§11. Kommno3unoHHbIe GpaKTOPBI, IPOU3BEAEHUS U CIIOBCKHE ITOATPYIIIIbI

11.1. IIpocTsie rpymnmnsl. ['pymnna G Ha3pIBAETCA NPOCMOlL, €CIU OHA HE COJEPXKUT HOPMATbHBIX MO/ -
I'PyIII, OLINYHBIX OT {e} u G. HanpuMmep, jto6asi rpymia MpocToro MopsaKa MpocTa, MOCKOIbKY IO
TeopeMe ]Iarpacha1 BOOOIIEe HE COAEPKUT HUKAKUX moArpymn kpome {e} u G. Comracto ci. 10.1
Ha cTp. 174 mpocToTa rpyIsl G paBHOCWIbHA TOMY, YTO BCAKUM romomopdusm G — H i1nbo uHb-
eKTUBeH, 160 TpuBHaseH>. OIHUM U3 BBIAAIOLUIMXCA JOCTIDKEHNH MaTeMaTHKU XX BeKa ABJIAETCH
IepevrcIeHre BCceX KOHEYHBIX IIPOCTHIX TPYIIL. DTOT CIIMCOK COCTOUT U3 HECKOJIBKUX 6ECKOHEYHBIX
cepuil U 26 Tak Ha3bIBAEMBIX CNOpaduUecKux 2pynn, He BXOASAIINX B cepur. BeCKOHeUHbIe cepyH Jie-
JIITCS HA TPU CeMelcTBa: IMKInYecKye Tpymisl Z / (p) MPOCTOro mopsifka, 3HaKoTepeMeHHbIe TPYII-
sl A, cn # 4 1 IpocThle JMHeHHbIe anreOpanyecKye IPYIIE HaZ KOHEYHBIMU NOMAMU®, TAKKe
Kak PSLn([F‘q), PSO,, (IFq), PSpn(]Fq) U T. . OnurcaHye KOHEeYHBIX IPOCTHIX IPYIII CTAJI0 UTOT'OM COTEH
paboT AeCATKOB aBTOPOB 10 PA3IMYHbIM, HANIPSAMYIO He CBS3aHHBIM JPYT C APYTOM HampaBIeHUIM
MaTeMaTuKy. HUKaKo# yHUBepCaIbHOM KOHIIEIIINY, TO3BOJIAIONIEH eZIMHO06Pa3HO KIacCUPUITUPO-
BaTh BCe KOHEYHBIE ITPOCThIE IPYIIIIEI HE U3BECTHO.

11.1.1. IIpocToTa 3HaKOIIepeMEHHBIX rpymil. [Ioka)keM, YTO 3HaKOIlepeMeHHas rpymnna A mpo-
cra. Tak Kak IlepeCcTaHOBKY COIPSYKEHBI €CJIU 1 TOJIBKO eCIU y HUX OZIMHAKOBBIH ITUKIOBOM tun?, kmac-
CBI COIIPKEHHOCTH YETHBIX IIEPECTAHOBOK B S COCTOAT U3 IIEPECTAHOBOK LIMKJIOBBIX TUIIOB

-+ Hﬂ u (11-1)

(5-IMKJIBL, 3-IMKJIBL, TApBI HE3aBUCHMEIX TPAHCIIO3ULIUI U TOXAeCTBEHHOe IIpeobpa3oBaHue), KOUX
HMeeTcA® COOTBeTCTBeHHO 24 = 5!/5,20 =5!/(3-2),15=5!/(2%-2)ul.

YIIPAXKHEHMUE I1.1. [IOKQXXHUTe, YTO KJIACC CONPSXKEHHOCTU YETHOM IIepecTaHOBKU g B Sy, 60 cOB-
nazaer ¢ e€ KJ1accoM CONPSDKEHHOCTH B A,,, 1160 ABIAeTCsA 06beANHEHEM ABYX KJIACCOB COIIPA-
EHHOCTHU B A,,, IPUUEM BTOPOE IIPOUCXOAUT €CIU U TOJIbKO eCIM BCe I[UKJIBI IIepeCTaHOBKYU g
HMMEIOT pa3Hble HEYETHEIE JJIUHEI.

M5 3aKIr04aeM, 9TO 3-I[UKJIBL, Tapbl HE3aBUCUMBIX TPAHCIIO3ULIMH U TOXK/ECTBEHHAS IIEPECTaHOBKA
ABJIAIOTCA KJIacCaMU COIPSKEHHOCTU B A, a 5-IIUKJIBI pa3buBaloTcs Ha JBa Kjlacca CONpKEHHOCTU
B Ag, cocTosAmue 13 12 nuKIIOB, conpsok€HHbIX |1, 2, 3, 4, 5), 1 12 uuKIIOB, CONPsKEHHBIX |2, 1, 3, 4, 5).
[MockonbKy HopMasbHas noarpynna H < A BMecTe ¢ Kaxk/ol lepecTaHOBKOM COAEPKUT U Bee et co-
npsox€HHBIe, e€ TopAAok |H| = 12e; +12¢, + 20&5 + 15¢, + 1, rae kaxasli €; paBeH mbo 1, mi6o 0,
IIpu 3TOM 1o TeopeMe Jlarpamxa |H | genut |Ag| =60 =3 -4 -5.

YIPAXKHEHME 1I1.2. YOeANUTeCh, YTO TaKOe BO3MOXKHO POBHO B ZIBYX CIIydasx: Korza Bce & = 1 wiu
Korga Bece g; = 0.

Tem CaMbIM, B AS HET HeTPpHUBHAJIbHBIX COOCTBEHHBIX HOPMAaJIbHBIX IMOATPYIIII.

1Cwm. Teop. 10.3 Ha cTp. 183.

T.e. oTob6pakaeT BCIO Ipyniy G B eJUHUILY.

30OmnuMcaHnIo TAKMX TPYITT MOCBANIEHH! CHEIKYPCH MO JHHEHHBIM anreGpandecKuM U apUpMeTHIecKIM
rpymnmnaM, HanpuMmep, cM. KHury Joc. Xam@pu. TuHeliHble anzebpauueckue epynnst. M., «<Hayka», 1980.

4Cm. mpum. 10.15 Ha cTp. 180.

>Cm. ymp. 10.8 Ha cTp. 169.
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TEOPEMA 1I.1
Bce sHakonepeMeHHbIe TPYNIEL A, €71 > 5 IPOCTHI.

JOKA3ATEBLCTBO. VHAyKIMs 1o n. Ciy4ait n = 5 6sU1 pa3obpaH Belllle. PACCMOTPUM HOPMAaJIbHYIO
noarpynny N < A,,. Tak kak crabunmsarop asneMeHTa 1 B rpynme A, usoMmopdeH 4,,_,, ero mepe-
cegenue ¢ N, 6yZy4r HOpPMaJbHOH IIOATPYIIION B A,,_;, 1160 coBaAaeT ¢ A,,_;, TM60 TPUBUAIBHO.
TTOCKOJIbKY CTaOMIM3aTOPBI BCEX 3JIEMEHTOB COTIPSDKEHBI, TToArpynna N ubo coaepKUT cTabumm3a-
TODHI BCEX 3IEMEHTOB, JTH60 JeficTByeT cBo60aHO . B mepBoM ciyyae N COAEPKUT Bee 3-I[UKJIBI 1 110
yup. 10.30 Ha cTp. 186 coBnazaer c 4,,. PaccMoTpuM BTOPOH ciIydail M JOIyCTUM, 4TO N COAEepKUT
HETOXX/JECTBEHHYIO IIePECTAaHOBKY g. Tak KakK OHa JeHCTByeT 6e3 HellOABIKHBIX TOYEK, IPU N = 6
HaWyTcaA Takye pa3nnudHble asneMeHTH {1, 1, j, k,£,m}, uto g(1) = i u g(j) = k. ConpdArasa g UUKIOM
|k, #,m) € A,, nonydaem nepecranosky h € N c h(1) = i u h(j) = ¢ # k. [lepecranoska gh™* € N
He TOXKJeCcTBeHHa U ocTaBideT 1 Ha MecTe. [IpoTuBOpeune. U

