§19. I'magxve NpOEKTUBHBIE KBaJPUKHU

Bcrozy B aToM maparpade MbI II0 YMOTYaHUIo cauTaeM, 9to char k # 2.

19.1. IMonsipHOE peoOpa3oBaHHe OTHOCUTEIbHO TIAZKOM KBaJpHUKH. HalloMHIO, UYTO C KaXKAOH
KBa/[paTUYHOM popMmoii q € S2V* 0mHO3HAYHO CBSI3aHBI CUMMeTpUYHas OWTHHERHAs cbopMa1

VXV >k, qw) = 2 (a6 +w) - g - qw),

U JIMHelHoe omobGpascerue koppensyuu’ §: V =V, w — gw): u — §(u, w). HeBBIpOXIeHHOCTD
$bOopMBI ¢ paBHOCHIBHA TOMY, YTO KOPPEJISIUSA ABIAETCSI JUHERHBIM U30MOPGHU3MOM BEKTOPHBIX ITPO-
cTpaHCTB. MHAYLHPOBAaHHOE €10 GHEeKTHBHOE MPOEKTUBHOE IpeobpasoBanue q : P(V) = P, (V")
npocrpadcrBa P, = P(V) B npocrparctso P = P(V*) runepruiockocreit B [P, HasbiBaeTcs no-
JIIPHBIM NpeobpazosariiemM WIN NOAsPUMemom OTHOCUTENBHO IMafKol kBagpuku Q = V(q) C P,,.
[MonspuTeT conocTabasAeT KakA0MU Touke p € P, e€ nonspryro eunepnockocms® q(p) = P(ph).

YIPAXKHEHUE 19.1. YOeUTEeCh, YTO TIPU YMHOXEHUU KBaZipaTUYHOMN GOPMBI ¢ Ha HEHY/IEBYIO KOH-
CTaHTY HOJIAPUTET He MeHAeTCA.

Touyka p ¥ ruInepIUIOCKOCTD IP’(pl) Ha3bIBAIOTCA, COOTBETCTBEHHO, NOIIOCOM U NOJAPOIL APYT APyTra OT-
HOCUTENIbHO KBaJpuKu Q. [eoMeTpriecKy, NOIApa TOUKU p & ( MpeAcTaBiseT cO60I0 TUIEPILIOC-
KOCTb, BBICEKAIOITYI0 BUAUMBIH U3 p KOHTYp' KBaJpUKU @, a TIONAPOM TOUKU p € ( ABIAETCA Ka-
caTesibHasA THIIEPILIOCKOCTD T}, Q K KBaApuKe @ B TOUKe p. TakuMm 06pa3oM, KBaZipuKa OJHO3HAYHO
BOCCTaHaB/IMBAETCA I10 CBOeMy IoATUpeTy Kak 'MT, sexalux Ha CBOUX MOJApax.

19.1.1. [ongpuTeThl HAZL HE3aMKHYTHIMH HOJISIMU. MBI y)Ke BUJIENH, UTO HaZ aarebpanvecKu
He3aMKHYTHIMU HOJISIMU MOTYT OBITh aHU30TPOIIHbIE KBapaTU4HbIe GOPMEIL, 33JaIOIIHE [TYCThIe KBAJ-
pUKHU. Bce 3TH KBaZIpUKK aBTOMATHYECKHU HEBBIPOXK/IEHBI, Y UX ITOJIIPUTETHI IBJISTIOTCS BIIOJIHE HAOJTIO-
JAeMBIMU FeOMEeTPUIECKUMU IPe0OPa30BaHUAMHU TOUEK B FHIIEPIVIOCKOCTH. IIycToTa KBaApUKH, 3a-
Jarolel Takoe ImpeobpasoBaHue, O3HAYAeT JIUIIb TO, YTO HUKAKas TOYKa He JISKUT Ha CBOeH moJspe.

YIIPAKHEHUE 19.2. OTIMIIKTE TONSAPHOE MpeobpasoBaHue eBKIN/0BOM IockocTu R? oTHOCHTEb-
HO «MHHMOM OKpYXXHOCTH» x° + y% = —1.

