§1. Adpdunnas wiockocTh

1.1. BekTopHbIe nIpocTpaHcTBa. PUKCUPYyeM ITPOU3BOJIbHOE none’ k, aneMeHTEl KoToporo Oyzem
Ha3bIBaTh YUCAAMU WIH cKaasipami. MHoxecTBoO V, 27eMeHTH KOTOPOTO MBI OyZieM Ha3bIBaTb 8ek-
mopamuz, ABJIAETCA 8eKMOPHbLM npocmparcmeom Hag noneM k, eciu Ha V onpeZiesieHel onepanys
CJL0J#ceHUSL 8eKMOPO8, CONIOCTABIIAOIAA KaXA0H Nape BeKTOpPOB v, v, € V uxcymmy v; + v, € V,
U ollepallya YMHONCEHUS 8eKMOP08 HA YUCAA, COTIOCTABIAOLAA KaXAbIM BEeKTOpY v € V U ckanapy

A €kBektop A - v = v - A € V Tak, 4YTO BHITOJHSIOTCA CIEAYIOIINE aKCHOMBI.
1. CaolicTBa C/I0XeHUs BEKTOPOB:

(1a) a+b=b+apmascexa,b €V (cm. puc. 1¢1)
(16) a+(b+c)=(a+b)+canascexa,b,c €V (cm. puc. 162)
(1B) umeetcs Takoi Hysnegoli gekmop 0 € V,uroa + 0 = a agnaBcexa € V

(1r) y xaxzgoro BekTopa a € V ecTb npomusononoxcHulil gekmop —a € V, Takoii uto a +
(=a) = 0.

A+b+¢

Puc. 101. [IpaBUiIO MapajuiesiorpaMma. Puc. 102. [IpaBHIO 4eTHIPEXYTONBHUKA.

2. CaolicTBa yMHOXXEHH BEKTOPOB Ha YHca:

(2a) A(ua) =Ap)amgnascexa € Vuiuek

(26) A+wa=Aa+puapmascexac€Vul,uek

(2B) Ma+b)=Aa+Abgnascexa,beVulek

(2r) 1-a=apanascexa eV
[MoamHOXKecTBO U BEKTOPHOTO POCTPAHCTBA V Ha3bIBAETCA 8eKMOPHbIM NOONPOCMPAHCMBOM, ECIIU
JIUIS JIIOOBIX IBYX BEKTOPOB U, w € U Bce uX JIMHeHHble KOMOWHAIUKU AU + UW C IPOU3BOJIBLHBIMU

A, ue Ik Toxxe nexxat B U. VI3 HamMcaHHBIX aKCHOM (l)OpMa]'IbHO BBITEKAET elllé HeCKOJIbKO NHTYUTHUBHO
OXHUZAaeMBbIX CBOMCTB onepau;m?l Ha/Zl BEKTOpaMu.

1 Tounoe omnpezieneHre nossA OyZeT AaHO B Kypce anre6pel (cM., Hampumep, JekKuuwo http:/gorod.
bogomolov-lab.ru/ps/stud/algebra-1/1314/lec-02.pdf).

2BeKTOpHI IPOAYKTHBHO MPE/ICTABIATH Cebe Kak HalpaBIeHHBIe OTPe3KH, PACCMATPHBAEMBIE C TOYHOCTBIO
JI0 TTapaJUIeJIbHOTO IlepeHoca.


http://gorod.bogomolov-lab.ru/ps/stud/algebra-1/1314/lec-02.pdf
http://gorod.bogomolov-lab.ru/ps/stud/algebra-1/1314/lec-02.pdf
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JIEMMA 1.1
B KaxZIoM BEKTOPHOM IIpocTpaHcTBe V HysmeBoii BekTop 0 € V eauncTBeH. s moboro a € V npoTu-
BOIIOJIOXKHBIN K @ BEKTOP —a OZHO3HAuHO ompefensaercd 1o a. Kpome toro, 0-a = 0u(—-1)-a = —a,

rge 0 u —1 B JIeBBIX YacTAX PaBEeHCTB CcyTh uncia u3 nosid k, a 0 ¥ —a B mpaBBIX — BEKTOPHI U3 IIPO-
crpaHcTBa V. AnanoruuHo, A1 - 0 = 0 gy Bcex A € k, rae 0 € V — HysneBoii BekTop.

JJOKABATEILCTBO. JIjIs OOBIX AIBYX HyneBbIX BeKTopoB 0,,0, € V mo akcuome (1B) BBIIOTHAETCA
paseHctBo 0, = 0, + 0, = 0,. Eciu BekTOpH! b 1 ¢ 06a IPOTUBONONIOKHEI K @, TO b = b+ 0 =
=b+(a+c)=((b+a)+c=0+c = c. Ecu K IeBOHA U ITPaBOH YaCTSIM PaBEHCTBA

a+0-a=1-a4+0-a=(1+0)-a=1-a=a

pUOaBUTH IPOTUBOIIOJIOXKHEIN K @ BEKTOP —a, MBI HoxydyuM 0 - a = 0. AHaJIOTUYHO, PUOaBIIAS K
o6eum gactam paBeHcTBaA -0 =1-(0+0) = A0+ 1 - 0 BeKTOp, IPOTHUBOMOJIOXKHBIHA BEKTOPY A - 0,
noydaeM 0 = A - 0. BekTop (—1) - @ MpOTUBOTONOXKEH K @, MOCKONbKYy a +(—1)-a=1-a+(-1)-a =
=(1-1)-a=0-a=0, O

[IPYIMEP I.I

[Tpocreiimue nmpuMepbl BEKTOPHBIX IPOCTPAHCTB CYTh Hyse80e WIN mpusuanbHoe npocmparcmao 0,
COCTOsIIIlee U3 OZHOTO JINIIb HyseBoro BekTopa 0, Takoroyto 0 + 0 = 0 = —0u A - 0 = 0 a4 Bcex
A € k, a Takxke camo none Kk, rae ciioykeHrie BEKTOPOB U UX YMHOXKEHUE Ha YHCJIA CYTh CJIOXKEHUE U
YMHOXeHMe, KOTOpble UMeloTcs B mmoste k.

[TPUMEP 1.2 (n-MEPHOE KOOPZIMHATHOE ITPOCTPAHCTBO k™)
ITo ompeeieHnIo, BEKTOPaMH IpocTpaHcTBa K™ ABIAIOTCA yropsagoueHHble Ha6OPhI U3 1 apcern’

(1, %5, .. %,), x; €Ek.

CioxeHue BEKTOPOB U UX YMHOXXE€HHME Ha YHCJia 3aJal0TCA IIpaBUWIaMU

def

(X1 X2s oo s X)) + (V15 Voo o5 V) = (X + Y4, X + Yoy oo Xy + V)
Ao (X Xgs ey X)) & (Axy, Axy, .0, AXy,)

TTPUMEP 1.3 (ITPOCTPAHCTBO MHOT'OYJIEHOB)

MHorouwieHsI ¢ Ko3dduireHTaMu B mmose k 06pa3ytoT BEKTOPHOE MPOCTPAHCTBO Haz k OTHOCUTENTBHO
oTiepariyii CJI0XKeHMsI MHOTOWIEHOB ¥ YMHOXKEHUS UX Ha KOHCTAHThI. DTO MPOCTPAHCTBO 0603HAYAET-
ca k[x]. MHoTOWIEHBI CTelIeHU He BhIllle n 06pasyioT B k[x] BEKTOpHOE MOAPOCTPAHCTBO, KOTOPOE
MBI Oyziem o603Ha4ath K[x] .

1.1.1. JIuneiiHbie oToOpaxkenusa. Otobpakenue F . U — W u3 BekTopHOro npocrpaHcTBa U B
BEKTOPHOE ITPOCTPaHCTBO W Ha3bIBaeTCs UHElIHbIM, €CJIA OHO IEPECTAHOBOYHO CO CIOXKEHUEM BEK-
TOPOB U MX YMHOKEHHEM Ha YHCJIa B TOM cMbIcie, 9To F(aa+ b)) = aF(a)+ S F(b) pnascexa,b € U
ua,f € k. BeKTopHBIE IPOCTPAHCTBA, MEXKIY KOTOPBIMU UMEETCsI B3aUMHO OIHO3HAYHOE JTMHEWHOE
oToOpakeHue, HAa3bIBAIOTCA UB0OMOPPHLIMU, & CAMO 3TO OTOOPaKEHHE HA3BIBAETCS U30MOPPHUMOM
BEKTOPHBIX MTPOCTPaHCTB. Mi3oMopduamsel I/ = V mpocTpaHCcTBa ¢ caMUM COO0I0 HA3bIBAIOTCSA ABMO-
Mop@uzmamu. ABTOMOPGH3MEI BEKTOPHOTO IPOCTPaHCTBa I/ 06pasyIoT 2pynny npeobpasosanuii’. Ita
rpyma o6o3navaercs GL(V) 1 HazbIBaeTCs NOMHOL JUHEUHOU 2pynnoli BEKTOPHOTO TIpocTpaHcTBa V.