11.1.2. IIpocroTa rpynn PSL, (k). ®akTop nomHoii mrHeHOI rpyInbsl KOOPAUHATHOTO BEKTOD-
Horo mpocTpaHcTBa k™ Mo eé IeHTpy, cocTosIEeMy U3 CKaaApHbIX MaTpull AE, rae 1 € k*, Hasbl-
BaeTCA NpoekmueHoil uHeiinoil zpynnoii u o6osnadaercsa PGL, (k) £ GL,(k) /k* - E. Dta rpynma
eCTeCTBEHHBIM 06Pa30M AEHCTBYET Ha MHOKECTBE OZHOMEPHBIX BEKTOPHBIX TIOANPOCTPaHCTB B K",
KoTOpoe o6o3Havaetcs P, (k) 1 HaspBaeTes (n — 1)-MepHbLM NPOEKMUBHBLM NPOCMPAHCME0oM> Haj

oseM k. COCTOHH.IaH 13 KJIaCCOB IIPOIIOPIHYOHA/TIbHBIX MAaTPUIL OIIPpEACTTUTEIIA 1 nmoArpyIiia
PSLy, (k) = SLy(K) /(&) - E C PGL,(K),

rze 1, (k) C k* — MmyrbTUIUIMKaTUBHAs TPyIIIa KOPHEH n-Toii crenenu us 1 B mose k, HasbiBaeTcs
cneyuanbHol MPOEKTUBHOM IMHEWMHOM I'PYTIIION.

3

VIIPAYKHEHUE I1.3. Y6eauTech, 4TO PSL,, aeiicTByeT 2-TpaH3uTHUBHO” Ha PP,,_;.

Ecmukk = F; cocTOUT 13 q 571eMEHTOB, TO MY/IBTUIUIMKATHBHAA 'PYIINa [F;< LUKJIWYecKas nopsagka qg—1
Y KOpHM ypaBHeHUsA X™* = 1 06pasyioT B Hell [UKIMIECKYIO IOATPYIIIY mopsaaka Hoza(q — 1,n).
YIPAXKHEHWUE 11.4. YoeauTech, KOpHU ypaBHeHus nx = 0 B Z /(M) cOCTaBIAIOT UKIUYECKYIO MOA-
TpyIITy TopsAAKa Hoz(m, ).

Taxum o6pasom, | PSL, (F,)| = | SL,(Fy)|/Hoa(q — 1,n) = szo(q" - qk)/((q — 1) noa(qg — 1, n)).

TEOPEMA I1.2
Bce rpynmer PSL,, (k) npocThl, 3a HCKITIoueHneM” PSL,(F,) = GL,(F,) ~ S; u PSL,(F3) ~ A,.

JIOKABATEBCTBO. O603HauUMM yepe3 P C PSL,, cTabmIn3aTop 0OZHOMEPHOIO IIOAIIPOCTPAHCTBA, I10-

0XKIEHHOTO ITIEPBLEIM BEKTOPOM CTaHAApTHOTO H6a3uca e yeee €9y B k™. I'pynma P cCOCTOUT U3 KJIACCOB
1 n
IIPpOIOPIMOHAJIBHBIX MaTpUL BUJAa

(11-2)

IT. e. HUKAKOH OTIMUYHEL] OT eZIMHULIBI 27IeMeHT He MMeeT HellO/BIDKHBIX Touek, cM. n° 10.4 Ha ctp. 177.
2Cm. cTp. 204 1 222 kypca http://gorod.bogomolov-lab.ru/ps/stud/geom ru/2122/lec total.pdf.
T.e. TPaH3UTHBHO ZIeHCTBYET Ha YIOPAZOYEHHBIX ITapax To4ek, cM. n° 10.4 Ha cTp. 177.

4Cm. ymp. 10.32 Ha cTp. 186.


http://gorod.bogomolov-lab.ru/ps/stud/geom_ru/2122/lec_total.pdf
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conpezenuTesneM 1 ¥ cofepXUT HOpMabHYIo abeseBy HOArpynity A <|P MaTpull, TPOIOPUNOHAIBHEIX

lia, - a,

0] 1

. =E+a,E,+...+a,E,,
0|0 1

KOTOpas ABIAeTcs AApoM romoMopousma P — PGL,,_, , nepeBogamero Marpulyy (11-2) B eé mpasyio
HIDKHIOKO YIVIOBYIO oAMAaTpHIly pasmepa (n — 1) X (n — 1).
YIIPAXKHEHMUE I1.5. Y6eAUTeCh, YTO 3TO U B CAMOM Jiejie TOMOMOPGU3M TPYIIIL.

Tax kak noArpyrma A CoAepXXuT Bce TpaHCBeKUun Buza Ty j(a), CONPsUKEHHbIE e IOATPyIIIbL g A gt
rie g € PSL,,, cogep:xat BooOIIe Bce TPAHCBEKIUH U r[opoxczteucrr1 PSL,,.
YIPAXKHEHVE 11.6. YoeauTecs, 4to T; () = ngj(a)g_l, rae g € SL, nepeBojMT e, B e;,ae; B —eq,

OCTaBJIsIS BCE OCTaJIbHBIE 6a3KCHbIE BEKTOPHI HA MECTe.

MBI 3aK/TF0YaeM, YTO TIPOM3Be/IeHNs 3JIeMeHTOB Buja gag ~,a € A, g € PSL,, ucuepneiator PSL,,.
PaccMoTpuM Teneph OTIMYHYIO OT €AMHUYHON HopManbHYyo nogrpynmy N < PSL,,. ITpocrpaH-

ctBO PP,,_, ABNAETCA AU3BIOHKTHBIM 06beJUHEHNEM OPOUT OoATPYyNIIEL N, U B CHTy HOpMalabHOCTU N

KaX/bIH a71eMeHT g € PSL,, nepeBoauT N-opOUTY TOYKH X B N-OPOUTY TOUKH gx, 10O

y=hx < gy=(ghg Hgx.

Taxum obpazom, rpynna PSL,,, c o1HOM CTOPOHBIL, He MOXKET [IepPEeBECTH NTapy TOUeK, TeXKAIINX B OZHOH
N-opbuTe, B apy TOYEK, JIeXKAIUX B pa3HbIX N-opOUTax, a ¢ Apyroil CTOPOHBHI, EHCTByeT 2-TPaH3H-
TUBHO 110 yTIp. 11.3 Ha cTp. 188. Takoe BO3MOXKHO, TOJIBKO ecyi N -op6uTa BCEro o/iHa, T. €. JIs TI060T0
g € PSL,, cymectsyer Takoe h € N, uTo ge, = he,, oTkyiah™*g € P u g € hP. Mbl 3aKmo4aem,
uyTto PSL,, = NP = PN. [locKo/IbKy CONpsDKEeHMe dIeMeHTaMu u3 P ocrasiAer noarpyniy A <1 P Ha
MecTe, KaXk/Ibli 3/ieMeHT u3 PSL,, sAB/seTcs Ipou3BeieHueM 3eMeHToB Buaa hah ™ ca € A,h € Nu
B cuty paBeHcTBa AN = NA nexut B AN. B ipum. 10.23 Ha cTp. 186 MBI BU/ie/u, 9TO BCe IPyIbL SL,
3a UCKJIIOYeHNEeM /IBYX, YKa3aHHBIX B YCJIOBUU TEOPEME!, COBIIaal0T CO CBOUMH KOMMyTaHTaMu. Ho
KOMMYTAaTOp 3JIeEMeHTOB BuZa ah ca € A, h € N B cuy abeneBoctu A v HopManbHOCTH N JIEKUT B N.

VIIPAXKHEHMUE I1.7. YOE€IUTECH B 3TOM.