U3 reop. 18.1 Ha cTp. 223 BEITEKAET, YTO [Ba MOJIAPUTETA G4, 4, - P(V) — P(V*) coBnagaroT Toraa u
TOMBKO TOT/IA, KOT/IA 33/Iaf0lIHe UX KBapaTu4dHbie GOPMEI q,, q, € S%(V*) MpOMOpIHOHATbHEL.

TEOPEMA 19.1
JlBe HelyCThIe IaZIKKe KBAJPUKU Ha/ 6eckoHeuHbIM mojieM k xapakrepuctuku char(k) # 2 cosma-
JAroT €CJIU U TOJIBKO eC/IN UX YPaBHEHNA IIPOIIOPLIMOHAIbHEI.

JoxasaTenscTBO. [Ipr n = 1 paseHctBo V(q,) = V(q,) = {a,b} o3navaet, 4ro 06e GMHApHbIE
kBazpatudHble GOpMEI g, (X), q,(x) oT x = (x4, X, ) mpomnopironanbus det(x, a) det(x, b).

YVIPAKHEHHUE 19.3. [ToKaxuTe, 4T0 HaJ 6eckoHeuHbIM mojieM k xapakrepuctrku char(k) # 2 mpu
n > 2 Ha moboii HemycTol IMagkoil kBagpuke Q C P, HaliayTea n + 2 TOUkU, HUKakKue n + 1 u3
KOTOPBIX He JIEXKaT B OAHOM TUIEPILIOCKOCTH.

Koropasa HassIBaeTcs nonspusayuetl KBagpaTUIHON GOpMEI ¢, cM. n° 15.3 Ha cTp. 187.
2Cm. n° 14.1.2 Ha cTp. 172.

3Unu nonspy, em. n° 17.3.1 Ha ctp. 213, ocoberHO — dpopmyry (17-4).

4Cm. n° 17.3.1 Ha cTp. 213.
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Tax Kak MOJPUTETHI q4, q, - P, = P} 0OMHAKOBO AEHCTBYIOT Ha 3TH (N + 2) TOYKHU, KOPPEALUY
44,4, : V = V* nponiopripoHanbHel 1mo yup. 19.3, a 3Hauut, GOPMHI g, ¥ ¢, UMEIOT IIPOIIOPLIUOHAb-
HBIEe MaTpHILI [pama. U

19.1.2. ConpsxeHue. [TockonbKy ycnoBue G(a, b) = 0 cuMMeTpUYHO IO a U b, TOYKa a JIeKUT
Ha IToJIsIpe TOYKM b eciu ¥ TOJIbKO eC/Id TOYKa b JIeXXUT Ha NoJape TOYKU a. Takue Touku a u b Ha-
3BIBAIOTCS CONPANCEHHBIMU OTHOCUTENIBHO KBAaAPUKU Q. CONpMKEHHOCTD ABNAETCA CUMMETPUIHBIM
GUHAPHBIM OTHOIIEHHEM. [10JIsIpHbIE COMPSDKEHHBIM TOUKaM a 1 b runeprutockocty P(at) u P(bt)
TOXKE Ha3BIBAIOTCA CONPANEHHBIMU OTHOCUTENBHO Q.

YOPAXKHEHME 19.4. OZHOM JMHENKOU IOCTPOUTe NOAPY JaHHOU TOUYKHU U IIOJIOC JAHHOM MPSAMOHN
TIpH TIOJIIPHOM TTPe06Pa30BaHUK eBKIN/IOBOMN IIOCKOCTH R? OTHOCUTENBHO JAHHON OKDYKHO-
ctu. Ocoboe BHUMaHUE yAeIUTE CIydasM, KOorZa IpsMas He IepeceKaeT OKPYKHOCTH, & TOYKa
JIEXKUT BHYTPHU 0YePUYMBaEMOI'0 OKPY>KHOCTBIO KpyTa.

