMOMOpGHU3M, a 3HAYUT, U 0OpaTHOEe K HEMY 3KCIIOHEHI[MPOBa-
HUE — TOXE. O

VIPAXHEHUE 3.6. Jlokaxwure B k [|x, y|| paBeHcTBO 1Y = e*eY HemocpencTBeHHBIM cpaBHEHHEM
K03 PUIMEHTOB 3TUX ABYX PAJOB.

3.3.2. Crenennas ¢yHkmus u 6uuoM. Ectu char k = 0, To g1 1i060ro @ € k onpezaenés 6umo-

MUANBLHBLIL pAA C IIOKa3aTeleEM a:
(1 + x)ac def ealn(1+x).

IToxcrasisas BMecTo 1 + x mpousBosbHEIE pAfbl u € U, MBI s mroboro yncna @ € k nomydaem
anreGpanvecKyio omepaiuio 603gedeHus 8 a-myw cmenens U — U, u — u®, obrajamolnyo BceMu
WHTYUTHUBHO OKU/Ia€MBIMH OT CTEITEHHOM QYHKIIUU CBOMCTBAMU. A UMEHHO, JJIS1 TIOOBIX PSZOB U, UV €
U uyucen a, f € k BbIoNHAIOTCA paBeHCTBa

u® . u/? — ealnueﬁlnu — ealnu+/31nu — e(a+/3)lnu — ua+/3

(ua)ﬁ — eBln(u"‘) — eBln(e‘““u) — e®Bnu _ ap

(uv)a — ealn(uv) — ea(lnu+lnv) — ealnu+alnv ealnu . ealnv a,x

=uv

Hampumep, A71s1 11060T0 psiia U C €AUHUIHBIM CBOOOHBIM WIEHOM DS ut/n MpeJCcTaBaAeT cO6010 {“/ﬂ
n .
B TOM CMBICJIE, UYTO (ul/") = u. YTo6BI IBHO HAaHTH KO3QUIMEHTHI ; OMHOMUAIBHOTO PAAA

1+x0)%=ay+a;x+ax*+...
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pPaccMOTpPUM ero JorapudMUIecKylo IIPOU3BOAHYIO

(A+0%)" g d «
— = —1In(1 ¢ =a—In(1 =
1+ x)= dx n(l +x) adx n(1 +x) 1+x

)a+1

YMHOKas JIeByIo U ITpaByto yacTy Ha (1 + x , [ToJIydaeM paBeHCTBO

(al + 2a,x + 3a;x* + ) l+x)=a-I+ax+ax®>+a;x®+..).
CpaBHWBas Ko3ddbuIMenT IpU X~ B TIPaBOit U JIEBO#T YACTH, IPUXOAMM K PEKYPPEHTHOMY COOT-
HomeHuto ka; + (k — 1)a,_, = aay_,, U3 KOTOPOTO

Ca—(k-1)  _ @-G-D)a-(k-2)
=T T k(k—1) "z =
_ (a—(k—1)a—-(k-2))(a—Da
Kl ‘

Crosiias B IpaBoi 4acTu Apobb UMEET B YUCIUTENE ¥ 3HAMEHATEJIe 10 K MHOXKUTEJIEH, Ipe/ICTaBJIs-
OIIHX COBOIO MOC/IEA0BATEBHO YMEHBINAOIIECS HA eIUHUITY YKCIa; B 3HaMeHaTene — oT k 10 1, B
yucauTene — oT a 10 (@ — k + 1). DTa Apobb Ha3bIBAETCS OUHOMUMILHBIM KOAIPPuyUeHmom 1 060-
3HaYaeTcsa

v = (3-18)

a\ o Ala—1) - (a—k+1)
k!