IMosTomy PSL,, = PSL;l = N BO Bcex ¢Iydasax, KpoMe [IByX UCKJIIOYNTENbHBIX. O
11.2. Kommno3unuoHHbie pakTopbl. KoHeyHas cTporo y6rIBaroIas ocaeJ0BaTENbHOCTD TOATPYIIIT

G=Gy2G,26,2...2G, ,2G,={e} (11-3)

=

Ha3bIBaeTCA KOMNO3UYUOHHBIM psidom Wiu psioom JKopdaHa — I'énvOepa Tpynnsl G, ecau IpU KaKAOM i
noarpynma G;, , HopMmaiubHa B G; 1 dakTop G; / G;,; IPOCT. B 3TOM cUTyalluu HeynopsAZOYeHHBIN Ha-
6op mpocThIx rpyni G; / G;,, (B KOTOpOM BO3MOXKHBI IOBTOPEHNA) HasbIBaeTcs HAGOPOM koMno3u-
YUOHHBLX pakmopos (i akmopos Kopdana —I'énvdepa) rpynnsl G u oboszHavdaetca CF(G), a uuc-
gon = | CF(G)| HasbiBaeTcsa OnuHOU KOMITO3UIIMOHHOTO psiga (11-3) wiu rpymmsl G 1 0603HavaeT-
cs length(G). B Teop. 11.3 Ha cTp. 190 HIKE MBI TOKaXKeM, YTO HaGOp KOMITO3UIIMOHHEIX GaKTOPOB
He 3aBUCHUT OT BbIOOpa KOMITO3UITMOHHOTO psiia, 1 TeM cambiM CF(G) 1 length(G) KoppeKTHO ompese-
JIEHBL.

1Cm. ymp. 10.33 Ha cTp. 186.
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[TPUMEP II.I (KOMIIO3MLIMOHHBIE ®AKTOPBI S, )
Beliie MBI BUZIeIM, 4YTO CUMMeTpHUecKas Ipymna S, uMeeT KOMIIO3ULIMOHHBIN PAf,

S, A >V, >Z/(2)> (e},

B KOTOpoM A4, <1 S, — NOArpyMIa YéTHHIX IlepecTaHoBoOK, V, <1 A, — noarpynna KieiiHa, cocroAmasn
13 TOXK/eCTBEHHOM [TlepecTaHOBKU U TPEX ITepeCcTaHOBOK I[UKJIOBOT'O TUIIA Hﬂ, a

Z/(2) <AV, ~L/(2)XL/(2)

nr06as U3 TPEX UUKINIECKUX MOATPYIII BTOPOTO MOPSIZKA, TOPOKAEHHBIX HEeJMHIYHBIMY dJIEMeHTa-
Mu. TakuM 06pa3oM, CMMMeTpHUYecKas Ipymnna S, UMeeT KoMIo3unuoHHsie daktoprl Z/(2) = S, /A,,

Z/(3)=A,/Vs L/ (2)=V,/(Z/(2) uZ/(2) =L/ (2)/{e)}.

YIIPAXXHEHHE I1.8. Yoeaurecs, uto A, /V, ~ Z/(3).

TEOPEMA 11.3 (TEOPEMA JKOPZIAHA — 'E/TLIEPA)

Ecnu rpynna G iMeeT KOHEYHbIM KOMIIO3UIIMOHHBIH Psijl, TO HeynopsaodeHHbIH Habop CF(G) ero dpak-
TOPOB He 3aBUCUT OT BEIOOpA KOMITO3UITMOHHOTO psAja. B yacTHoCTH, Bee psagsl XKopaana — [énbaepa
HMMEIOT OMHAKOBYIO AnuHy length(G).

JIOKABATENBCTBO. I1yCcTh y rpynmbl G €CTh ABa KOMIIO3UIIMOHHBIX PAZAa

G=P,2P 2P

2 -2 P 2 Py = {e} (11-4)
G:Qo QQl QQ

n

2 Qs 2 Q= e} (11-5)

[\
U

N

MbI cobupaeMcsi BCTaBUTb MeXK/Y MOC/IeA0BaTENbHBIMU WIEHAMU 3TUX PSZAOB ZOMOJHUTENbHEIE Tie-
TIOYKY HECTPOTO YOBIBAIONIUX MOATPYIII TaK, YTOOBI MOMYUUBIINECS YAJUHEHHBIE DA/ CTATKU PaB-
HOWU JIIMHBI, M YCTAaHOBUTb MEXK/Y UX MOC/Ie0OBaTENbHBIMYU GaKTOpaMUu OGUEKIIHIO, TIPU KOTOPOM CO-
OTBETCTBYIOIIHe APYT APyTY GakTopsl 6yAyT n30MopdHEL. [7iA 3TOro 3aMeHHUM KaxJoe 3BeHo P;[> P,
BepxHel nenouku (11-4) 1enoykoit

P,2(Q NP)P,; 2 (QuN PPy D ... 2 (Quy NP)Piyy D P,y s (11-6)

KOTOpas IoJIy4aeTcs llepecedyeHrueM HIDkHel Lenouku (11-5) ¢ mogrpynmnoi P; 1 yMHOXKeHHeM Bcex
IIOJIyYE€HHBIX TPYII Ha HOpMaJbHyIo B P; moarpymmy P;, ;. B ipezut. 10.5 Ha cTp. 185 MBI BUAETH, YTO
ecau noArpymmna H HopmanuayeT noarpynmy N, To NH = HN Toxe fABIAeTCA MOATPYIIION, TPUIEM
NHD>N,H>(HNN)uHN/N ~ H/(H n N). [IpuMeHsIs 3TO K IOATPyIIIIaM

H=QynP u N=(Qr NPIPyyy,

mbl nonydaeM HN = (Q N P)P; ., W H NN = (Qpyq N P)(Q) N Pipq).
YIPAXXHEHME I11.9. YoeauTech, 4To H HopManusyeT N, U IpoBepbTe [oc/AeJHHe Ba PABEHCTBA.

Takum 06pasom, (Q N P)P;yq > (Qpiq N PP, 1

QN PPy (@ N Py)

~ . (11-7)
Qrs1 NPIPy Qs NPI(Qx N Pyyy)
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I'pynmna P;,, ABIAETCA HOPMaJbHOM IOATPYIIION BO BCEX TPpymmax Uenodku (11-6). ®akropusys mno
Hel, Moly4aeM LEeMoYKy GaKTop TPy

P (Q N PYPi 4 > (Q; NP)Pi 4 b .. w > (e}, (11-8)

+1

Piq Piiq Piiq

B KOTOpOﬁ KaXxJas IoArpyIina HopMajibHa B r[pe,ubmymeﬁ, a rnocjiegoBarejIibHbIE (baKTOpr

(Qr N PP /Piyq o (Qx N P)P; 4 o QN Py)
Q41 N PP /Pirs Qiya NPIPy (Qpyq NP)(Qp N Pyyq)

coBnagawr ¢ (11-7). Tak kak rpymma P; /P; 1 TIPOCTa, MBI 3aKJII09aeM, 49TO B Ienouke (11-8) umeerca
POBHO OJHO HeCTpPOroe BKJIIOUEHMe, a BCe OCTaJbHble BKIIOUEHNA — paBeHCTBA. TeM caMbIM, POBHO
oavH 13 paxtopos (11-7) omiuyeH oT efUHULEL U u3oMopdeH P; / P; 1

Te e caMble paccy>JeHus ¢ 3aMeHo P Ha () TO3BOJIAIOT BCTaBUTh MeX/y I0CIeZoBaTebHbIMU
rpynnamu Q, > Qj, KOMIO3UIIMOHHOrO pAza (11-5) yOrIBaroulyo IelouKy IOArPyIII

Qr 2 (PLNQp)Qpsr 2 (BN Q)01 2 - 2 Py N Qp)Qpyq 2 Qs s (11-9)
KaXXJas U3 KOTOPbIX HOpMaJIbHa B Hpeﬂ]ﬂﬂymeﬁ, a rnocjiegoBaTeJIbHbIE (baKTOpr HNMEIOT BI/

(PN Q)Qkes (P N Q)

~ (11-10)
Pip1 N Q)Qkir (P NQp)(Py N Qpyq)