! Jlna sxoHOMUM GyMard MbI ITHIIEM UX B CTPOUKY, HO MHOIZA GEIBAET YAOBHO IIPeZiCTAB/IATh BEKTOPHI IPO-
crpanctBa K™ u B Buzie CTONGIIOB.
2Cm. cTp. 5.
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[IPUMEP 1.4

IIpoctpancTBo Kk[x]¢, MHOrOWwIeHOB CTeNEHH He BhIlle N UBOMOPQHO (1 + 1)-MepHOMY KOOpAUHAT-
HoMmy nipoctpancTBy K" mocpescTBOM THHEHHOT0 61eKTUBHOTO OTO6PaKeH A, CONIOCTABIAIOIIETO
MHOTOWIeHy ayx" +a,x™ ! + -+ + a,_, x + a, Habop ero koadduLmeHToB (Ay, Ay, ..., A,) € K.

[IPEAOCTEPEXKEHUE 1.1. O6partute BHUMaHUe, 4To orobpaxenue ¢ : k — Kk, 3azanHoe dpopmynont
¢(x) = a - x + b, KoTOpoe B ILIIKOJIe IPUHATO Ha3bIBaTh «IMHENHON QyHKIMeH», TMHEHHO B CMbICIe
n°1.1.1 moneko ipu b = 0. Ecmu ke b # 0, To p(Ax) # Ap(x) u p(x + y) # @(x) + @(y), T.€. @ He
SBJIAETCS INHEHHBIM 0TOOpasKeHUEM.

VIIPAXKHEHMUE I.1. JIOKaXXuTe [J1s1 JII000r0 TnHeliHOro oTo6paskenus F paBerctBa F(0) = 0u F(—v) =
=—F()ansaBcexv € V.

1.1.2. IIponopryoHaJbHbIE BEKTOPHI M OJHOMEPHbIE IIPOCTPaHCTBa. BeKTOPE! a U b U3 Bek-
TOPHOTO IPOCTPAHCTBA I/ HAa3BIBAIOTCA NPONOPUUOHANBHBIMU, ECTTU X - A = Y - b Z/IT HEKOTOPBIX YHCEN
x,y € k, He paBHBIX OZHOBPEMEHHO HYJIO. TaKKM 006pa3oM, HyJIEBOM BEKTOP IPOIOPIIMOHAJIEH JIIO-
60My BEKTOPY, a IIPOIOPIHOHATLHOCTL HeHY/IeBLIX BEKTOPOB a U b o3HavaeT, uToa = Abub = 17 a
JI1s1 HeKoToporo HeHyseBoro A € k.

BeKTOpHOe MPOCTPAHCTBO V HasbIBaeTcsa 00HOMEpPHbIM, YTO TIPUHATO 3aMUCHIBATH PABEHCTBOM
dimV = 1, eciiu B HEM eCTh HEHYJIEBBIE BEKTOPHI, HO BCE OHU MPOIOPIMOHAIbHEL YT ApyTy. PUK-
CUpyA B OZHOMEPHOM IIPOCTPAaHCTBe V' KakoW-HUOYZAb HEHY/IEBOH BEKTOP €, Mbl MOXXEM OZHO3HAYHO
3ammcarh Jito6oli BeKTop v € V kak v = xe ¢ x € k. Takoe npeicTaBieHre eAMHCTBEHHO, TOCKOIbKY
U3 PaBEHCTBA Xe = ye BBITEKAET, uTo (x — y)e = 0, oTkyZa x — y = 0, u60 B MPOTUBHOM CJIy4ae,
yMHOad obe yacTy paBeHcTBa (X — y)e = 0 Ha uucao (x — y) ™%, MBI OTy4mmm 661 e = 0.

Yucio x Ha3bIBaeTCs K0opOUHAmoll BEKTOpa ¥ = Xe OTHOCUTENbHO 6a3ucH020 BeKTOpa e. OTob-
paxenue V — Kk, nepeBogsiee Kax/blii BEKTOp v = xe € V B ero koopauHaty x € k ycraHaBnuBaet
usomopdusm Mexzay V u k. ITpu Bri6ope Apyroro 6a3ucHoro Bektopa e/ = Ae koopAuHaTa x’ Kax-
poro Bektopa v = x' e’ = x’le = xe oTHOCUTENLHO 3TOr0 HOBOrO 6a3MCHOTO BEKTOPA CBA3aHA CO
CcTapoif KoOpAMHATO X cooTHOmeHueM x = A7 x.

Kaxxzoe uHeiiHoe oTobpaxenue F : V = V ogHOMEpHOTO MpocTpaHcTBa V' B ce6s1 0/HO3HAYHO
3a/1aéTcs TeM, Ky/Zla OHO ITePEBOUT KaKoW-HUOYAb 6a3uCHBIN BeKTOp e mpocTpatcTia V. Eciu F(e) =
= JAe, TO AJIA IPOU3BOJLHOTO BeKTOpa v = xe noiayduM F(xe) = xF(e) = Axe. B yacTHOCTHU, 3H/O-
Mopdusm F 6o oTobpakaeT Bce BEKTOPHI B HYJb, TMOO SBJISETCA TOMOTETHUEH C HEHYIEBBHIM KO3®-
¢dunmentom A € k. Takum o6pa3om, mosiHas auHeliHas rpymnna GL(V) ogHoMepHOro npoctpaHcTBa V
COCTOUT U3 TOMOTETHH C HeHy/IeBBIMU K03 uIeHTaMu 1 n30MophHA MYJIbTUIUIMKATUBHOM TPYII-
e K" HeHyseBBIX 31eMeHTOB Mo K.

1.2. /IByMepHO€E BEKTOPHOE IPOCTPAHCTBO. BEKTOpHOE ITPOCTPaHCTBO V Ha3bIBaeTCss 08yMepHbIM,
YTO IPUHATO 3aMKUCHIBATh paBeHCTBOM dim V = 2, ec/ii B HEM eCTh ITapa HeIPOMOPIIUOHAIbHBIX BEK-
TOPOB €., €,, U KAKABIM BEKTOp v € V BRIpaKaeTcs 4yepe3 HUX B BUJE V = X, €, +X,€,,Tae X, X, € k.
JIrobas mapa BEKTODPOB e, e,, 0b1ajaolas STUMHU AByMA CBOMCTBAMM, Ha3bIBaeTcA 6A3ucom Mpo-
crpaHcTBa V. KoadduimeHTs X, , X, pa3noXeHUA BEKTOpa v M0 6a3ucy 00HO3HAUHO OTIPeJessIoTCsA
BEKTOPOM v U 6a31COM, IOCKOJIBKY U3 PaBeHCTBA X, e, + X,€, = Y,;e; + Y,e, BEITeKaeT paBeHCTBO
(x, —y)e; = (x, — y,) e,, BO3MOXKHOE TOJIBKO IIpH (x; — y;) = (x, — ¥,) = 0 B cuiy Toro, 4Tro

1060osnauenne dim sipseTcs cokpaireHuieM ot dimension (pa3MepHOCTB). B MMOIHOM OBIIIHOCTH MBI 06CY-
vM 3To ToHATHE B n° 4.1 Ha cTp. 48 HIKe.
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BEKTODHI e, U e, He IPONOPIHNOHANbHEL. ducna x, X, € k U3 pasnoxenus v = x,e; + x,e, Ha3blBa-
I0TCS KOOpOUHamamu BeKTopa v B 6asuce e = (e,, e,). ComocTanss KQKAOMY BEKTOPY cTobel] ero
KOOpZAMHAT B 6asuce e, MblI TIOJTly4yaeM 6EKTUBHOE OTOOpakeHMe

x
Ce i VK, v=xe +xe, > <x1>ek2.
2

YIIPAXKHEHMUE I.2. [IpOoBepbTe, UTO 3TO OTOOpakeHUe IUHENHHO, T. €. IPU CJIOXKEHUU BEKTOPOB CTOJIO-
I[bI UX KOOPAWHAT CKJIAABIBAIOTCS, & IPU YMHOXXEHUU Ha YUCJIO — YMHOXKAIOTCA HA YUCJIO 110
TpaBUIaM KOOPAMHATHOTO MpocTpaHcTBa k2.

TakuMm 06pa3oM, BCsAKOe ByMepHOe BEKTOPHOe IIPOCTPAHCTBO V' n30MOpdHO KOOPAUHATHOMY IIPO-
crpancTBy k?.