Takum obpazom, Auid moboro a € k cipaBeanuBa gopmyna Horomoua

1+x)*= z <a>xk cltaxs He=De dl@-D@=2) 5,
s k 2 6

ITPUMEP 3.7 (BMHOM C PALIMIOHAJIbHBIM ITOKA3ATEJIEM)
Ecmma =n € N, Tonpu k > n BunciuTtesne 1po6u (3-18) nosaBurcs HyneBoi COMHOXUTENb. [ToaToMy
pasyioxkeHre OHOMA B 3TOM CiIydae KOHEYHO U IMeeT BUJ,

n
(1+x)n:1+nx+@x2+...+xn=2 <Z> - xk,
k=0

3HaKoMbIl HaMm u3 popm. (0-8) Ha cTp. 7. [Ipu @ = —m, rie m € N, MBI Toy4aeM pas3iokeHue 13
¢dopm. (3-8) Ha cTp. 57

A+x)M=1-mx+ Mt D 2 mm+Dm+2) 5, _ 2(—1)"("”"_1) xk.

2 6 k

k>0

[lpu @ = 1/n, tae n € N, popmyna HeroToHa pa3BoOpavyrBaeT B CTENEHHOM PsJ paguKal

+ ... =

o G 3G G
1+x=14+=x+ x% + x3
n 2 6
x n-1 x> @m-1)2n-1) x* @-1D@n-1)Bn-1) x*

=14+4=—-— =+
n 2 n2 2-3 n3 2-3-4 n*
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Hanpuwmep, mpun = 2 u k > 1 B kadecTBe KoaddurmenTta npu x© momyaaercs gpo6s

1-3.5-...-(2k=3) _(-D** 1 _<2k—2>

—1)k-1.
1 2k 2k 4k-1 k-1

k-1 _ k
\/1+x=1+zk>1¢-<2k 2)-4’,‘{_1. (3-19)

2k k-1

[TPMEP 3.8 (uncIA KATATIAHA)
Bocnomeayemcs paznoxkeHueM (3-19) s mosyueHus SBHOU GopMysisl i uuces Kamanawna, gacto
BO3HUKAIONINX B KOMOMHATOPHBIX 3a/a4aX. Beraucivm npousBesienuie n + 1 uucen

gy ... 0y, (3-20)

JleJiasi 3a OJJMH IIar POBHO OJHO M3 N YMHOXXEHUI U 3aKJIIovasi TepeMHOKaeMble YKcia B CKOOKU. B
pe3y/bTaTe MBI paCCTaBUM N TIap CKOOOK B BeIpakeHnH (3-20). KomuecTBO pa3mUuIHBIX paCcCTAHOBOK
CKOOOK, BO3HUKAIOMUX TAKUM 00pa3oM, HasbIBaeTcs n-bIM uuciom Kamanaua c,,. llpun = 1 ectsb
JIVIIb OfHA pPaccTaHOBKa CKOOOK (aya,), npun = 2 — aBe (ay(a,a,)) u ((aya,)a,), npun = 3 —
nAathe: (ag(a,(a,as))), (ay((aaz)as)), ((aga)(azas)), (ag(a,az)as), ((aga,)a,)as). MHOKECTBO
BCEBO3MOJKHBIX PACCTAHOBOK CKOOOK B mpou3BeAeHuu (3-20) pacrnazaeTcs B AU3bIOHKTHOE 00be/H-
HEHMe N MOAMHOXKECTB, B KOTOPBIX KOHQUTypaINi Hapy>KHBIX CKOOOK UMEIOT BU/

(ag(a, ...ay)), ((aga)(a,...ay)), ..., ((Ag ... ap_y)an_1a,)), ((ag ... ay_1)ay)

U KOTODBIE COCTOAT, COOTBETCTBEHHO, U3 Cp_1, C1Cn_s C2Cn_z; -+ Cn_Cq, Cp_q HIEMEHTOB. Eciu 0-
TIOJIHUTH TIOC/IeI0BATENbHOCTD uncen Katanana unciom ¢, & 1, To OMyYnTes COOTHOIIEHNE