¥ 130MOpGHBI COOTBETCTBYIOIUM dakTopaM (11-7), MOCKONbKY

(Pi+1 N QPN Qk+1) = (Qk+1 NP)(Qx N Pi+1) >

TaK KaK 3aKJII0UYEHHbIE B CKOOKY TepeceveHrs HOPMaTU3yIoT ApyT Apyra. Takum o6pa3oM, BCTaBIIAA
MeXY Moc/IeJoBaTebHBIMU 3JIeMeHTaMM KOMITO3UITMOHHOTO psAza (11-4) uenouku (11-6), a Mex gy
TOC/IeIoBaTEIbHBIMU yieMeHTamMu psiga (11-5) — memouku (11-9), MBI TOIyYUM PSABI OAMHAKOBOM
JITUHBI, B KOTOPBIX HE BCE BKJIIOYEHUS CTPOTHE, HO GaKTOPHI HAXO/ATCSA B GMEKTUBHOM COOTBETCTBUU,
COTIOCTaBJIAIOLIEM APYT APyTy usoMopHbie dakTopsl (11-10) u (11-7). ITockonbky Q. ABIAETCA
HOPMAaJIbHOM NOArPYIION Beex Ipymi nenoyky (11-9), Te xxe apryMeHTHI, YTO IPUMEHSINCH BBIIIE K
nogrpymie P; ; unenouke (11-6), moka3sIBaroT, 4TO IPU pUKCUPOBaHHOM k cpeau dakTopos (11-10)
HMeeTcsl POBHO OJWH OT/IMYHBIHN OT eVHHUILIBL, U OH U30MopdeH Qy / Qpq- ]

3AMEYAHUE I1.1. HerOCTaH TpyIina MOXeT UMETb HECKOJIbKO pa3HbIX KOMITIOSUIITMOHHBIX PAAOB C OAU-
HaKOBHIM Ha60poM $HaKTOPOB, a TPYIIIHI C OANHAKOBEIMU Habopamu GpaxkTopos yKopaaua-T'énpaepa He
00s13aTeTbHO U30MOPQHHEIL.

I[TPEAJIOKEHME I1.I

Ecsu rpynmna G o671aiaeT KOHEYHBIM KOMITO3UITMOHHBIM PSAZIOM, TO Jitobas eé HopMasibHas TIOATPyIIa
N <1 G u daxToprpynma G / N Toxxke 061ajal0T KOHEYHBIMY KOMIIO3UI[MOHHBIMU PAAAMU, TIPUIEM
CF(G) = CF(N) U CF(G /N). B yactHocTH, length(G) = length(N) + length(G /N).

JIOKA3ATE/ILCTBO. [lepeceueHre KOMIIO3UIIMOHHOTO psAja Ipyniibl G ¢ moarpynnoi N <1 G uMeeT BUJ,

N2GNN2..2G, ,nND{e}, (11-11)
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rae (G;NN) > (Gj, NN), Tak Kak G; > G, ;. ComacHo npeg. 10.5 Ha cTp. 185,

GON  GnN _ (GNNGy,
Gipr NN (GG NN)N Gy Gitq .

[ockomeky G; > (G; N N)Gy, 4 > G, 1 dakTop G; /G, , IPOCT, OAHO BKJIIOYEHHE CTPOTOe, IPyroe —
paseHcTBo. Ecmu (G; N N)Gy,y = G;, T0(G;NN) /(G NN) = G; /Gy . Eam (G;NN)G;; = Gy,
T0 G; N N = G;, N N. Takum obpa3oM, youpas us nernouku (11-11) Bce paBeHCTBa, oTydaeM Pz,
JKopmana - T'énbaepa, GakTOPHI KOTOPOTO COAEPKATCS CPeAU KOMITO3UITMOHHBIX GaKTOPOB IPYyMITHI .
AHaJIOTUYHO, TPUMEHsIsI K KOMITO3UIIMOHHOMY PAAY IPYIIbI G anumopdusm  : G » G/N, nonydaem
nenoyky G /N > n(G,) & ... > n(G,_,) > {e}, B KOTOpOH

nG)  ml@G) _ GN G GG
(Giq)  mr((Gyq) G N GN (G N) Gy (G N) (G N N)Gyyy

Y BO3HMKAET IIPOTUBOIONO0XKHAA anbrepHaTuBa: ecnu (G; N N)G;,, = G;, To 1(G;) = n(Gyy ), aecnn
(G;NN)G; 4 = Gy, TOT(Gy) /T(Gyyq) = G; /Gy . TTOSTOMY, YOUPAs U3 LIETIOYKH PABEHCTBA, TOMY-
yaeM KOMITO3ULIIOHHBIH Pz 1A Ipymnsl G /N, $akTophl KOTOPOTO CyTh KOMIIO3UIIMOHHBIE GaKTOPEI
TPYIIIHL G, He BOLIeAIINe B Ha60p KOMIIO3UIIMOHHBIX GaKkTopoB noArpymmel N <1 G. u

[IPEZ/IOKEHUE I1.2
Ecsu HopMmasibHast moarpymna N <IG u pakroprpymma Q = G/N UMeoT KOHEYHBIE IMHBL, TO Tpymna G
TOXKe MMeeT KOHeuHYy1o AnuHy, u length(G) = length(N) + length(Q), CF(G) = CF(N) U CF(Q).

JOKA3ATE/NBCTBO. [TycTh rpynnbl N U Q UMeIOT KOMIO3UIIMOHHbIE PAZB

N> N, >...>N,_, > {e}
QD> Q> ... > Qpy > {e}.

O6o3naunm 4epes P; = m~'(Q;) monHbIH MPpoo6pa3 Tpymmsl Q; mpy roMmoMopdusmMe daKTOpU3ayH
m: G > Q caapoMm N. llenoyka noArpymn

G>PD>...>P,_ >N >...>N,_; > {e}
saBiseTcs pagom XKopzaana — Ténpaepa ¢ TpebyeMbIMU CBOHCTBAMMU. [l

CNEZCTBUE II.I
Kaxkzas KoHe4Has TpyIina ob1aziaeT KOHEYHBIM KOMIIO3UI[OHHBIM PSOM. O

YIIPAYXKHEHUE 11.10. [I0CTPOMTE KOMIIO3UITUOHHBIN PAJl aJIUTUBHOM rpymmsl Z / (p™), Tae p — mpo-
cToe.

11.3. Iloaynpsamsble mpousBeaeHus. it napsl moarpynn N, H rpynmbl G 0OTOOpaKeHue
NxH — NH, (x,h)w xh,
6rexTHUBHO eciy U TosbKo ecii N N H = {e}. B camom gerne, ipu x, h; = x,h, anemeHT

x;'x; =h,hi* €ENNH,
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necmu NNH = {e}, Tox, =x, uh, = h;,aectu B N N H ecTb 3JIeMeHT Z # e, TO pa3Hble Iaphl
(e,e), (z, 2_1) € N X H mepe#zyT B OOVH U TOT Ke 3yieMeHT e € NH. ByzieM Ha3bIBaTh MOATPYIIITEL
N,H C G dononnumenvHvimu, ectu N N H = {e} u NH = G. B 3ToM ciiy4ae rpynna G Kak MHO-
YKECTBO HAXOAUTCS B OMEKIMU ¢ IpsAMBIM npousBegeHueM N X H. Eciu nmoarpynma N <1 G py 3ToM
HOPMaJIbHA, TO KOMITO3ULIUA JJEeMEHTOB g, = X, h; U g, = X, h, MOXXeT OBITh BBIp@)XE€HA B TEPMHUHAX
nap (x4, hy), (x5, h,) € N X H. A UIMeHHO, Tak Kak

919> = %1hyx,hy = x,(hyx,hi?) - hyhy, w hyx,hitEN,
rpyniy G MOXHO onucams Kak MHOXecTBO N X H c onepanuei
(x4, hy) - (X, hy) = (g Adhl(xz)’ hihy), (11-12)

rae yepe3a Ad, : N = N, x — hxh™!, o6o3naueHO MIpUCOeANHEHHOE eficTBUE 3leMeHTa h Ha HOp-
MaJsbHOU nogrpynie N. B 3To# cuTyaliiy FoBOPAT, YTO IpyIina G ABIAETCA NOJLyNnpaMblM npousgedeHu-
em HOpMasbHOM moAarpymnisl N <] G ¥ IOTIONMHUTENbHOMN K Hell noArpynnel H C G ununyt G = N X H.
Ecnu conpskeHue ajleMeHTaMy U3 ToATpynnsl H felicTByeT Ha noArpymnne N TpUBUAIbHO, YTO PaB-
HOCWIBHO IIePECTAHOBOYHOCTH Xh = xh JIOOBIX BYX 3/IeMeHTOB X € N u h € H, To monynpsamoe
IIpon3BeZieHUe HasblBaeTcA npambM. B aToM ciydae (x4, hy) - (x5, h,) = (x,%,, hih,) A4 Bcex nap
(x4, hy), (x5, h,) ENXH.