[TPEAJ/IOXKEHUE 19.1
HYCTI: npAMas (ab) IepeceKaeT IMTaAKyIo KBaJpUKYy Q B IBYX Pa3/JIMYHbIX TOYKaxX C U d, OTJIMYHBIX OT A
u b. Touku a, b TOrZa 1 TOJbKO TOorZa COIIPpAKE€HBI OTHOCHUTE/IbHO KBAaJPUKHN Q, KOrZia OHM rapMOHHNY-

HbI' TOUKaM c, d.

JIOKA3ATE/ILCTBO. O603HAYNM TIPOXOASIIYIO Yepe3 TOUKH a, b, ¢, d ipsaMyto yepes €. ConpsikeHue OT-
HOCHUTEJIbHO KBaJPUKY () 3aa€T Ha IPAMOiL £ MHBOIOLMIO 0 @ £ — £, x = €N ]P’(xL), KOTOpasd Iie-
PEBOJUT TOUKY X € ¥ B TOUKY IlepecedeHus e€ MOJISIPhI ¢ MpsAMO £. Tak TOUKHU ¢ U d HETIOJBIKHBI OT-
HOCHUTEJIBHO 9TOM NMHBOJIIOLINY, O MEHsET MECTaMU TOUYKH a U b /v ¥ TONbKO e [a, b, ¢, d] = —1,
KaK MBI BUZeny B ymip. 18.9 Ha cTp. 235. Il

YIPAXKHEHWUE 19.5. JlaliTe yncTo anrebpanyieckoe A0Ka3aTeabCTBO mpeat. 19.1.

a b\~

Puc. 1901. VHBOJIIOIINY C [[EHTPaMH B CONPAKEHHBIX TOYKAX IIepeCTaHOBOYHHI.

'Cm. n° 18.3.2 Ha cTp. 232.
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TIPUMEP 19.1 (IIAPbI KOMMYTHPYIOIINX MHBOJIIOLIHN)

TTokaskeM, 94To HHBOMOIMK 04,0, : C = C mrazxoi kouuku C C IP,, 3a1aBaeMble JIByMs COTIPA-
’KEHHBIMH OTHOCHUTEJIBHO 3TOM KOHUKY TOYKaMu a, b € PP, \ C, KOMMYTHPYIOT ApyT ¢ agpyrom. O6o-
3Ha4UM yepe3 £, u £, TIOJAPBI ToUeK a u b, cM. puc. 1901, Touku ¢’ u d’, Bricekaemble U3 KOHUKHU C
IPOM3BONIbHOM TipsaAMoit £ S a, rapMoHWYHBI Toukam a u p' = £’ N £,. [TOCKONbKY MepcreKTuBa
b: ¢, = £’ coxpaHser ABOIHbIE OTHOLIEHNS, PaBeHCTBO 0, (¢’ ) = d’ Ha npsamoii £’ paBHOCWIBHO TO-
My, uTo Touku ¢ = £, N(bc’)ud = £, N(bd’) nepeBoaATCA APYT B ApyTa MHBOIOIHEH Oap * tp = ¥p
C HETMOABWKHBIMU TouKaMU a up = £, N €,. Tyctb ¢” = C N (bc")u¢” = (ac”). Torna npamas £”
nepecekaeT KOHUKY C 1 nipsamyto (bd’) B oaHO# 1 Toik e Touke d” , oHO3HAYHO XapaKTepU3yeMoii
tem, uto [a,p”,c”,d"] = —1,taep” = ¢” n¢,. Tem cambIM, OHOBPEMEHHOE BHIMIONTHEHNE DABEHCTB
o,(c") =d nay(c"”) = d” paBHOCWIBHO OAHOBPEMEHHOMY BBHITIOJHEHUIO PaBeHCTB oy, (¢’) = ¢” u
o,(d)=d".

YIPAXKHEHME 19.6. Y6eauTech, YT0 M HA00OpOT, LIEHTPH! a, b € P, 06X IBYX IIepecTaHOBOYHEIX
APYT ¢ ApYroM UHBOJIIOLUN 0, 03, . C = C HellycTol magkoil koHUuku C C [P, conpsKeHsl ApyT
ZPYyTY OTHOCUTENBHO C.