Ch = CoCpn_q + CiCh_> + ...+ Ch—2Cq + Cnh-1Co >

osHavaroee, uTo pad Kamanana c(x) £ Y k>0 ckxk =1+c¢x+c,x* + ... € Z[x] ynosnerBopsier
ypaBHenumo c(x)? = (c(x) — 1)/ x, T. e. ABNAETCA NeXamuM B Koablle Z[x]] KopHeM KBaZpaTHOTO
TpéxuieHa xt? — t — 1 = 0 oT nepeMeHHoi t. B mose psazos Jlopana Q(x) D Z[x]] kopuu HaxoasTcs
TI0 CTAaHJAPTHOM HIKOIbHOM Gpopmyne t = (1 +4/1 — 4x)/2x. Tak kak 1+ /1 — 4x He fenuTcs Ha 2X

B Z[x]), xopens (1 + v/1 — 4x)/(2x) & Z[x]]. Tem cameim, c(x) = (1 — /1 — 4x) /(2x), oTKyzZa 1O

dopwmyie (3-19)
1 2k
= —— .
kE+1\k

OTMeTI/IM, 4TO JAaXXe He Cpa3y IIOHATHO, YTO 3TO YMCJIO — LIeJIoe.

3.4. Jeiicreue Q[[d / dt]] na Q[t]. PaccMoTpum KobIo GOpManbHBEIX cTermeHHBIX psgoB Q [x] ot
HmepeMeHHOM X U KOJIbIIo MHOTOWIeHOB Q[t] oT mepeMeHHo1i t. O603HaYNM Uepe3

_d o ,
D=2:Qltl-Qltl. gg,

oneparop auddepeniupopanua. Oneparop D MOXHO IOACTaBUTb BMECTO IIepeMeHHOH X B JII0O0H
cTelneHHOH psaz P (x) = E,@O (pkxk € Q[x]]. PesysnbraTom Takoii OACTAHOBKH, IO OIPEEIEHHUIO,
ABJIAeTCA IMHeHHoe 0ToOpakeHne

O(D): Qltl = Qltl, [ ) 0D f = @of +oif +0f "+ ... (3-21)

k>0
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[MockomnbKy Kaxkzoe uddepeHIpoBaHNe YMEHbIAeT CTelleHb MHOTrOWIeHa Ha eJMHUILY, BCe clara-
eMble B TpaBoii yacTtH (3-21) obpaTaTcs B Hyslb ipu k > deg f. Takum 06pa3oM, AJIs1 KasKJ0ro MHOTO-
wieHa f € Q[t], nmpaBas yacTh (3-21) ABJAeTCA KOPPEKTHO OIpeeléHHEIM MHOTOWIEHOM, KaXXAbIi
K03 PUIMEHT KOTOPOTO BBIYUCIAETCSI KOHEUYHBIM YHUCIOM JeHCTBUM ¢ K03bdUIleHTaMU UCXOAHO-
ro MHorowieHa f u nepBbiMu deg(f) koadpduinentamu psaga @. JinHeHHocTh oTobpaskeHus (3-21)
osHauaert, yto ®(D)(af + Bg) = a®(D)f + fP(D)g nnsa Bcex a,f € Qu f,g € Q[t]. Pesynp-
TaTOM IIOZICTaHOBKH oriepatopa D B mpoussegenue psagos @(x)¥ (x) € Qx| asnsercs komnosuyus
®(D) o ¥ (D) =¥ (D)o ®(D) orobpaxkenuii @(D) u ¥ (D).
YIPAXKHEHUE 3.7. Y6eUTeCh B 3TOM.

TakuMm ob6pasoM, Bce oTobpakeHus Buga ¢ (D) mepecTaHOBOYHHI JPYT C APYTOM, U I GMEKTUBHO-
ctu otobpaskenusa @ (D) HEOGXOANMO ¥ JOCTATOYHO, YTOOHI CTeleHHOM paz @(x) 6T o6paTuM’ B
kosbLe Q [[x]] . B ciy muHetiHOCTH 3HaueHMe oTo6paxkeHus ¢ (D) Ha MPOU3BOIbHOM MHOTOWIEHE BBI-

pakaeTcs dyepes ero sHadeHuda @, (t) & @(D)t™ Ha 6a3UCHBIX OZHOWIEHAX t™:
®(D) (ag + at+ ...+ ant™) = ag + a; D, () + ... + a, P, (0).