[Trumep 11.2 (D, = Z/(n) X Z/(2))

I'pynna guszapa D, coaep>XUT HOPMaJIbHYIO IOATPYIIITY IIOBOPOTOB, U30MOPGHYIO aIfUTUBHOM I'PyTI-
e Z/(n). loarpymia BToporo NopsifKa, MOpoXAEHHAsA IIOOBIM OTpaXeHUEM, JOIIOTHUTENIbHA K IPYII-
IIe TOBOPOTOB U M3oMopdHa agauTuBHoOM rpymie Z /(2). [IpucoefuHEHHOE AeHCTBIE OTPaXKEHUS Ha
TpyIIIie IOBOPOTOB MeHsIET 3HaK y yIVIa MOBOPOTA. [Ipy OTOXKAECTBIEHUH TPYIIIIBI IOBOPOTOB € Z /(1)
3TO ZIeHiCTBHE IIpeBpalaeTcs B yMHOXXeHHe Ha —1. Takum obpasom, D,, = Z/(n) X Z/(2) u B TepMHUHAX
map (x,y) € Z/(n) X Z /(2) KOMIIO3UIKs Ha TPYIIIie AU3Apa 3aJaETCS TPABUIOM

(xle1) : (xz’yz) = <x1 +(=11x,, 3, +y2) . X1, X%, €ELZ/(M), y1.Y, EL/(2).

[TeuMeP 11.3 (Aff(V) = V X GL(V), TPOO/IKEHUE ITPUM. 10.20 HA CTP. 183)
Addunnas rpymma’ Aff(V) copepkuT HOpMaTBHYIO TTOATPYIITY apaUIebHbIX IePeHOCOB, KOTOPas
nsomMopdpHa afJUTUBHOM I'PYIIIe BEKTOPHOTO MPOCTPAHCTBA V U ABJIAETCS SAPOM CIOPbEKTHUBHOTO
romMomop¢u3Ma IpyT

D: Aff(V) » GL(V), ¢~ D,, (11-13)

conocTapistomero apdunHoMy npeobpasosanuio ¢ @ A(V) — A(V) ero suddepeniuan

D,: V=V, pGd+ o@e(q).

Eciu 3a¢pukcupoBath B A(V) Kakyo-HUOYAb TOUKY p, TO orpaHuveHure romomopdusma (11-13) Ha
crabwmsarop Stab,, C Aff(V) sagact usomopdusm D), : Stab,, = GL(V). OGparHbiii usomopdusm
COIOCTAaBJISAET JUHEeHOMY onepaTtopy f : V = V adpdunHOe mpeobpasoBaHue

@r: AWV) = AV), x-p+fpx),

OCTaBJISAIOIIEE Ha MECTE TOUKY p. [IOCKOMbKY KaXKAoe peobpa3oBanue ¢ € Aff(V) packiaapiBaeTcs B
KOMIIO3HLIHUIO ¢ = T,,°(T_,,° @) HapaUIeJIbHOTO [IepeHoca T, Ha BEKTOP ¥ = p@(p) 1 Ipeobpa3oBaHus
T_y ° ¢ € Stab(p), rpynna Aff(V) = V X Stab,, ~ V X GL(V). Cornacto npum. 10.20 Ha cTp. 183,

kommo3unus B rpytie V X GL(V) 3agaércs npaswioM (u, f) - (w, g) = (u + f(w), fg).

1Cm. mpum. 10.20 Ha cTp. 183.
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11.3.1. MomympsMoe npousBezeHue Irpymir. [IpeAbIAyIyo KOHCTPYKIIMIO MOXHO IPUMEHUTh K
ABYM abcTpakTHeIM rpynmnaM N u H Kak TOJIbKO 3aZiaHo JefcTBue rpymmel H Ha rpynme N, T. €. ToMo-
MopdU3M I'pymniisl H B rpymily aBToMOpGU3MOB I'PyIIIEL N:

Y: H—-AutN, h-y,: N=>N, (11-149)
ITo ananoruu ¢ popm. (11-12) Ha crp. 193 3agagum Ha MHOXKecTBe N X H ollepanuio mpaBuIoM

(%1, ) - (g, By) & (xq¥p (%), Ryhy). (11-15)

YMPAXXHEHUE I1.11. [IpoBepbre, yTo dopmyna (11-15) 3agaér Ha N X H CTPYKTypy I'PYIIIHI C e1U-
HULel (e, e) u obpamennem (x,h)™" = (Y'(x™"),h™), e Yi' = P2 — aBTOMOPOU3M,
obpatHBII K YPp, : N = N.

[MosnyyeHHass TAKUM 06pa30M TPyIINa Ha3bIBAeTCA NOyNpsmbiM npouseederuem rpyni N u H 10 feii-
ctBuo Y . H — AutN u obo3navaetca N Xy H. Iloo4epKHEM, YTO pe3yJIbTaT 3aBUCUT OT BBIOOpA
Aeiicteus . Eciu geiicTBue TpUBUANBHO, T.e. Y, = Idy A1 Bcex h € H, MBI NolTydaeM IIpsMoe
npousBefienrie N X H ¢ TOKOMIIOHEHTHBIMY OTIEPaIIUIMU.

YIPAKHEHUE 11.12. Y6eauTech, uTo noamuoxectBo N £ {(x,e) | x € N} aBagerca uzomopdHoit
rpymne N HOpMaabHOU HOATPYIION B G = N Xy, H ¢ daxtopoM G /N’ ~ H, a MOAMHOMeCTBO
H' ¥ {(e,h)| h € H} apngerca usomopdHoii H u somomuuTenbHol K N/ moarpymmoii B G,
npuuém G = N’ X H' aBnserca nomynpsaMbIM IpousBeienreM cBoux noarpynn N/ u H' .

[TPEA/IOKEHME 1.3

s mo6b1x romoMopousma i : H — Aut(N), h — ¢, u aBTomoppusmoB @ : H = Hupf: N = N
oTobpaxenus (n, h) — (n,a *h) u (n,h) = (Bn, h) 3agar0T U30MOPU3MbI TIOMYIPAMEIX TIPOU3BE-
AeHuit N Xy, H = N Xy, .o HUN Xy H = N ><1Ad5(w) H,tae Adpg(¥): H — Aut(N), h — BB~ .

JIOKA3ATEIBLCTBO. OToOpaxkenue (n, h) — (n, @ *h) HepeBOAUT COMHOKUTENH U3 JIeBOH 4acTu pa-
BeHCTBA (N, hy)(Ny, hy) = (NP Ny, hihy) B (ny, a 'h,) u (n,,a *h,), npousBeieHNUE KOTOPHIX B
N X H paBHO (nllphlnz, a:_l(hlh2 )). OTobpakenue (n, h) — (fn, h) IePeBOJUT Te Ke caMble CO-
MHOXUTeNU B (fn,, hy) u (fn,, h,). Ix npoussesenue B N ><1Adﬁ(1,,) H paBHO (,B(nlzl)hlnz), hihy). O

[TPUMEP 1I.4 (TOJIOMOP®)

['pymia aBToMmopdraMoB Aut G IPOM3BOJIBHO IPYIIIIEI G TABTOJOTUYECKHU AeicTByeT Ha G . [Toympsi-
moe nipoussegenre Hol G £ G X Aut G 110 3ToMy e CTBHIO Ha3bIBaeTCA 2010MOP@HOM TPYTIHL G . Bio-
skeHre G < Hol G 3ameuaTebHO TeM, YTO JTH060t aBToMOp(U3M IPYIIIIEL G ABISETCA Cy)KeHreM Ha G

BHyTpeHHero aBToMopdusma obbemtomiedi rpymimsl Hol G.