1.2.1. Omnpegenurens 2 X 2. [[PONOPUMOHATBHOCTD BEKTOPOB a = (a;,a,) u b = (by, b,) B k*
paBHOCWIbHA PaBeHCTBY IIepeKPECTHBIX IpOU3BeZieHul a, b, = a,b,. HYucio

det(a,b) £ a,b, —a,b, (1-1

HasbIBaeTcA onpedenumesniemM BeKTOPOB a, b € k? wim 2 X 2-MaTpHUIIBI, COCTABIEHHOH U3 KOOPAUHAT
3TUX BEKTOPOB. B mociieZiHeM citydae onpezenuTeNb 3alTMChIBAIOT KaK

a, b a, a
det <a: bz) — a.b, — ajb, = det (bi b;)

ObpaTtuTe BHUMaHUe, YTO HEBAXKHO, KAKUM 00pa3oM 3allrCaHbl KOOPAWMHATHI BEKTOPOB — I10 CTPO-
KaM WK TI0 CTOJI61[aM MaTPHUIIbI, TIOCKOIbKY BenndyuHa (1-1) He MEHSAETCs IPU OTPaKEHUH MaTPHITHI
OTHOCHTE/ILHO MATOHA/IH, BeAyleil U3 IEBOIO BePXHEro yIia B IIPaBblil HUKHUIT' . OUeBUAHO, YTO
J7fl BeeX BEKTOpOB a, b, ¢ € k? u uncen A € K BHIMOMHAIOTCA paBeHCTBA

det(a,b) = 0 < a u b IPONOPLUOHATBHEI (1-2)
det(a, b) = —det(b, a) (1-3)
det(Aa, b) = Adet(a, b) = det(a, 1b) 1-4

det(a + b, ¢) = det(a, ¢) + det(b, ¢)

(1-5)
det(a, b + ¢) = det(a, b) + det(a, ¢)

VIIPAXKHEHUE 1.3. YbeauTech B 5TOM!

CaotictBo (1-3) Ha3bIBaeTcs 3HakonepemeHHocmsto, (1-4) — o0HopodHocmwbio, (1-5) — addumusHo-
cmoto. BMecTe OMHOPOJHOCTh U aAJAUTHUBHOCTh O3HAYAIOT, YTO OIPEAETUTEND JUHeeH TI0 KOKIOMY
13 IByX CBOMX apTyMEHTOB, T. €. 6uwiuHeeH. VI3 GUIMHEHHOCTH BHITEKAET, YTO /IS TIOOBIX BEKTOPOB
a,b,c,d € k? v xoHCTaHT «, B,v,8 € Kk BBINOTHAETCS TO K& caMOe MPABUWIO PAaCKPHITUS CKO6OK2,
YTO U JIs1 IPOU3BEZIEHNS YHCE:

det(aa + Bb, yc + 8d) = ay det(a, ¢) + aé det(a, d) + By det(b, c) + B det(b, d) .

13Ta AraroHa/b Ha3bIBA€TCA masr—toﬁ, a OTpaXXe€HHne MaTpUllbl OTHOCUTE/JIBHO [JIaBHOM AviaroHajii Ha3blBa-
€TCA MpPAaHCNOHUpOo8aHUeM.
2BTO IIpaBUJIO HA3bIBAIOT 6ucmpu6ymu6Hocmbro Wi pacnpe@eﬂumeﬂbr—tbuw 3AKOHOM.
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JIEMMA 1.2
KaxkZiad mapa HeIpoIOpIMOHAMLHEIX BeKTOPOB a, b € k? apnaeTca 6asucom. KoapduimeHTs! pasio-
’KeHMs TIPOM3BOJIbHOTO BekTopa v € k? 1o aToMy 6a3ucy BEMUCIAIOTCA 10 npasuty Kpamepa:

x = det(v, b) /det(a, b)

v=x-a+y b = (1-6)
y = det(a,v)/det(a, b).

JOKA3ATENBCTBO. ECc/in nMeeTcs pasioxenumev=x-a+y- b, TO U3 OMJIMHENHOCTH I KOCOCHMMET-
PHUYIHOCTH OIIPEAEIUTEIA BEITEKAIOT paBEHCTBA

det(a,v) = det(a,x - a+y-b) = x - det(a, a) + y - det(a, b) = y - det(a, b)
det(v,b) =det(x-a+7y-b,b)=x-det(a,b) +y - det(b,b) = x - det(a, b),

13 KOTOPHIX X U Y OAHO3HAYHO BhIpaxkaloTcd B Buze (1-6). [lia okasaTebCcTBa CyIieCTBOBaHUA pas-
JIOKEHUs v = X - a + y - b 3ameTum, 4to pasHocTs v — a - det(v, b) / det(a, b) npomopunonanbua
BEKTODY b, T. K. det(v —a-det(v,b)/det(a, b), b) = det(v, b) — det(a, b) - det(v, b)/det(a, b) = 0.
[Mostomy v = a - det(v, b) /det(a, b) + b - y anst vexkoroporo y € k. U

CJEICTBUE I.I
B nm060M IByMepHOM BEKTOPHOM IPOCTPAHCTBE JII0ObIE ZIBa HEMPOIIOPLIMOHANBHBIX BEKTOpa 06pasy-
10T ero 6asuc. O
X1

YIIPAXXHEHUE 1.4. HYCTB BEKTOP V UMEET B 6asuce (ul, uz) KOOpZAMHAaThL <x >, a BEKTOPHBI U, U

2

c
U,, B CBOIO OYepeb, UMEIOT B HEKOTOPOM ApyroM 6asuce (W, W,) KOODAUHATHL U, = < 11> u

c

_ [ 12 .

u, = <c > . Halizure koopauHatsl BekTopa v B 6asuce (w,, w,).
22

1.3. Ilnomazgs OpUeHTHPOBAHHOTO Hapavienorpamma. Pyukuusa s © V X V — Kk, comocrassto-
mas KaKAoH yIopsZoueHHOH Tape BEKTOPOB a, b IByMEepPHOTO BEKTOPHOT'O TIPOCTPAaHCTBA V 4HCIIOo
s(a, b) € k, Ha3pIBaeTCA N10WA0bI0 OPUEHMUPOBAHHO20 NAPAJLAEN0ZPAMMA, €CIU JIJISI IIOOBIX BEKTO-
poBa,b € V uyucen A, u € k BEIMOIHAIOTCA paBEHCTBA

s(a,b + Aa) = s(a,b) = s(a + ub, b) (1-7)
s(Ada,b) = As(a, b) = s(a, Ab). (1-8)
[lepBoe M3 HUX O3HAYAET, YTO IUIONIAb MapauleJilorpaMMa He MEHSAETCS IIPY MapauleJIbHOM Iepe-

HOCE OJHOI U3 €r0 CTOPOH BZAOJIb caMOi ce6sl: TPeyroIbHUK, KOTOPBII IIPU 3TOM OTpe3aeTcs, apal-
JIeTbHO CABUTAeTCs U IIPUKJIeNBaeTCA C IPYTol CTOPOHBL, Kak Ha puc. 103.

\a \a

a
Puc. 104. OpreHTHPOBaHHBIN
rapasuieJIorpaMM.

Puc. 103. [Inomaab He MeHsIeTCS.
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Bropoe cBoiicTtBo (1-8) yTBep:KAaeT, 4TO P M3MEHEHUU O/IHOM M3 CTOPOH MapajuiesiorpamMma B A
pas wiomaab Takke u3MeHsercsa B A pa3. B wactHocty, s(—a,b) = —s(a,b) = s(a,—b), T.e. wio-
b MeHsiem 3HAK TIpYU CMeHe 3HaKa OHOTO M3 BEKTOPOB. B ITKOJBHOM Kypce TeOMeTpUM Haj 1Mo-
jgeM k = R mpUHATO CYMTATh, YTO ILUIOIAAb MOMOXKUTENbHA U S(Aa, b) = s(a,Ab) = |A| - s(a, b).
OTKa3bIBasACh OT HONOXKUTENLHOCTH, MbI He TIPOCTO YIIPa3AHAeM MOZAY/Ib., HO IOMHUMO a6COMIOTHOI
BeJINYMHEI IUIOIIAAU YIUTHIBAEM TaKKe U OpUeHmayuio mapaiesorpaMma. Ha BelecTBeHHOM KOOP-
AUHATHOM InockocTy R? ymopsazodeHHbIe Taphl BEKTOPOB (a, b) reoMeTpUYecKy OTIMYAI0TCA APYT OT
ZIpyra TeM, B KaKyl0 CTOPOHY ITPOUCXOJUT KpaT4alluii TOBOPOT, COBMEMIAIOIINI HallpaBJIeHUe Tiep-
BOT'0 BEKTOPA C HallpaBjieHueM BTOporo. Te mapbl BEKTOPOB, AJIT KOTOPHIX TAKOM TOBOPOT IMTPOUCXOAUT
MIPOTHUB YaCOBOM CTPETKU, HAa3bIBAIOTCS NOJIOHCUMENbHO OPUEHTUPOBAHHBIMHU, a Te, AJIT KOTOPHIX TI0
YacOBOMU CTpeIKe — ompuuamesibHo OpUeHTUPOBaHHBIMU. PaBeHCTBO S(—a, b) = —s(a, b) o3HavaeT,
YTO IUIOIAZb MEHSET 3HAK IIPU CMeHe OpUeHTallny TapauieJiorpaMMa Ha TIPOTHUBOTIONOKHYIO, KaK
Ha puc. 1¢5.

a —a

Puc. 105. CMeHa opueHTaluy [IpY CMeHe 3HaKa.