19.1.3. /IBoiicTBeHHas KBaApuKa. [lonsapHoe npeobpasoBanue g : P, = P} oTHOCHUTENIBHO
magkou keagpuku G = V(g) C IP,, c maTpuneii I'pama I' nepeBoguT BesAKyto KBagpuky F = V(f) C
C P,, ¢ maTpuueii I'pama @ B kBazipuky FZ C [P} Toro ke paHra, 4To U KBaJpuka F, NIMeOLIyio
B iBOiicTBEeHHOM 6aswuce nmpocrpanctsa P} marpuuy I'pama I’ ~1@r~1. B camom ziese, KBajpHuKa FZ
COCTOMT U3 BCEX TaKUX KOBEKTOpoB { = I'x, uto x'®x = 0. [loAcTaB/AA B MOC/TIe[HEe PABEHCTBO
x = I'"*¢ u yuursBasg, uto I'* = I', momyyaem Fy = {§ € P | £&r~*@r—*¢ = 0}. lpumenss 3to
HabJIIoZleHre K caMOH KBaZpuke G, T. e. nonaras @ = I, nonydaem

[IPE/IJIOXKEHUE 19.2 (IBOVICTBEHHAS KBA/IPHKA)
KacarespHbIE IPOCTPAHCTBA K IMIa/KOi KBagpuke G C [P, obpasyior B P} miafKyro KBapuky G*.
Martpuusl I'pama kBazipuk G u G* B JBOWCTBEHHBIX 6asucax mpocTpaHcTs P, u P} o6parHbI ApyT

ADYTY. U

CJIEACTBMYE 19.1

JIBe rumnepiuiockoctd 1, I, C [P, Torga u TolbKO TOTAa COTPSKEHBI” OTHOCUTETHHO IIAZKOM KBaJ-
puku Q C P, Korga OHM rapMOHUYHEL B IOPOXKAEHHOM MU ITy4YKe mHeprmocxoc*reﬁ3 ZABYM Kaca-
TeJIbHBIM FMIIEPILIOCKOCTAM K KBaJIpuKe @, mpoxoAAamuyM uepes [1; N I1,.

JIOKA3ATEJ/IbCTBO. DTO YTBEP)KJEHNEe ITPOeKTHBHO JBOMCTBEHHO K npezi. 19.1 Ha cTp. 238. O
CIEICTBUE 19.2 (TEOPEMA BPHAHIIIOHA)
[IIecTUYTONBHUK Py, Py, .. » Pg TOTAA U TONBKO TOTZA OIMCAH BOKPYT HEKOTOPOM IMIaZKON KOHUKU,

KOI7Ia €ro IVIaBHble AMaroHatu (p,p,), (P,Ps), (P3De) TEPECEKAIOTCA B OAHOM TOUKE, CM. puc. 1903 Ha
cTp. 240.

JOKA3ATEJIbCTBO. 310 YTBEPXKAECHUE IIPOEKTUBHO Z[BOfICTBeHHO K TeopeMe HaCKaJIH4. O

1Cm. npum. 18.5 Ha cTp. 234.

2HanoMHIo, 9TO 3TO 03HAYAeT, YTO KaXkAas U3 HUX COAEPIKUT IIOMIOC APYToii, cM. n° 19.1.2 Ha cTp. 238.
3T. e. B IIyuKe TUIIEPILIOCKOCTEH, IPOXOAAIIMX depe3 (1 — 2)-MepHYIO IIIOCKOCTb IT LN,

4Cm. Teop. 18.3 Ha cTp. 228 u mpuM. 18.6 Ha cTp. 235.
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[TPUMEP 19.2 (KOHUKA, KACAIOIIASICS ISATU [IPSIMBbIX)