[TPUMEP I1.5 (CIIJIETEHUE)
s mro6eIx ABYX rpymn H, N MHOXecTBO N H peex ¢byukuuii f : H — N UMeeT eCTeCTBEHHYIO CTPYK-
TYpBI IPyIIbL, B KoTOpoii f;f, : H — N, x = f;(x)f,(x). OTy IpylIy MOXHO BOCIPUHUMAThb KaK
TIpAMOe IIPOU3Be/IeHNe OMHAKOBEIX KOIHiA rpymIsl N, 3aHyMepOBaHHEIX S/eMeHTaMu’ x € H. [pym-
na H peiicteyer Ha N 1o cnezyromemy npasury: anement h € H nepesoaut dynxrmio f : H — N B
byukuumo hf @ x — f(xh).

YIPAXXHEHME 11.13. Y6egutecs, uto h(f; f,) = (hf;)(hf;) 1 (h h,)f = hi(h,f).

'Cp.cn’ 1.6 Ha cTp. 34.
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TNonynpsamoe mpousBegenrie N 2 H &£ N¥ 5 H o aTomy geiictuio HaspiBaeTcs cruiemeniem’ rpyr-
bl N ¢ rpymmoit H. CiieTeHue 3aMedaTeIbHO TeM, YTO Jitobas rpyina G ¢ HOpMaabHOM MOATPYIIIOH
N <1 G u daxrop rpynmnoiit H = G /N gomyckaet romomopdHoe gnoxceHue Ppoberuyca ¢ : G <> N UH.
Yrobbl 3a71aTh ero, 3adpuUKCUpyeM KaKoe-HUOY/Jb TEOPETUKO MHOXXECTBEHHOe ceyeHue o . H & G
romomopodusma dakTopuszanuu . G » H = G /N, BeiGuparoliiee B kaxkzoM Kiacce h € G / N HeKo-
TOpBIi pezicTaBuTeNb 0(h) € G. Toraa ana mobsix g € G u h € H anement a(h)go(hm(g))™* € N,
nockonbky (o (h)go(hn(g))™t) = hn(g)(hn(g))™* = e. PaccmoTpuM GyHKI[HIO

6,0 H= N, hw a(hygo(hn(g)™,
xaK anemenT rpymnsl N u momosxum ¥s(9) = (04, m(9)) € NH > H.

YIPA’KHEHMUE I1.14. YOeIUTeCh, UTO ¢ (g1 9,) = 05(91)Ps(9,) B NH ¢ H i uto 06pask! Byx BiosKe-
HUlt @, @, : G S NUH, moCTPOEHHBIX IIPH IIOMOIIX PasHBIX cedeHUn 0,71 H & G, CONpsKeHBb
Brpymnme N 2 H.

11.4. p-rpynnsl u Teopembl CuioBa. I'pymna nopsazgxa p™, rme p € N — mpocToe, HasbIBaeTCa p-
2pynnoti. [ToCKOJIbKY Bce HETPUBHUATIbHBIE IOATPYIIIIHI P-TPYTITEI TAKXKE SBISIOTCA P-TPYTIIaMH, AJTHHA
JIt000# OPOUTHI P-TPYIIIBI IIPU JIFOOOM €€ ZIeHiCTBUM Ha JII0O60M MHOXKECTBE JIMOO0 JeUTCs Ha p, Tub0
paBHa efuHUIle. MBI TIOTy4aeM IIPOCTOE, HO TIOJIE3HOE

[IPEAJIOXKEHME 11.4
[ycTs p-rpynna G geicTByeT Ha KOHEUHOM MHOXKeCTBe X, 4MCJIO 37IEMEeHTOB B KOTOPOM He JIeJIUTCA
Ha p. Torza G uMeeT Ha X HEMOABUXHYIO TOUKY. O

[TPEZ/IOKEHME I1.5
Jlrobas p-TpyIina MeeT HeTPUBUABHBIH IIEHTP.

JTOKABATEJILCTBO. PacCMOTPUM IPUCOEANHEHHOE IeHCTBYE IPYTITEI Ha cebe. LIeHTp TPYIITIH ABJISeTCs
MHOJKECTBOM OJHOTOYEYHBIX OPOUT 3TOrO AeHCTBYs. TaK KaK YMCIO 3JIEMEHTOB B IPYIIIE M JJIAHBI
BCEX HEOJHOTOYEYHBIX OPOUT JEJIATCA Ha P, OAHOTOUYEYHbIE OPOUTHI HE MOT'YT MCYEPIIBIBATHCSA OLHOM
opbuToii aeMeHTa e. O

YTIPAXKHEHUE 11.15. [TOKa)KUTe, 4TO JI06ast Tpyna G mopsaaka pz, rJe p mpocToe, abeyeBa.

OIPEAEIEHUE I1.I (CUJIOBCKUE ITOATPYIIIIBI)

I[TycTs G — NPOU3BOJIbHAA KOHEeYHas TPyIa. 3anuiieM eé MopsaAoK B Buge |G| = p™m, rae p —
npocToe, 1 > 1, ¥ m B3aMMHO IIPOCTO ¢ p. Beskas noarpymma S C G nopsagka |S| = p™ HasbiBaeTca
cunosckotll p-nodepynnoti B G. KOIMYECTBO CHIOBCKUX P-TIOATPYI B G o603HaaeTcs yepes Ny (G).

TEOPEMA 11.4 (TEOPEMA CHJIOBA)
s mo6oro npocToro p | |G| cHIOBCKYE p-TIOATPYIIEL B G CYIIECTBYIOT. Bce OHM CONPSKEHBI APYT
ZpYTY, ¥ T00ast p-MoArpymIa B G COAEPKUTCA B HEKOTOPOH CHIIOBCKOH p-IIOATPYIIIIE.

JOKASATENBCTBO (K. —II. CEPP). Tlycth |G| = p"m u p } m. O6o3HauMM Yepes & MHOXKECTBO p"-
3JIEMEHTHBIX TIOAMHOXECTB B G ¥ PACCMOTPUM ZleicTBUe G Ha £, UHAYIIMPOBAHHOE JIEBBIM PETYIIAP-
HBIM ZlelicTBueM G Ha cebe. CTabuin3aTop TOUKU F € £ COCTOUT U3 BCeX JIEMEHTOB g € G, JieBoe

o anrnuiicku wreath product.
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YMHOKeHMe Ha KOTOphIe IIepeBOAUT MHOXeCTBO F C G B cebs: Stab(F) = {g € G | gF C F}. Tak kak
gx = x BTpymne G TOJbKO pU g = e, rpymnna Stab(F) cBoOOAHO AelCTBYET HA MHOXKeCTBe F U Bce
OpGUTHI 3TOT'O AEUCTBUA COCTOAT U3 |Stab(F)| Touek. [TosTomy |F| = p™ aenutca Ha |Stab(F)|, oTkyza
|Stab(F)| = p¥, n umeercs creayrowmas anprepHaTHBa: 1160 k < M, ¥ B 9TOM CiIy4ae yIMHA G-OpGHUTEL
aneMeHTa F € € aenuTcs Ha p, ubo k = n, ¥ B 3TOM ciydae moArpymmna Stab(F) C G cuioBckas, a
G-opbuTa snemeHTa F € £ cocTOUT U3 M 37eMeHTOB. Bo BTopoM ciiy4ae 1o npegi. 11.4 kaxzaas p-
moarpynna H C G (B 4aCTHOCTH, KaXZasi CHJIOBCKas TIOATPYIINA), UMeeT Ha G-opbute ameMeHTa F
HeTOABIKHYIO TOUKY gF, a 3HaUMT, COZIepXKUTCA B CUIOBCKOI moArpyme Stab(gF) = g Stab(F) g%,
comnpskEHHOM K Stab(F ), u coBmaiaeT ¢ Held, eciiu H cuoBckas. Takum o6pa3oM, A7 JoOKa3aTeNbCTBa
TeopeMbI OCTAETCs YOEAUTHCS, UYTO B MHOXKECTBE £ ecThb (-0pOuTa, AJIMHA KOTOPOU He JIeJTUTCS Ha P.