JIEMMA 1.3
Kaxgasn dyuxims wiomazu s . V XV — k obpaiaeTcs B Hy/Ib Ha apax MPOTIOPIUOHATBHBIX BEKTO-
pOBZ, 3HaKonepeMeHHa: s(a, b) = —s(b, a) v agaUTUBHA:

s(a,b+c)=s(a,b)+s(a,c) Vab,cek?. (1-9)

JIOKA3ATEIBCTBO. IlepBhie IBa CBOMCTBA BBHITEKAIOT mpsamo u3 (1-7) u (1-8):

s(Av,v) =s(0+ Av,v) =s(0,v) =s(0-0,v)=0-5(0,v) =0,
s(a,b) =s(a,a+b) =s(a—(a+b),a+b) =s(—b,a+b)=—-s(b,a+b)=-s(b,a).

JlokaxkeM ai;UTUBHOCTD. EC/Ii BEKTOP a MPOIOpIIOHaeH U BeKTOPY b, 1 BEKTOPY C, TO OH IIPOTIOp-
IIMOHAJIEH U UX cyMMe b + ¢. B aToM cirydae Bce Tpu 1wiommazu B (1-9) sanymstorcs. Eciu BeKTOp a He
MPOTIOPIIMOHAJIEH, CKAaXKEM, BEKTOPY b, To a U b cocTaBiaioT 6asuc, u ¢ = aa + Bb Ang HEKOTOPBIX
a, [ € k. B aTom ciy4ae sieBasi u mpaBast 4acTu (1-9) Toxke paBHBI APYT APYTY:

s(a,b+c)=s(a,b+ aa+ Bb) =s(a,(1+ B)b) =1+ B)s(a,b),
s(a,b) + s(a,c) = s(a,b) + s(a,xa + fb) = s(a, b) + s(a, fb) =
s(a,b) + Bs(a,b) = (1 + B)s(a,b).

O

Y10 3HAYMTENEHO YIIPOIAET BEIYICIEHHA H ielaeT UX OCMBICIeHHBIMY Hazl Mo6sM moneM k.
2B yacTHOCTH, KOT/Ia OAVH U3 BeKTOPOB HYJIeBOIl WIH KOI/A Ba BeKTOpa COBIAZAIOT APYT C APyroM. CBOii-
cTBO S(a, a) = 0 Ha3BIBAIOT KOCOCUMMEMPUUHOCMbIO, CM. YIIP. 1.5 HIDKe.
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VIPAKHEHUE 1.5 (KOCOCUMMETPUYHOCTh ¥ 3HAKOTIEPEMEHHOCTb). OYHKITUSA OT ZIBYX apryMEHTOB
f: VxV — knassiBaeTcsa kococummempuuroil, ecnu f(v,v) = 0 ansa Bcex v € V. Yoeautecs,
YTO BCsAKAs OWIHMHEHHAs KoCOCUMMeTprUYHasa GyHKITHA 3HaKoTlepeMeHHa, a korza 1 # —1 B mose
k, To 1 Ha060POT, Bce 3HaKOIIEpeMeHHbIE PYHKIINU KOCOCUMMETPUYHEI.

TEOPEMA 1.1

Ha KOOpAMHATHOM BEKTOpPHOM mpocTpaHcTBe k? uMeeTcs eJMHCTBEHHAsA C TOYHOCTBIO ZI0 IPOIIOP-
IIMOHATBHOCTH HeHyneBast QyHkuys wiomazu. Oua umeet Bug s(a, b) = ¢ - det(a, b), rme KoHcTaHTa
¢ = s(e,, e,) paBHa IUIOIAAN CTAaHAAPTHOTO 6Aa3UCHOr0 ITapa/UleiorpaMMa Ha BEKTOpax

() + o)

JIOKA3ATE/IBCTBO. B Ty aAAUTUBHOCTH, OZHOPOAHOCTH 1 3HAKOIIepeMeHHOCTH GYHKIUH S(a, b) AT
/0601 Iapel BEKTOPOB A = a, e, + a,e, U b = f; e, + 5, e, BHIIOIHAIOTCA PABEHCTBA

s(a,b) = s(a e, + aye,, fieq + fre;) = (a B, — ayf;)s(ey, e,) = det(a, b) - s(e,e,).  (1-10)

[MToaTomy Bce GYHKIMH IUIOIIAAM IIPOITOPIMOHANIBHEI OpeAeauTeto. C Ipyroi CTOPOHBL, U3 CBOMCTB
onpegenutess (1-2) — (1-5) BeITekaeT, 4ro npu aobom A € k dyukius s(a, b) = ¢ - det(a, b) yaosne-
TBOpsieT cooTHomeHusaM (1-7), (1-8) uipu A # 0 gBIAeTCS HEHYIEBOM. O

C/JEJCTBUE 1.2

Ha sm060M IByMepHOM BEKTOPHOM IIPOCTPAHCTBE V MMeeTcs eIMHCTBEHHASA C TOYHOCTHIO ZI0 TIPO-
HOPLUOHAIBLHOCTH HeHy/eBad GpyHKIwmA mwiomaay. Eciv BeKkTopsl e = (e, , e,) 06pasyioT B V 6asuc, a
BEKTOpHL a = a, e, + a,e, ub = f,e; + f,e, IPOU3BOJIbHHI, To!

s(a,b)/s(es,e,) = det (a,b) = a8, — a,B;
JU1s1 TG0 HeHyIeBoM GYHKIMY IUIOIIAAN S Ha IIPOCTpaHCTBe V., O

C/IEZCTBME 1.3
KoopauHatsl BeKTOpa v = ax + by B mo6om 6asuce (a, b) IByMepHOro BEKTOPHOI'O IIpocTpaHcTBa V
paBHBI OTHOLIEHUAM IUTonazeit x = s(v, b)/s(a, b), y = s(a,v)/s(a, b). O

1.4. Abdunnsie? npocTpaHcTBa. MHOXECTBO A Ha3BIBAETCH APGHUHHBIM NPOCMPAHCMBOM HAJl BEK-
TOPHBIM ITPOCTPAHCTBOM V| ecyii KaXk/[0M yTIOpsiZI0ueHHOM ITape To4eK a, b € A colocTaBieH BEKTOD
ab € V Tax, 4To A5 1060 TOUKH p € A 0TOGpaKeHUE 8eKMOPU3AYLU C UEeHMPOM 8 P

v,: A=V, qv~pq,

B3aMMHO OZHO3HAYHO, U I JIIOOBIX TPEX (He 06513aTeNbHO Pa3INYHEIX) TOYEK a, b, ¢ € A BBIIOIHSA-
eTcA npasuio mpeyzonshuka ab + bc = ac.

131ech u gajiee MBI 0603HAYAEM yepe3 det,(a, b) onpenenuTesb MaTpUILEl, 06pa30BaHHOMN CTOIGLAMHU KO-
opAVHAT BEKTOPOB a, b B H6asuce e.

1 Tepmun a@@ummblii He JOMKEH BHI3BIBATE «IPEUECKUX» PEMUHUCIEHITNI — 3T0 6aHATbHAA KaTbKa C aH-
IIUHCKOTO affine (aCCOIMMPOBAHHBIN).
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VHaye MO>XKHO CKa3aTh, YTO C KaXKAbIM BEKTOPOM ¥V € V cBsa3zaHo npeo6pa303aHue c@euaal

v . A=A, pHp+v,

CO CJIEAYIOMMMU /IByMsI CBOMCTBAMM: /TSI KOXKJOU Maphl TOUEK p,q € A mMeercs eAMHCTBEHHBIN
TaKoM BeKTOp v € V, uTo p + v = q, U 151 TOOBIX BEKTOPOB U, W € V BBIMIOJHAETCS PABEHCTBO

Tu°Ty = Tyutw -

BTopoe omucaHne 5KBUBAJE€HTHO IEPBOMY: BEKTOP U € V €O CBOICTBOM p + ¥ = ¢, 0 KOTOPOM UJET
P€Yb BO BTOPOM OIIpEAECJI€HNN, 3TO BEKTOD p_q) M3 IIEPpBOr'o OIIpeeJIeHN A, a IpaBWIO TPEYTOJIbHUKA U3
IIEPBOTI'O OIIpe€AeJ€EHUA O3HAYAET paBEHCTBO Tu ° T‘IJ = Tu+w BO BTOPOM.