MHuorouneH @,,(t) & @(D)t™ HaspIBaeTCA M-THIM MHO20UNeHOM Annens paza @. Ero creneHs He Tpe-
BOCXOZIUT M, a KO3 PUITMEHTHI 3aBUCHT JIUIIb OT MEPBBIX M + 1 KoadduiineHTOB psizza .

I[IPUMEP 3.9 (OIIEPATOPHI CZIBUTA)
Skcnonenta e =1+ D + D?/2 4+ D3 /6 + ... uMeeT MHOrOWIeHHI ATITiess

1 mm—-1)...(m—-k+1) m

D,.m k,m — — m—k _ m-k m

e’t —ké _k!D t" = E X t = E <k)t =t+1™.
20 k>0 k=0

Tostomy e? : f(t) = f(t + 1) — a0 onepamop cdsuza. Tak Kak psaasl e* u e ™ o6paTHHI APYT APYTY

B Q[x[], oneparopsr e? u e P Toxe obpatusl zpyr apyry, T.e. e 7P 1 f(t) — f(t — 1).

VITPAXKHEHUE 3.8. Y6eaurech, ato e%P : f(t) — f(t + a) npu mo6oM a € Q.
TTPUMEP 3.10 (BBIYMCIEHUE CYMMBbI CTEITEHEL)
151 IPOM3BOMBHO 3aGUKCHPOBAHHOTO M € Z,, PACCMOTPHM CyMMY

n
S E 0™+ 1M 2™ 4 3™+ 4™ = ) k™ (3-22)
k=0

kak ¢yHKIMIo oT n. [Ipum = 0, 1, 2, 3 dyHKIIMA S, () JOCTATOUHO U3BECTHBI:

Som=1+...+1=n
SSm=1+2+...+n=nn+1)/2
S,M)=1*+2%+...+n*=nn+1)2n+1)/6
Ssm)y=13+22+ ... +nd®=n*(n+1)?/4=5,(n)?*.

(3-23)

YTOOE!I TOTYIUTH ANIA Sy, () ABHOE BEIpAXKEHUE, IIPIMEHUM K 9TOH GYHKIIUU PABHOCMHbLI onepamop

Vi) = o) —et-1).

IT. e. umen HEHYJIEBO CBOOOZAHBIN WieH, CM. IpUM. 2.2 Ha CTp. 37.
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®yukuus VS, (t) IpUHUMAET py Beex t € Zy, Te e 3HaYeHWs, YTO U MHOTOWIEH t™. Eciu cyme-
CTBYeT Takoi MHOTOWIeH S,,(t) € Q[t], uto S,,,(0) = 0 u VS,,(t) = t™, To ero 3HaYeHUs B TOUKAX
t=0, 1, 2, ... nocseoBaTeIbHO BHIYUCIAIOTCA, HauKHad ¢ S, (0) = 0, mo popmyite

Sp(m) =S,(n—1)+VS,,(n) =S,,(n—1)+n™

Y COBIaZAIoT c cyMMaMu (3-22). [TokaxkeM, 4To ypaBHeHue VS, (t) = t™ umeet B Q[t] eJUHCTBEHHOE
pewenue S, (t) ¢ S,,,(0) = 0. CormacHo npum. 3.9 onepatop V. Q[t] — Q[t] umeeT Bug

_ -D
Vel1—eP=lz€¢"p.
D

Pazg (1 — e ) /x umeert cBo6oaubIi wieH 1 u o6patum B Q [x] . O6paTHEIi eMy psj
dx) e —%X ¢
(0% —— e Q]