Jto cnexyet us geM. 11.1 Hxe. 4
JIEMMA II.I
€] = (pp:l") = m (mod p) He feMTCA Ha P.

n n
JloKA3ATE/BLCTBO. Kitace BEIYeTOB (pp;n) (mod p) paBeH koadduimenty npu xP , BO3HUKAIOIIEMY

npu packpetuu 6uHoMa (1 + x)pnm naz nonem F,, = Z /(p). Tak xak Hag F,, Bo3BeseHue B p-
TYIO CTEIIEHb ABIAETCA aAAUTUBHBIM roMoMopdusmoM, (1 + P =1+ xP", orkyza (1 + x)P'm =

n m n
= (1 + xP ) =1+ mxP + crapmue crenenu. O

CJIEZICTBME I1.2 (IOITIOJTHEHUE K TEOPEME CHUJ/IOBA)
B yciioBusix TeopeMbl CUIOBA YUCIIO Np CHJIOBCKUX P-TIOATPYIII B G IEJTUT M ¥ CPaBHHUMO C eINHULIEN
IO MOZYJIIO P.

JlOKA3ATEILCTBO. O603HAYNM MHOXKECTBO CUJIOBCKUX P-TIOATPYII B G Yepe3 S U pacCMOTPUM JIeH-
cTBUE G Ha S, UHAYIIMPOBAHHOE MPUCOEIUHEHHBIM JieficTBHEeM G Ha cebe. [To Teopeme CruioBa 3TO
JelicTBUE TPaH3UTUBHO, OTKyZa |S| = |G| /|Stab(P)|, roe P € S — npou3BOIbHO B3ATast CHIOBCKAs
p-noarpymnna. ITockonsky P C Stab(P), mopsazgok |Stab(P)| nenurca Ha |P| = p™, a sHauwur |S| genut
|G| /p™ = m, 4To AOKA3BIBAET IEPBOE YTBEPKAECHUE.

Jlns moxasaTenbCTBa BTOPOTO YTBEPXKAEHUS JOCTaTOYHO MMPOBEPUTD, UTO P, eliCTBYs COTpsiKe-
HUAMY Ha §, UM€eET TaM POBHO OJIHY HETIOABIDKHYIO TOUKY, a UMEHHO, caMy ce6s1. Tora mopsAAKY Beex
OCTaJIbHBIX P-0opbuT OyZAyT AeMUThCA Ha P, ¥ MBI ToayauM |S| = 1 (mod p).

[TycTh cunoBckas noArpynmna H € S HENOABMKHA ITPY CONPSXKEHUH OATPYIITOHN P. OTo o3Havaer,
uyTo P C Stab(H) = {g € G| gHg™* C H} u |Stab(H)| = p™m’, rae m’ |m B3aumHo 1pocTo ¢ p. Tak
kak H C Stab(H), moarpymmsl P u H sBasrotcs cuioBckumu B Stab(H). ITockonbKy H HoOpMasbHa B
Stab(H), 1 Bce CWJIOBCKUE MOATPYIIIBI CONPSXKEHBI, MBI 3aKJII09aeM, uto H = P. O

[TPUMEP I1.6 (TPYIIIBI IOPAZKA Pg C IIPOCTBIMU P > q)

ITycts |G| = pq, roe p > q mpoctsle. Torga B G ecTh POBHO OZHA, aBTOMAaTHYeCK! HOpMaJbHasA CHIOB-
cKas p-moarpynna H,, ~ Z /(p). PaccMoTpuM JIt06Y0 CUJIOBCKYIO q-TTOATPYyIILy H gL /(q). Tlockob-
Ky H,, u H, mpoctsl, H,NH, = en G = H,H,. Cornacion’ 11.3 G = Z/(p) Xy Z/(q) Anst HEKOTOPOTO
romomopousma yp : Z/(q) - Aut(Z/(p)).

YIPAXXHEHMUE I11.16. Y6eauTech, 4to Aut(Z / (p)) =~ IF; ~Z/(p-1.

Tomomopouam Y : Z/(q) — Aut(Z/(p)) ~ IF; OJHO3HAYHO 3a/[a€TCST CBOUM 3HaYeHHEM Ha 06pasyro-
medt [1] q> KoTOpas ABJIAETCA 5/IeMEHTOM IopAZKa ¢. [I09TOMy 2/1eMeHT 1) = Y([1] q) € pq(IFp) C IF;
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ABJIAETCS KOPHEM (-1 crernenu u3 1 B none F,. Ilo ymp. 11.4 Ha cTp. 188 rpynna p,(F,) mukmm-
yeckas mopsaaka Hoa(q,p — 1). Mel 3akiaiodaeM, uto eciv ¢ 4+ (p — 1), To BcAkuii romoMopdu3m
Z/(q) — Aut(Z /(p)) TpuBUAaIeH U, cTal0 GBITh, EIMHCTBEHHOM IPYIIION MOPsAKA Pq B 3TOM CIydae
sapnserca Z /(p) X Z /(q). Ecnmu xe q | (p — 1), TO CyliecTByeT HETPUBUAIBHBIN TOMOMOPGU3M

Y: - Auw(Z/(p)), (1] =1, (11-16)

rmen € IF; NOPOX/AAeT MyJIBTUIUIMKATUBHYIO rpynny ,(IF,,). Tomomopdusm (11-16) conocrasiser
KaXXIOMy 37IeMeHTy [y], € Z / (q) aBToMopdU3M Y, Z/(p) > Z/(p), [x], — [nyx]p, U 3a7a€éT
nonynpsmoe npousseaenue Z /(p) Xy, Z/(q) ¢ onepaupmeit

(%11 1) - ([X21ps [¥21q) = (s + 07251, vy + ¥214) - (11-17)

JIro60i1 Apyroii HeTpuBHanbHbINA romoMmopdusm Z/(q) — Aut(Z/(p)) nmeet Bug ™ (1]~ n™, rae
1 £ m £ q — 1, u aBnseTca komrosunyeir romomopousma (11-16) ¢ aBToMopHHU3MOM YMHOXKEHUSA
Ham: Z/(q) > Z/(q), [ylg = [mylg. Ilo mpezn. 11.3 Ha cTp. 194 3azaBaeMoe UM MOIYIpAMOE
npousseierne Z / (p) Xy.m Z/(q) = Z [ (p) Xy, Z / (q). Mb1 3axtodaem, uto npu q | (p — 1) xpome
abenesoii rpymisl Z/(p) X Z/(q) cymecTByeT eAMHCTBEHHAS C TOYHOCTBIO 10 H30Mopdu3Ma HeabeneBa
rpymma nopszaka pq. Ona usomopdua Z/(p) X Z/(q) c oneparnueti (11-17). B yacTHOCTH, A1 IPOCTOTO
p > 2 eAVHCTBEHHOH C TOYHOCTBIO /10 M3o0Mopdu3Ma HeabelreBoOU IPYIION MOPSAKA 2p SABIAETCA
rpynna zmaapal D,.

lcm. npum. 11.2 Ha cTp. 193.