VIIPAXXHEHUE 1.6. YOeAUTECh B TOM U BEIBEAUTE U3 onpeaeﬂeHI/m YTO: A) aa = 0 ans Bcex ToueK
a € A B)p§ = —qp 1A Bcex TOYek p,q € A B) ab = dc < bc = ad JUTs1 TI060M YeTBEPKU
Touek a,b,b,d € A.

[TPUMEP 1.5 (AGOUHHAS KOOPAWHATHAS TIOCKOCTh A?)

MuoxectBo A% = A?(k), ToO4KaMK KOTOPOTO ABIAIOTCA Taphl urces p = (py, p,) U3 oA Kk 1 Toukam
P, q COTIOCTaBIISIETCS BEKTOP PG = q — P = (¢4 — P1» 4 — D,) OUYEBUHO YAOBIETBOPSIET IPEABIYIIIM
onpegenenusaMm. OHO Ha3bIBaeTcs apdurHoll koopouHamHoil niockocmeoto Haf onem k.

[IPUMEP 1.6 (IIPUBEJEHHBIE KBA/IPATHBIE TPEXYUIEHBI)
ITpocTpaHcTBO P,, TOUKAMU KOTOPOT'O ABJIAIOTCS l'IpI/IBe,ZI;éHHbIez KBa/[paTHbIE TPEXWIEHBI

p(x) = x? + p1x +p, € K[x],

He fABJIIeTCA BEKTOPHBIM IIPOCTPAHCTBOM, IIOCKOJIBKY CyMMa IIPUBEEHHBIX MHOTOWIEHOB U IIPOM3Be-
JleHre NIpHBeEHHOT0 MHOTOWIeHa Ha YUCJIO He ABJIAITCA NIPUBeAEHHBIMY MHOrowieHaMu. OfiHaKo
pasHoCTH ¢ —p = (q; —P;)x+(q, —P,) IPUBEAEHHBIX TPEXINEHOB q = X°+q,X+q, UD = X°+p, X +D,
o6pasyroT BeKTOpHOe npocTpaHcTBo V' = K[x]¢, MHOI‘O‘UIeHOB creneHd < 1, ¥ IpU IPOU3BOJIBHO
3apUKCUPOBAHHOM MHOTOWIEHE P COTIOCTABNEHUE  — DG = (¢, — P1,q, — D,) YCTaHABIMBAET GU-
exiuio Mexay P, u V, y10BIeTBOPSIONIYIO IPeBIAYIINM OollpesieleHusAM. [103ToMy IpocTpaHCcTBO P,
aBAeTcs apPUHHOM IIOCKOCTHIO HaZl IPOCTPAHCTBOM MHOTOWIEHOB CTEIeH! < 1.

[TPUMEP 1.7 (A@®UHU3ALMA BEKTOPHOT'O [TIPOCTPAHCTBA)

VI3 ka>x1oro BEKTOPHOI'O TpOoCTpaHcTBa IV MoXkHO U3roToBUTh adpdunHoe mpocTpancTBo A(V), Hasbl-
BaeMoe agduHusayueil BeKTopHOro mpocrpancrsa V. Toukamu nnpoctpancTsa A(V) o onpezeneHuo
ABJAIOTCA BekTophl U3 V. B npocTtpancTtBe A(V) uMeetca BelZieieHHadA Todka 0, oTBevdaromas Hyse-
BOMY BEKTODY, a Bce OCTaJbHble TOYKU IIPOJYKTUBHO BOCIPUHHUMATh KaK «KOHI[bI» BCEBO3MOXKHBIX
«paZinyc-BEKTOPOB» UV € V, OTIOKeHHBIX OT Hy/neBol Touku. Casur 1, . A(V) — A(V) nepeBoaut
TOYKY @, OTBEYAIOLIyI0 pafnuyc-BeKTopy a € V, B TOUKY a + v, OTBeYalolIylo paJlyc-BeKTOpY a + V.

Winu ominaduisanue sekmopa v oT Todek A € A.
2T. e. co cTapimM koapdduIeHTOM 1.
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1.4.1. Abpdunnas cucreMa KoopAUHAT Ha adGUHHOI MIocKocTU A? MO OMpeeIeHHIO COCTO-
UT U3 IPOM3BOJILHO B3ATOM Touku 0 € A? u 6asuca e,, e, B BEKTOPHOM TpocTpaHcTse V. Tpoiiky
(0; e, e,) TaxKe HAa3bIBAIOT KOOPOUHAMHbBLM PenepoM C Haualom B 0 U basucom e,, e,. Kaxxasplit koop-
JVHATHBIA perep yCTaHABIUBAaET OMEKIUI0 MeXAY TOYKaMU IUIOCKOCTH A% u rnapaMu 4Kcej, COIo-
CTaBJA0MLYIO TouKe p € A% KOOpPAMHATHI BEKTOPa 0P B 6asuce e, , ,. ITH KOOPAMHATHI HA3BIBAIOTCH
adPurHbLMU KOOpOUHAMAMU TOYKU P OTHOCUTEIBHO perepa (0; e;, e,).

YIPAKHEHUE 1.7. Y6EAUTECh, 9TO CTONGEL KOOPAUHAT BEKTOPA g B IIPOM3BOJILHOM Gasuce (e, e,)
npoctpaHcTsa k? paBeH pasHOCTH q — p CTONGIIOB KoopAuHAT Todek ¢, p € A(k?) oTHOCHTETHLHO
nroboro perepa (0; e, , e, ) Ha ahunHo# iockocTu A(k?) BHe 3aBUCHMOCTH OT BHI6OPA HAYaTb-
HOM TOYKHU 0 3TOTO Perepa.

.. 2
Tax, B ipuM. 1.6 k03bdUnUeHTH (p, , p,) TPEXIIeHA X~ +p, X +p, € P, ABIAIOTCA ero KOOPAUHATAMU
OTHOCHTEJILHO pernepa (0; e, , e,) ¢ HadalbHOM TOuKo# 0 = x* € P, U CTaHAAPTHHIM GA3UCOM e; = X,
e, = 1 B BekTOpHOM mpocTpaHcTse K[x];.

1.4.2. BapuieHTpHI U 6apHUlleHTpUIecKre KOMOUHALNH To4eK. [l 1t060ro Habopa Touek

P1:P2; -+ Pm

B aQUHHOM [IPOCTPAHCTBE A U TIIOBBIX YUCEI Uy, Uy, - .- » iy € K C HEHyIEBOM cyMMOIi ft = Y y; # 0
CyllecTByeT eAINHCTBEHHAs TOUKA ¢ € A, Takas 4To

H1CPy + MpCPy + + + Uy CPpy = 0. (1-11)

B camowm gene, 3a1aBIvich TPOU3BOIBHOM HayaIbHOU TOUKOM 0 € A, MBI MOXKEM /1JI IPOU3BOJILHOM
TOYKM ¢ € A 3amucaTh CyMMy U3 jieBo yactu (1-11), kak

Zu@'i = Zﬂi(ﬁi—%)=—#%+ Z#iﬁi-

IMoatomy cootHotieHue (1-11) BBIOMHAETCS AJIA € IMHCTBEHHOW TOYKY C C PAINYC BEKTOPOM

m

— " —

oc = — - 0p; - (1-12)

Us

* Us

P3 Da
Pz
[
43
p
! v

vy H g
Uz

Puc. 106. MOMEHTHI CHII.

Ora TouKa HasbIBAETCH UeHMpPOoM msxcecmu WIN bapuyeHmpom TOUeK p; ¢ BecaMu y;. TepMUH IIpU-
16T M3 MEXaHUKU: eIy IoMecTUTh apdUHHOE TPOCTPaHCTBO A B IIPOCTPAHCTBO HA eUHUITY 6OJIb-
IIeif pa3sMepPHOCTH B Ka4eCTBE TOPU30HTAIBHOM I'MITepIUIOCKOCTH [, KaK Ha puc. 106, U IPUIOXKUTD K
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Ka)KJJOW TOUKe p; CUILY |4;, HalIpaBJIeHHYIO IIepIIeHAUKYIAPHO BHU3 Ipu ¢ > 0, u BBepx 1ipu u < 0, TO
paBeHcTBO (1-11) 6yZeT o3Ha4YaTh paBEHCTBO HYJ/IIO CYMMBI MOMEHTOB BCEX STUX CHJI OTHOCUTEIHHO
TOYKHU . Ec/iv 0HO BHITIONIHAETCS, IUIOCKOCTh I” OCTaHeTCs HellOABIKHOM, yepKruBaeMas POBHO 3a
OZIHY TOUKY C. Tak KakK 10 MpeJbIAyIIeMy TOYKa ¢ OZHO3HAYHO OIpeessaeTcs cooTHomeHreM (1-11),
B KOTOPOM TOYKAa 0 HUKAaK He y4acTBYyeT, TOYKa

m
o+ R =0+ Z & . wi
i1 H
He 3aBHCHUT OT BEIOOPA TOUKH 0. [103TOMYy A 1F060r0 HabOpa TOUEK Py, Py, - .- , Py, A IFOOBIX KOHCTAHT
UisUgs v s Uy CCYMMOH Y. pi; = 1, TOUKa
m
UaPy + HoDo + o + D & 0+ D 1y - OB (1-13)
i=1