W3 nipezst. 17.4 Ha cTp. 221 BBITEKAET, YTO KaKAble IATh NIPAMBIX, HUKaK/Ue TPU U3 KOTOPHIX He IIe-
pecekaroTca B OFHOM TOUKe, KacaloTca eIMHCTBEHHON MIaIKOo KOHUKU. JTa KOHVKA ABONCTBEHHA K
IIaIKOU KOHUKe, TPOXO/AIIel uepes MsATh TOUeK JBOUCTBEHHOM IIOCKOCTH, IBOMCTBEHHBIX K 3a/IaH-
HBIM IIATYU IPAMBIM.

p1
Pe
b2
Ps
b3
D4
Puc. 19¢2. BriricaHHBIN MIECTUYTONBHUK. Puc. 1903. OnMcaHHbIN MIECTUYTOJIbHUK.

[TPUMEP 19.3 (3AZIAHME T'OMOTPA®HH KACATEJIBHBIMY K KOHUKE)

I[Tycts romorpadus ¢ : €, = £, MexAy AByMA pasIuuHbIMU npsameiMu £, ¢, C [P, nepeBoauT
TPU pasJndHble TOYKU A, b,,c; € £, OTIMYHEIE OT TOUKUA q = £, N £,, COOTBETCTBEHHO, B TOY-
KU a,, b,, c, € £,. [Ip1 aTOM BO3HUMKAIOT /iB€ BO3MOXKXHOCTH, ITOKasaHHbIe Ha puc. 1904 u puc. 1905:
b0 CoeANHAIONINE COOTBETCTBEHHBIE TOUKY TPU IpsAMEIe (a4, ad,), (by, b,), (c,, C,) IepeceKarTcs
B Of[HOH TOUKe p, TH60 HeT. [lepBOe O3HAYAET, UTO TOMOTPadUs ¢ ABJIAELTCA TIEPCIIeKTHBOM ¢ TIeH-
TPOM B p, U 5TO PABHOCMJIBHO PAaBEHCTBY ¢@(gq) = q. Bo BTOpOM cilyuae HUKaKHe TPU U3 IATU IIPSMBIX
4,45, (a,,a,), (by,b,), (c{, c,) He lepeceKaloTcAd B OZJHOU TOUKe M, KaK Mbl BUJeNIU B IpUM. 19.2,
cyllecTByeT eJMHCTBEeHHAas IMlaZkas KOHMKa C, Kacaloljasacs BeeX 3TUX IMATH NpAMBIX. [IpeobpasoBa-
Hue C . ¥, = {,, nepeBojdllee TOUKy X € £, B TOUKy IlepecedyeHHs NpsAMOU £, ¢ OTIMYHOM OT £
KacaTeJIbHOH, oIlylleHHO U3 x Ha C, ABiAeTcs romorpadueil, 160 0HO OMEeKTUBHO U PALIMOHAIBHO.
B camom gese, k03 dUIIEHTH YpaBHEHHH KacaTeJbHBIX, OIYIEHHBIX U3 X Ha C, CyTh KOOPAWHATEL
TOYEK [lepecevdeHust BOMCTBEHHON KoHuKY C* C P} ¢ mpamoii x* = Ann(x). OfHa U3 9THX TOYEK,
3azamomas npAaMyo £, , usBectHa. [loaToMy Bropas paljioHaJIbHO Yepe3 Heé BbIpaxkaeTcs. [Tockosb-
Ky C U ¢ OAVHAKOBO JEeUCTBYIOT Ha a4, by, ¢,, romorpadusa C : £, = £, coBmazaer ¢. O6pazoMm u
Ipoo6paszoM TOUKU q = £, N £, B 3TOM CJIydae ABIAITCA TOUYKH Iepeceuerus £, N C u £, N C cooT-
BETCTBEHHO.

C1
?
p Y !
‘Bl 1
a;
€1
by
a, a,
C2
4
J  § , {
a: b, C2 b, z

Puc. 19¢4. [lepcniektuBap : €, = £,. Puc. 1905. Tomorpadua C : £, — £,.