OTBeThI U YKa3aHudA K HEKOTOPBIM yIIpaXKHEHHUAM

Yop. 11.1. Ilyctb g € A,,, h € S, \ A,,. Bcakas nepecTaHOBKa, CONPAXKEHHAA g B S, CONPsDKEHa B A,
6o g, 6o Ady g. PasenctBo Ady, g = Adp, g paBHOCWIBHO paBeHCTBY Ady-1p g = ¢. IloaTO-
My CyllleCTBOBaHUe YETHOM IlepeCcTaHOBKU P yAOBJIETBOPAIOlIel IepBOMy paBeHCTBY PaBHOCIIBHO
CYIeCTBOBAHUIO HEYETHOMN MepecTaHOBKU p~ -h, KOMMYTHpYIOIIEH ¢ g, T. e. KJIacc COMPKEHHOCTH
IIEPECTAHOBKU g B S, He pacliaZjlaeTcs Ha iBa Kjlacca CONPKEHHOCTU B A,, €CJI U TOJIBKO €CJIU L|eH-
TpanusarTop Z(g) coiepKUT He4éTHyIO llepecTaHOBKY. Korzia B IMKJIOBOM THUIIE g eCTh CTPOKA YETHOU
JJIVHBI WIK [iB€ CTPOKH OJWHAKOBOM HeuUéTHOM AJMMHEL, TO Takasd IlepecTaHOBKa eCTb, a eCIU g ABJA-
eTcs IpoU3BeZleHeM IIONIapHO Pa3HbIX IIUKJIOB HEYETHOM JJINHEI, TO — HeT.

Ymp. 11.2. [lpaBas 4yacTb paBeHcTBa |H| = 12, + 12¢, + 205 + 15¢, + 1, mpuBeA€HHadA 110 MOAYIAM 2,
3 u5, paBHa, COOTBETCTBEHHO, 1+¢,, 1 —&; u 1+ 2(g; + &,). OHa AesuTcA HA 2 WK Ha 3 TOJIBKO eCN
&, = 1wm e; = 1. B oboux ciyuanx |H| > 16, Tak uro |H| # 2, 3, 4, 3 - 2, 3 - 4. Ecnu |H| genurca
Ha5,Tog, =¢&, =1u|H| > 25, rakuro |H| #5,2-5,3-5,4-5.Eciu |H| genurcaHa 2 - 3 - 5, TO
Bce &; = 1 u |H| = 60. ITocneaHAa Bo3aMoxkHOCT: |H| = 1.

Yp. 11.3. YTOOHI TIEpeBeCTH OHOMEPHBIE TIOATIPOCTPAHCTBA, MTOPOXKAEHHBIE HETPOTIOPIUOHATEHBIMU
BEKTOpaMHU e, e,, B OJHOMEepHBIe IIOJIIPOCTPAHCTBA, HOPOXKAEHHBIE HEeIIPOIIOPIIMOHAIbHBIMU BEKTO-
paMu v,, U,, AOTIOJTHUM 3TH ITaphl BEKTOPOB /10 6a3ucoB e = (e, ..., e,) U v = (v4, ..., V,). MaTpuna
nepexozia C,, UMeeT HeHyJIeBOM ONpeeuTeNs §. YMHOXas eé TIepBblii cTobel Ha § - moTydaeMm
marpuny F € SL,,. Oneparop x — Fx nepesogut e; BS v, a e, B v,.

ymp. 11.4. [Iyets 1 < k < m. Kiace [k] € Z /() yaosneTBopsieT ypaBHeHuUIo n[k] = 0 eciu ¥ TOJIBKO
ecmum | kn. llonaras m = y Hoa(m, n), n = v HoA(m, n), rae HOA(W, V) = 1, 3akiaiodaem, ytom | kn
ecay v ToNbKO ecnu [ | k, otkyma k = iy, taei = 1,...,HoA(mMm, n).

-1,-1,-1,-1 _ -1 -1,-1,-1 -1 -1

yop. 11.7. a;nya,n,ny a; ny a; = (a;n,a; )a,a,n,ny a; a; )a,n, a; ). Tak kak N Hopmasb-
Ha, a A abeneBa, 3aKIIOUYEHHBIE B CKOOKM ctaraeMblie jiexaT B N.

Ymp. 11.8. [Ipu snumopdusme S, Ha TPyNIly TpeyroilbHUKA U3 IpuM. 10.9 moArpymma 4€THEIX ITepecTa-
HOBOK A, C S, IepeXoAUT B I'PYIITy BpallleHU! TpeyroJbHUKA.

VYrip. 11.9. He BosiHe 04eBUAHO, pasBe YTo MOC/IeAHEE PABEHCTBO

(Qk N Pi) N ((Qk+1 N Pi)Pi+1) = (Qk+1 N Pi)(Qk N Pi+1) .

JleBas 4acTb COAEPXKUT NPaBYIO, MOCKONABKY Qr,1 Q) C Qp u P;P; ; C P;. IIpaBas 4acTb COAEPKUT
JIEBYIO, TAK KaK €C/IA 2JIEeMeHT ¢ € @ N P; umeer Bug ¢ = ab,raea € Qy,y NP, b € Py 4, TO
b = a”'c nexur B Q, a 3HAUUT, U B Q) N Py ;.

vrp. 110, Z/(p™) 24, 2 ... 24,4 2 0,tne 4y, = {[zp* 1 € Z/(p™) | z € Z}.

=z

Y1ip. 11.11. HpOBepKa aACCOMAaTUBHOCTH:

((Xl, h1) - (xy, hz)) - (x5, h3) = (xﬂphl(xz) s hlhz) - (x3, h3) = (xllphl(xz)lphlhz(x3) s h1h2h3)
(x4, hy) - ((Xz, hy) - (x3, h3)) = (xq,hy) - (lephz(x3)a hzhs) = (xllphl (xz¢h2(x3)) > h1h2h3) .

Ho ¥y, (xztphz (x3)) =Yy, ()P, 2Py, (x3) = Py, (X)) p, (x3). CyllecTBOBaHME € AUHULIBL:

(x,h) - (e, e) = (x,Pp(e), he) = (x, h),

209
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IIOCKOJIBKY Y, (€) = e B CHIy Toro, 4To 1, romoMopdusM. CylecTBOBaHIe 06paTHOrO:
(Yr' ™), 7Y - (o h) = (W (T DYR (), RTHR) = (ese).
ymp. 11.12. Takkak : H - Aut N —romomopodusm, ¥, = Idy u
(x1,€) - (x5, 8) = (X1Pe(X5), €) = (X1 X5, €),
T. €. 3JIeMeHTHI (X, e) 06pasyIoT IOArpyIIy, n30MopdHyIo N. OHa HOpMaIbHa, IOCKOJIBKY
0 h) - (o) (Yr' A7) = o ) - (W' 7). A7) = (yp(x)ye)
JneMeHTHI (e, h) 04eBHUIHO 06PasyIOT JOIIOIHUTEIbHYIO IOATPYIILY, U3oMopdHYIo H, 1
Ad e py(x,€) = (Pp(x), e).

ymp. 11.15. Ilyers nentp Z(G) = C. Ecmu |C| = p,1T0C ~ Z/(p) ~ G /C. Ilyctb a € C — ob6pasy-
folas [eHTpa, a b € G — TaKoi 3JeMeHT, YTO CMeXHBIH ktace bC sBsieTcss obpasyiomuieii B G / C.
Torza m060it aneMeHT rpymms: uMeeT Buz b¥a™. Tak kak a neHTpaseH, T06ke Ba TAKUX STeMeHTa
KOMMYTHUPYIOT.

yiip. 11.16. AgauTUBHBIE aBTOMOPGU3MEI rpymikl Z /(p) CyTh THUHEHBIE aBTOMOPGU3MEI OZHOMEPHOTO
BEKTOPHOTO IIPOCTpaHCTBa Ha/ rofieM [Fp,. OHu 006pasyIoT IpyIImy GLl(IF‘p) ~ ]F; HEHYJIEBBIX dJIeMeH-
TOB 1osA [Fp, o ymMHOXeHuIo. Kak U BCsAKas KOHeYHas My/IBTUIUIMKATUBHAs [OATPYINa MO/, OHa
LUK/IAYecKad’ .

'Cm. cr1. 2.3 Ha cTp. 52.
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