HaspiBaeTcs padom Todda. Tloacrasnasa x = D B paBeHcTBo td(x) - (1 —e ™) = x, moy4aeM COOTHOIIE-
uue td(D)» V = D. Crano 6bITb, DS, (t) = td(D)VS,,,(t) = td(D)t™ = td,, (t) ABIsAETCI MHOTOWIEHOM
Anmnensa paga Toaaa, a MCKOMBIN HAMU MHOTOY/IEH S, (t) = / td,,,(¢t) dt nosmy4aeTca U3 Hero UHTErpu-
poBaHueM. 3anuiiieM psz ToAja B «3KCIIOHEHIINANbHOM dopmMe»

) = Y, Kk, (3-24)
&

Torzia cymMa m-ThIX cTelleHel [IepBLIX ¢ HaTypaJbHBIX YKCes paBHA

aktm—k+1

Smlt) = / ( y % prem) e = / (km; <’:> @™ k) de = » <7:>m——k+1 _

|
k=0 k! k=0

1 m+1 m+1 2 m+1 m m+1 ma1
= a,t+ a t“+ ...+ at™ + a,t .
m+1<< 1 > m < 2 > m-1 ( m > ! <m+1> 0

Ty dopMyITy 4acTO CUMBOJIMYECKU ITUIIYT B BUZE

(Mm+1)-S,t) =@ +™ —a,,,,

)m+1 k

IZle cTpesKa y a' mpeArnchiBaeT IPH PacKPBITUY GHHOMA (a + t 3aMeHATb a" Ha a;,. Koaddunu-

€HTBI (), PEKYPCHBHO BBIYMCIIOTCA U3 paBeHcTBa td(x) - (1 — e™*) /x = 1, KoTOpoe ¥MeeT BUz

a a a 1 1 1 1
1+a x+—2x2+—3x2+—4x4+...>~(1——x+—x2——x3+—x4—...):1.
< 1 2 6 24 2 6 24 120

YIIPAXXHEHME 3.9. HaliziuTe IIepByIO JI0KUHY YHCeN a;,, TpoBepbTe GOopMyIH (3-23), ZOIOIHUTE UX
ABHBIMU dopMynaMu A1 S,(n) u Sg(n) u BBIYHCIHITE S10(1000).

! gxoB BepHy/mm (1654 —1705), MOIb3yACh JTUIIb IIEPOM U 6yMaroii, cIoxmn 10-e CTeTleHy TIepBOi ThICA-
YU HaTypalbHBIX YKCEJ IPUMEPHO 3a 7 MUHYT, O 4éM He 6e3 TOpAOCTH HAIMKCal B CBOEM MaHYCKPHIITE «Ars
Conjectandi», uszansoM B 1713 rozgy y»xe Iocjie ero KOHYUHBL.



3.4. JleiicTBUe pAJOB OT d/dt Ha MHOTOWIEHE! OT t 65

3AMEYAHMUE 3.1. (uncyia BEpHy/in) Haspanue «psif Togzma» BOILIO B 0GMXOZ BO BTOPO# MoIoBHHe XX
Beka mocjie paboT Xupliebpyxa v I'poTeHAVKa, I/le OH MCIIOIh30BaICA A1 GOPMYIUPOBKU U [IOKa-
3aTeNbCTBa TeopeMbl PuMana — Poxa. Bo BpemeHa BepHymiu u Diinepa nMpeAnovnTa Iy Moab30BaThCS
pagom td(—x) = x /(e — 1), KoTopbiit omIMYaeTcs oT td(X) pOBHO B OZIHOM YJI€HE, TIOCKOIbKY

x x 2—e¥—e™*
td(x) — td(—x) = 1—e—x+1—ex =x'(1—e—")-(1—ex)=x

Tem cambIM, K03 durieHTsI IpH X B td(X) 1 B td(—X) paBHBEI COOTBETCTBEHHO 1/2 11 —1/2, a Bce mpouue
K03QOUIMEHTHI PU HEYETHBIX CTEIEHAX x2**1 ¢k > 1 B 0Goux pazax Hynesble. KoaduriueHTsl By,