He 3aBUCHUT OT BbI6Opa HAYaJIbHOU TOYKH 0, UYTO U OIpaBAbIBAET 0003HAYEHHE, UCIIONIb30BAHHOE B

nesoii yactu (1-13). Touka (1-13) HassIBaeTcA 6apuyeHmpuueckoii kombunayueii TOUeK Py, Py, --- » P

CBECAMU [y, Uy, .. s oy -

YIPAXKHEHVE 1.8 (TPYIIIIMPOBAHHME MACC). ITycTb Habop TOYEK p; C BecaMu {; ¥ HabOp TOYEK g C

BECAMU V; IMEIOT LIEHTPHI TSDKECTU B TOUKAX P U ¢, IPUIEM 06€ CyMMEI BECOB: [ = dYuuv =
v j» @ TAKKE VX CYMMa U + V HEHy/IeBble. YOeANTeCh, 9TO LEHTP TAKECTH 00beAMHEHNS BCeX
Touek' p; U q j COBIIAZAET C LIEHTPOM TSKECTH TOUEK P U ¢, B3ATHIX C BECAMU [ U V. YbeauTech
TaK:Ke, 4TO J06asa GapuIleHTpIdecKas KOMOUHALMA Y., ¥;p; Todek p;, 1 < i < m, Kaxzas u3
KOTOPBIX B CBOIO OYepe/b AB/IAETCs GapUIleHTPUYIECKOi KoMbuHaue p; = Y j Xij4ij KaKKX-
TO eIé TOUeK q;;, 1 < J < k;, ToXe NpeACTaBsAeTCs B BuAe GapuIeHTPUYECKOH KoMOMHALMH
Zij Z;jq;j TeX Xe TOYeK ;;, MPUIEM ecu Bce y; > 0 mBce x;; > 0, Ton Bee z;; > 0.

1.5. IIpsmslie. Tpy TOYKY a, b, p abPUHHOTO IIPOCTPAHCTBA HA3BIBAIOTCS KOLIUHEAPHbIMU, €CITA BEK-

TOPHI Pd U ﬁ; IIpoNopIMoHanbHbL. Hanpumep, aTo Tak, KOrza Kakue-To IBe U3 TPEX TOYEK COBIIAZAI0T

Ipyr ¢ apyroM. Ecmi a # b IponopiuoHansbHOCTh BEKTOPOB Pd U ;TB O3HAavaeT, YTO [IPU HEKOTOPBIX

a,f € Kk, He obpamraronxcsi OAHOBPEMEHHO B HYyJIb, BHIIIOJIHAIOTCSA PAaBHOCWIBHEIE APYT APYTY pa-

BEHCTBA

B a

.a+ B
a+pf a+p

B aTom CjIy4ae€ roBopAT, 4YTO TOYKaA p Oesium TOYKU a ¥ b B OTHOILIEHUH O . ﬁ HMHadye MOXHO CKa3arThb,

B-pi+a-phb=0 < p=

YTO TOYKA p ABJISIETCA GapULleHTPUIECKO KoMOrHanuelt Todek a u b c Becamu B /(a+B)ua/(a+B)
COOTBETCTBEeHHO. Kaxkz1asn Touka

p=o+—P_ . Ga+—% Gh=a+ ab=b+—L— .7a,
a+p a+pf a+pf a+pf

KOJUTMHeapHasi Tlape pa3JuvHbIX TOYEK a # b, OAHO3HAYHO OIpeeAeTCs OTHOLIEHUEM & . [, KOTO-
poe MOKeT IPUHKUMATh JI00ble 3HaYeHNs, OTINYHEIe T —1, n6o @ = —f o3Havaert, uTo pd = pb, T.e.
a = b. Ilpu 3TOM 3HAYEHUST

a:f=0:1=0 u a:f=1:0=0

1EC}'[I/I KaKada-TO U3 TOYEK P; COBIIaZAET C HeKOTOpOfI TOYKOMH q], TO UX <<O6’I::CZ[I/IH6HI/IE>> 3aKJII04aeTcda B CJI0-
JKE€HHUU BECOB.
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1

AOIIYCTUMBI U OTBEYAIOT TOUKAM P = AU p = b cooTBeTCTBEHHO. PABHOBECHBIM 6apHueHTp

Jensmuii a u b B oTHomieHuu 1 : 1, Ha3bpIBaeTcs cepeduUHOLl WK UeHMpPOoM TOYeK a # b.
MHOXXeCTBO BCEX TOYEK X, KOJUIMHEApHBIX JBYM 3a/laHHBIM
Pa3MYHBIM TOUYKaM a # b, Ha3bIBaeTCsA npsimoil 1 0603HavaeTcs

(@) ¥ {x=aa+pb|la,fpEk, a+pf =1}

NHuaue npsamyto (ab) B adduHHOM IpocTpaHcTBe A HaJ BEKTOP-
HBIM IIpoCcTpaHcTBOM V MoxKHO omucathb kak 'MT Buga x = a+vt,
rae t mpoberaetr ocHoBHoe osie k, ap € Auv € V cyrb Puk-
CUpOBaHHBIE TOYKA M HEHY/IEBOM BEKTOD, HA3bIBAEMbBIE HAUAIb-

HOIl MOUKOTl ¥ HANPABAAIOUUM 8eKMOPOM WIH 8eKMOPOM CKOPO-
cmu npsamoii (ab). 0

Puc. 1¢7. YpaBHeHHE IPIMOM.
[IPEAJIOXKEHME 1.1

Ha apduHHOI IUI0CKOCTH NPOXOAAIIAsA Yepe3 TOUKy a = (a4, a,) IpAMasi ¢ BEKTOPOM CKOPOCTH U =
(v,, v,) onuckIBaeTcA B KOOpAWHATAX (X, X,) OTHOCUTEIbHO IIPOM3BOJIBHOIO peliepa ypaBHeHHeM

det(x,v) = det(a,v) wm v,x; — VX, = v,a, — V0, . (1-14)

Haob0opoT, MHOXeCTBO BceX pellleHni X = (X, X,) JIF000ro ypaBHeHHUA a X, + @,X, = [§ ¢ He pas-
HBIMU OZJTHOBPEMEHHO HyJIto koadduiieHTaMu o, @, € knpezcrapisaeT co6oko IpAMYIO ¢ BEKTOPOM
CKOPOCTH, IPONIOPLHOHAIBHBIM BEKTOPY ¥V = (&5, —0y).

JIOKA3ATEIBLCTBO. OGO3HAYMM HaYaIo KOOPAMHAT Yepe3 0 U PacCMOTPUM BEKTOPHI 0X = (X;,X,) U
od = (ay,a,). PaBerctBo det(v, x) = det(v, a) paBHocwibHO paBeHcTBy 0 = det(v, ax) = 0, o3Ha-
YaroIIeMy IPOIOPLYOHAIBHOCTh BEKTOPOB aX U V. O

3AMEYAHUE 1.I. Ha reomerprdeckoM s3biKe ypaBHeHUe (1-14) KOHCTaTUpyeT paBeHCTBO IUIomazel
JKEJITOrO M CHHETO MapajuIeIorpaMMOB Ha puc. 107.

YTIPAXKHEHUE 1.9. Hanuiuire ypaBHeHUe MIPAMOH, TapajuieIbHON BeKTopy (5, 2) U mpoxoAiieif ye-
pe3 Touky (2, —3), a TakKe IpAMOM, mpoxojsalielt yepes Touku (—3, 5) u (4, —1), u Hapucy¥Te Ha
KJIeTyaToi 6yMmare ImpsMble, 3a/laHHble ypaBHeHUAMHU 3x,; + 5x, = —1u 2x; — 3x, = 5.

ITPUIMEP 1.8 (IIEPECEYEHMUE ITPSIMBIX)
Ecu neBble yacTu ypaBHeHUMN @ X, +a, X, = Y U §; X, +[,X, = § He IPONOPIINOHABHBI, TO PeIIeHUA
x = (X4, X,) CUCTEMBI

A X+ ax;, =Y

(1-15)
Bixy + Brx, =6,

1O6paTI/ITe BHMMaHMe, YTO OH CYIIeCTByeT HaJ J0ObIM mojieM Kk, B KoTopoMm 2 & 1 + 1 # 0. Ec/1 OCHOBHOE

nosne k umeet xapakrepuctuky char(k) = 2, r.e. 1 + 1 = 0 B k, To cepezyna He onpedeneHa.
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CyTb KOOPAUHATHI BEKTOPA <](;> B KOOpAMHATHOM IIpocTpaHcTse k? oTHOCHTeNTbHO 6a3Hca U3 BEeKTO-

poBe; = <Zl> ue, <a2> . Tlo mpasury Kpamepa' oHu pasHsI
1 2

x; =det (g (;2> . det <Zl ?) , x, =det <;1 3;) . det <Zl ?) ) (1-16)
2 2 P2 1 2 P2
TakuMm 06pazoM, IIpsMBIe C HEIIPOIOPIUOHAIBHEIMU CKOPOCTSIMU IIepeceKaloTcsl B eAMHCTBEHHON
TOYKe, KOODAMHATH KOTOPOU BRIpaXaroTcA dyepe3 KoddUIMEHTH! 3a/lal0lX 3TH IIpsAMbIE ypaBHe-
Hui (1-15) o dopmynam (1-16). Hanpumep, npsamsie 3x, + 5x, = —1u 2x; — 3x, = 5uz ymp. 1.9
IepeceKaloTcsa B TOYKe ¢ KOOpAUHAaTaMu x; = 22/19,x, = —17/19.

Eciu >xe neBble yacTu ypaBHeHuH (1-15) nponopLUoOHaNIbHBL, cKaxeM: $; = Aa; u ff, = Ada,, TO
pu § # Ay 3aZiaBaeMble STUMU ypaBHEeHUAMU NIpSAMbIe TapaUlesibHEL, a IpU § = Ay OHU COBIAZAIOT
ApyT C APYTOM.

TaxkuM o6paszom, Ha abduHHOI WIockocTh A* Hazl TPOM3BOMBLHBIM MoseM K BHIMOIHAIOTCA €B-
KJINZIOBBI aKCHOMBI, OIKCHIBAIOIIMe B3aMHOE PACIOJIOKeHNe IPAMBIX U TOYeK Ha IIOCKOCTH, T. €.
CIIpaBe/IuBO

IIPEJIOXKEHME 1.2

Yepe3 J100bIe Be pa3niuyHble TOUYKH abGUHHOM IIOCKOCTH MPOXOAUT POBHO OfHA mpsaMasi. Yepes
JIIOOYIO TOUKY, He JIEXKAIITYI0 Ha TPOU3BOJIBHO 33/JaHHON MPSAMOM £, IPOXOAUT POBHO OZHA TIPAMast, HE
MepeceKaroIas IpAMYyo €. O

1.6. TpeyroabHHKH. B 5ToM pasziesie Mel IpeamonaraeM, 9to 2 & 1 + 1 # 0 B nose k. durypa, o6pa-
30BaHHaA Ha ahGUHHON IUIOCKOCTH TPEMS HEKOJUIMHEAPHEIMU TOYKaMH @, b, ¢ ¥ COeJUHSIONIMH X
npsameMu (ab), (be), (ca), Ha3pIBaeTCa mpeyeoabHUKOM A abc. 3adukcupyeM Kakyroo-HUOYAb HEHY-
JIeBy10 QYHKITUIO IUIOIMAZY S ¥ HA30BEM Niowjadsblo OPUEHMUPOBAHHO20 MPEY2ONbHUKA A abC TTOJIOBU-
HYy IUIOLIAIY OPUEHTUPOBAHHOTO ITapajulelorpaMMa, HaTAHYTOr'0 Ha YIIOPAZOYEHHYIO Iapy BEKTOPOB
ab, ac:

s(abc) € s(ab,ac)/2. (1-17)

[IPEJIOXKEHME 1.3
st 11060T0 TPEYroabHUKaA A abc 1 I000M TOUKH p BHITIOIHAIOTCA COOTHOLIEHHS:

s(abc) = s(bca) = s(cab) = —s(bac) = —s(acbh) = —s(cha) (1-18)
s(abc) = s(pab) + s(pbc) + s(pca) . (1-19)

JIOKABATE/ILCTBO. JIJis IoKa3aTenbCTBa CooTHOIIeHuH (1-18) 10CcTaTOYHO IIPOBEPUTH PABEHCTBA
s(bca) = s(abc) mn s(bac) = —s(abc),
KOTOpbIE BBITEKAIOT U3 OWIMHENHOCTH Y KOCOCUMMETPUYHOCTH ILIOMA/M MapaUieiorpaMma:

2s(bca) = s(bc, ba) = s(ba + ac, ba) = s(ac, ba) = s(ab, ac) = 2s(abc)

2s(bac) = s(ba, bc) = s(ba, ba + ac) = s(ba, ac) = —s(ab, ac) = —2s(abc).

'Cm. mem. 1.2 Ha cTp. 11.
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PaBeHcTBO (1-19) npoBepsieTcsa NpUMEPHO TaK Ke:

2s(abc) = s(ab, ac) = s(ap + pb, ap + pc) = s(ap, pe) + s(pb, ap) + s(pb, pc) =
= s(pc, pa) + s(pd, pb) + s(pb, b¢) = 2(s(pab) + s(pbc) + s(pca))

O

[TPUMEP 1.9 (IIJIOIIAZAY OPUEHTUPOBAHHBIX MHOTOYT'OJIbHUKOB)

Hazg monem k = R popmysna (1-18) nmeet cienyromiee HamIsAAHOe onrcanue. ByzieM Ha3bIBaTh OpueH-
mayueil TpEyTOJIbHUKA BEIOOD OZIHOTO U3 ZIBYX BO3MOXKHBIX HAMpaBJeHUH 00x0/1a ero KoHTypa. O6xo/
TIPOTHB YaCOBOM CTPEJKH, IIPH KOTOPOM TPEYTOJBHUK OCTAETCS CJIEBA 10 XOAY ABYDKEHUs, CIUTAET-
cA TIOJIOXKUTENIBHBIM, U IUIOMIAZM TaKUX TPEYTOJbHUKOB MOJOKUTENbHEL. [I1omaay TpeyroabHUKOB,
006X0MMBIX IT0 YaCOBO CTPEJIKE OTpUIlAaTENbHBI. OpHeHTalHs TPEYTOJbHUKOB COTIaCOBaHa ¢ 00CYyK-
JaBlelica Ha 12 opueHTalyei napauiiesorpaMMOB: €C/IU BBITYCTUTD U3 BepIUINHEBI TPEeYToNIbHUKA 1B
BEKTOPA IO €ro CTOPOHAM, TO OPUEHTAIMA HATAHYTOr0 Ha HUX MapajuleJiorpaMMa COBIAZaeT C TOU
OopueHTaliell KOHTypa TpeyroabHUKa, YTO 3aJaéTcA IBIDKEHEM OT KOHI[A IIEPBOT'0 BEeKTOpa K KOHITY
BTOPOTO IO ITPOTUBOJIEXKAIIEMY BRIOPaHHON BepIIMHE OCHOBaHUIO, CM. puc. 1¢8.

b
—_— Puc. 109.
Puc. 108. ZS(abC) = det(ab, aC). S(abc) — S(pab) + 5(pr) + S(pca)

[Ipu TakuX AOrOBOPEHHOCTAX 00 opueHTaluu, popmyna (1-19) yTBepKAaeT, 4TO MJIOMAZAb OPUEH-
TUPOBAaHHOTO TPEYTOJbHUKA abC MOXKHO BHIUUCIATH 00X0/sI €10 KOHTYP TPOTHUB YaCOBOM CTPENKH U
CKJIaZIBIBasA IUIOUIAUA OMHPAIOIINXCA HA €r0 CTOPOHBI TPEYTONHHUKOB C BEPIINMHON B IIPOU3BOJIBHO
3apUKCHUPOBAHHOMN TOYKE p, IPU 3TOM UCXOASIINE U3 P BEKTOPHI, UCIIOIb3yeEMBIE IS BEIYUCIEHUSA
IIomiaiei, Bcera yrnopsagouuBaroTcs IO XOAY ABM:KeHUd. Tak Ha puc. 109 mwiomaab A pbc BOUAET B
CyMMY CO 3HAaKOM ILTIOC, a IUIOIMAAN A pab U Apac — ¢ MUHyCaMH, YTO U AaCT IUIOIMAAb A abc.
[MonyyenHas opMysia oOueBUAHBIM 06pa3oM 0606111aeTCs Ha IIPOHU3BOIBHYIO, BO3MOXKHO IaKe ca-
MollepeceKarollylocs, Kak Ha puc. 1010, 3aMKHYTYIO JIOMaHYIO Gyq, ... m, Y KOTOPOH q,, = q,. O6-
XOZA KOHTYP JIOMaHOM IPOTHUB YaCOBOM CTPEJIKU U CKJIa/bIBasd IUIONUAfH ONMPAIOIINXCA Ha e€ 3BeHbA
TPEyTOJIbHUKOB C BEPIIMHOMN B IIPOU3BOJIBHO 33/JaHHOM TOYKE P, MBI ITOJIYIUM CYMMY

m-—1 1 m-1
Z s(P9i9ir1) = 5 Z det(®q;, Pqis1)

i=0 i=0

PaBHYIO CyMMe€ B3ATbIX C HaZJIeXKalllUMH 3HaKaMU rmoma,qeﬁ MHOT'OYT'OJIbHUKOB, OI'DaHUYMBa€MbIX