B OKCIIOHEHIIUAJIBHOM IIpE€ACTaBJICHUN

X Bk k
ex—l_zﬁx

k>0

HaseIBalOTCA yucnamu beprynnu. Takum obpasom, B, = a;, npu k # 1 u obpamaroTca B Hy/Ib IIpU
BCex HeYéTHRIX kK > 3,a B, = —a; = —1/2. Co BpeMéH CBOEro OTKPHITHA YHcIa BepHy/LIH BRI3BIBa-
I0T HeocslabeBaloluii HHTepec. VM MoCBAmeHa 06IMpPHAs IUTepaTypa’ U ClelualbHblil HHTepHeT-
pecypc?, Ha KOTOPOM CpeJy IPOYEro eCTh MPOrpaMMa /I GHICTPOTO BHYMCICHHUSA YHCENT B}, B BU-
Jle HECOKPaTUMBIX PallMOHAIBHEIX Apobeil. OZHAKO, He CMOTPSI Ha MHOXXECTBO KPaCHUBBIX TEOPEM O
uymcIax bepHy/H, Ipo ABHYIO 3aBUCUMOCTD B,, OT n M3BecTHO HEMHOTO, U 000 cogep:KaTeNbHbIN
HOBBIH B3IVIs1Z] B 9TOM HaIlpaBleHUU ObUT ObI MHTEPECEH.

YIPAXKHEHMUE 3.10. [TomyuuTe Aa urcen bepHymu peKypcuBHyo GOpMyITy

n-1
(n+ 1B, =~ <":1) . B,.

k=0

'HauaTh 3HAKOMCTBO C KOTOPOi 51 COBETYIO ¢ I 15 kuuru K. Afipasud, M. Poysen. «<Kraccideckoe BBeieHHE
B COBPEMEHHYIO TEOPUIO uuces» U § 8 1. V kuuru 3. . Bopesguu, U P. Illlagapesuy. «Teopus duce.
thtp://www.bernoulli.org/
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OTBeThI U YKa3aHUA K HEKOTOPBIM yIIPpaXXHEHUAM

yrip. 3.1. Bocnosb3yiiTecs eMm. 3.1.

Ymp. 3.2. Ilo Teop. 3.1 Ha cTp. 54 anumopdusm  : K = Z/(30) » Z/(15), [n]5o — [nlys, packiagsr-
BaeTcs B KOMIIO3UIIMIO roMoMopdusma tg : K — KS™! u romomopdusma

g1 KS™ » Z/(15), [mls /128150 & [mlys[2157

CIOPBEKTHBHOI'O B CIJIy CIOPbeKTUBHOCTH TT. Ecout [m];, / [Zk]30 € kermg, To [m];s = 0, a 3HauwT,
[(mlso/[2K150 = [2ml50 /125415, = 0B KS™1. Tem campim, ker g = 0 U 715 MHbEKTHBEH.

yrip. 3.4. Tlo npasmy auddepernyuposanus kommosuuu (f™) "= mfmlf! orkyna

d d 1 m
hadl 1 _ -m - = ( ) — 1 _ —(m+1) .
dx( %) dx \1—x m( 2

HyxHasa dopMysna nosmydaeTea OTCloza 110 UHAYKIIUH.

Vmp. 3.5. [lepBoe paBeHCTBO BEITEKAET ¥ MpaBua AuddepeHIIPOBaHHA CI0XKHOM GyHKIMK', BTopoe

JoKa3bIBaeTcs AuddepeHIIIpoOBaHNEM 00X YacTel.

1 1
ymp. 3.9. OTBeTHL: a; = 202 =

61
691
2730’

1 1 1
a3:0,a4:—5,a5:0,a6:E,a7=0,a8=—5,a9=0,

5
Q19 = 55511 = 0,85, = —
S,(m)=nn+1)2n+1)3n*+3n-1)/30

Ssm) =n*(n+1)*’2n+ 1)(2n* +2n-1)/12
$,5(1000) = 91409 924 241 424 243 424 241 924 242 500.

ymp. 3.10. [TogcraBeTe t = 1B (M + 1) S,,,(t) = (a* + )™t — [

LCm. dpopmyny (2-8) Ha cTp. 38.

80
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