3TOi1 IOMaHOIA. A UMEHHO, MHOTOYTOJbHUKY KOHTYD KOTOPHIX 06XOUTCA IPOTHB 4aCOBOM CTPEJIKH ',

lT. €. MHOT'OYT'OJIbHUKW, JIEXKAaIlE CJIEBA I10 XO4Y ABUXEHUSA BAOJIb JIOMaHOH.
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HaZJIEXKUT YIYUTBIBATh CO 3HAKOM IUIIOC, & MHOI'OYT'OJIbHUKH, O6XOL[I/IMI:IC 10 YacoBOH CTpeJIKe1 —CO

3HaKOM MHUHYC.

do = (s

4
Puc. 1010. Y. s(pq;q;41) = S(qoq,a) — s(baq,) + s(bq,qs3).

i=0

YIPAXKHEHWUE 1.10. [IOK&XK1UTEe, OpUEHTUPOBAHHBIE TUIOIIAAN TPEYTOIHHUKOB C 00ITel BepPITUHOM U
JIeXKallluMy Ha OﬂHOfI HpHMOﬁ OCHOBaHUAMHU OTHOCATCA KaK 3T OPHEHTHUPOBaHHbIE OCHOBAaHUA,
T. €. IS JTIOOBIX TPEX KOJUTMHEapHBIX TOUEK a, b, ¢ Y1 TPOU3BOJILHOM TOYKH P BBITTOHACTCA Pa-
BeHCTBO s(pab) : s(pbc) = ab : bc IZle cipaBa CTOUT Takoe uyucio A € k, uro 1 - bc = ab.

1.6.1. BapuiieHTpU4ecKrue KOOPAUHATHI. 3apUKCHPYeEM Ha IUIOCKOCTH TPOU3BOJILHBIHN TPEYTOJTb
HUK A abc ¥ COOCTaBUM KaXK/[0¥ Tpoiike uncen a, 5,y € k c cymmoii a + § + y = 1 Touky

p=a-a+f-b+y-c.

[Toxa)xeM, 4TO 3TO COIIOCTABIEeHUE yCTAHABINUBAET OUEKINIO MEeXAY TaKOTro Poja TPOMKaMU drces
Y TOYKAMU TUIOCKOCTHU. PaBeHCTBO p = a - a + B - b + y - ¢ o3HavaeT, uTo ap = f - ab + y - ac,
T. €. yucia B, y ABIAITCA KOOPAUHATAMY BEKTOpa ap B 6asuce %, ac. Tak Kak mapel KOOpAUHAT Ou-
€KTMBHO COOTBETCTBYIOT BEKTOPAM, @ BEKTOPhI &P — TOYKAM P, MBI UMeeM GUEKITHIO MEKY TOUKa-
MU p ¥ IPOU3BOJILHBIMY apaMu yucen (f,y). Ho Takue mapsl OMEKTUBHO COOTBETCTBYIOT TPOUKAM
(a,,v) =1 =B —v,B,y). Yucna a, B,y € kccymmoii « + f +y = 1 HassIBaroTcaA bapuyenmpuue-
CKUMU KOOPOUHAMAMU TOUKU P = @ - a+ f§ - b + ¥ - ¢ OTHOCUTENBHO A abc. Vicnonb3oBaHue TPOUKU
uyucen a, 3, Y, CBA3aHHBIX COOTHOIIEHUEM @ + § +y = 1, BMecTo nlapsl yuces f3, y 4acTo OKa3blBaeTcsA
6osiee yZOOHBIM, IIOCKOJIBKY He IIPUBA3aHO K BEIOOPY TOW WM MHOW BEPIIUHEI B TPEYTOJNBHUKE, YTO
[I03BOJIAET BUJETH U UCIIO/Ib30BaTh UMeoliecsd B 3a/jaue CUMMeTPHUH.

ITPUMEP 1.10 (BAPULIEHTPUYECKUE KOOPJUHATHI KAK OTHOUIEHUA IVIOLIAJEN)
CoracHo npaswty Kpamepa?, pasoxeHue IpousBoJIbHOTO BeKTopa ap € V 1o 6asucy ab, ac uMmeer
BU/I

_, s(ap,ac) — s(ab, ap) _, s(apc) — s(abp) _,
ap = — -ab + -ac = -ab+ ———=-ac,
s(ab, ac) s(ab, ac) s(abc) s(abc)

otkyzga s(abc) - pd + s(apc) - ab + s(abp) - ac = 0. Toacrasnas s(abc) = s(pab) + s(pbc) + s(pca) n
TIO/Ib3yACh paBeHcTBaMu S(pab) = s(abp), s(pca) = s(apc) upd+ab = pb, pd+ac = pc, nonydaem

IT. e. examye cripaBa 1o XOzy ABIDKEHHUA.
2Cm. c1. 1.3 Ha cTp. 13.
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cooTHotenue s(pbc)-pd+s(apc)-pb+s(abp)-pc = 0, KOTOpPOe 03HAYAET, UTO GAPUIIEHTPUIECKUMU
KOOPJMHATaAMU TOYKH P OTHOCHUTENBHO A abc ABJSIOTCSA OTHOIIEHUS wiolazeit a = s(pbc)/s(abc),

B = s(apc)/s(abc), y = s(abp)/s(abc), T. €.

_ s(pbc) ‘ s(acp) b s(abp)

s(abc) @ s(abc) s(abc)

ITPUMEP 1.11 (LIEHTP TPEYT'OJIbHHKA)

PaBHOBecH®bII 6apuneHTp 0 = (a + b + ¢) /3 BepuUINH TPeyTob-
HUKa A abc Ha3bIBAETCSA YeHMpoM STOTO TpeyrosbHUKa. CoriacHo
ymp. 1.8 ToUKa 0 ABJIAETCA IIEHTPOM TSKECTHU JIF0O0H U3 BEPIIVH U
cepeZiiHBI IIPOTHUBOJIEXKAllel el CTOPOHBI, B3ATOU ¢ BecoM 2. Ta-
KUM 00pa3oM, 0 SIBJISIETCsS TOUKOU MepecedyeHus Mequan A abc u
JEUT KOKAYI0 U3 HUX B OTHOIIEHMU 2 . 1, CUMTass OT BEPIIUHEI
(cM. puc. 1011). U3z popmynsl (1-20) BITEKAET, YTO LIEHTP TpeE-
YTOJIbHUKA OHO3HAYHO XapaKTepU3yeTCs KaK eJUHCTBEHHAs TOY-
Ka o, 11 KoTopoti s(oab) = s(obc) = s(oca).

.c. (1-20)
b
2 2
c 2 a

Puc. 1011. LIeHTp TpeyroJbHUKA.



OTBeThI U YKa3aHudA K HEKOTOPBIM yIIpaXKHEHHUAM

Yyop. 1.1. PaBeHctBO F(0) = 0 monyuyaercsa mpubasieHreM BekTopa —F(0) Kk JieBOH U MpaBOM yacTu
pasenctBa F(0) = F(0 + 0) = F(0) + F(0). 113 paBerctBa 0 = F(0) = F(v + (—v)) = F(v)+ F(—v)
BBITEKAET, 4YTO —F (V) = F(—v).

Ymp. 1.4. OTBET: V = Y, W, + Y,W,, T Yy = C11 X1 + C13X5, Yy = Cp1Xq + CypX,.

ymp. 1.5. [lepBoe cieayet u3 Beiknazku 0 = f(a+ b,a + b) = f(a, b) + f(b, a), BTopoe — 13 BHIKJIAJKU
fw,v) =—-f(v,v).

Voip. 1.6. TlepBoe ciiefiyeT U3 TOTo, YTO [0 NIPaBWIy TPEYTOJbHUKA ad + ab = ab ana 106010 0 BeKTopa
ab € v, BTOPOE — U3 TOT0, 4TO pq + qp = pp = 0, TpeTbe — W3 TOTO, YTO IIPH ab = dc umeem
bc = ba +ad + dc = —ab + ad + dc = ad.

Yyrp. 1.8. [lepBoe yTBep)KAeHHE MTPOBePSAETCA BHIKIAZAKOM

(w+v)"Hup +vq) = (u + v)‘l( > wipi+ ) #,-qj) :
i 7
BTopoe — BhIKJIaZIKOM

m m kj
Z yipi = Z Vi Z Xijqij = Z Zij4ij >
i=1 =1 j=1 '

ij
rae ZU = ylxlj n

2B g

v, 110, s(pab) : s(pbc) = s(pd,pb) : s(pb,Pc) = s(pd — pb,pb) : s(pb,pc — pb) = s(ba,pb) :
s(pb bc) = s(pb ab) : s(pb pc) = ab : be.
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