'Cm. mpum. 18.1 Ha cTp. 223.
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Urak, kaxxaaa romorpadua £, = £, 1160 ABIAETCA NEPCIEKTUBOM, MO0 BEICEKAETCA CEMEHCTBOM
KacaTeJbHBIX K HEKOTOPOU ITaZKOH KOHUKe. O6paTuTe BHUMAaHUE, YTO 3TO OIMHCAHUE JBONCTBEHHO
npezn. 18.2 Ha cTp. 229, ¥ 4TO IIeHTP MEePCNEeKTUBH P U KOHKKA C OAHO3HAYHO OIIPEe/eAI0TCs FOMO-
rpadueit p : £, = £,.

TIPEZIZIOXKEHUE 19.3 (TEOPEMA O BIIICAHHO-OIIMICAHHBIX TPEYTOJIBHUKAX)
JlBa TpeyroIbHYKA A, b, ¢, 1 a,b,c, BONCAHBI B OZHY 1 TY JKe Ia/IKyI0 KOHUKY C’ eCiv ¥ TOJIBKO ecin
OHH OIIMCAHbI BOKPYT OZJHOM U TOM Ke IMaAKoi KoHuku C .

JIOKABATE/BLCTBO. ITyCTh TOUKH a4, by, €4, A,, by, ¢, Mexat Ha KoHuKe C’, Kak Ha puc. 1906. PaccMoT-
pum npsambie £, = (a,b,), £, = (ayb,) n 06o3Haunm vepes ¢, : ¥, = C' uc, : C' = £, mpoexumio
IpAMOYA £, M3 TOYKY ¢, HAa KOHUKY C’ ¥ IPOEeKIMIo KOHUKU C' Ha pAMyo £, U3 TOYKH ¢, . FIX KomIio-
sunusA c, oc, . £, = £, nepesoaut a, — a,,b, — b, ,a, — a,,b; — b} NABNAETCA HEMEPCIIEKTHB-
HOU romorpadueil, a 3HAYNT, 3a4aéTCs CEMENCTBOM KacaTeIbHBIX K HEKOTOPOii iazkoi konuke C”
BIIMCAHHOM B 06a TpeyrosbHuKa a, b, ¢; 1 a,b,c,. O6paTHas UMIUIMKAIA IPOEKTUBHO JBOMCTBEHHA
JIOKa3aHHOM. |

Puc. 1906. BriricaHHO-ONMICAaHHBIE TPEYTOJIbHUKH.

CJIEACTBUE 19.3 (1opu3M [TIOHCEJE /1711 TPEYTOJIBHUKOB)

Ecu napa konuk C’ u C” TakoBa, 4To CyIecTByeT TPeyrONbHUK a4 b, ¢;, OIHOBPEMEHHO BIMCAHHBIM
B C' v onmcanubii okoso C”, To aHAIOTUYHBII TPEYTONBHUK A, b, C,, OIHOBPEMEHHO BIUCAHHBIH B C’
¥ ONMCaHHbIN 0koJ10 C” , MOXXHO HApUCOBATH CTAPTOBAB C 110601l TOUKU a, € C', U3 KOTOPOH MOKHO
OIyCTUTB JIBE KacaTeJbHbIX Ha KOHUKY C” .

JIOKA3BATE/ILCTBO. B caMoM fiesie, MpoBeZiéM U3 a, ABe KacaTeabHble (a,b,) u (a,c,) kK KoHuke C " no
ux nepecevenns ¢ C' B Toukax b,, ¢, € C’, kak Ha puc. 1906. ITo npear. 19.3, Tpeyronsuuku a, b, ¢,
u a,b,c, onrcaHbl BOKPYT HEKOTOPOM KOHUKY, a IOCKOJIBbKY CYILIeCTBYeT JIUIIb OAHA KOHHKA, Kacalo-
masca natu npameix (ab), (be), (ca), (a,b,), (a,c,), 5Ta KoHuka u ectb C” . O

19.1.4. TapMoHHUYECKH ONIMCaHHasA KBaZipuka. CKaxkeM, 4To Habop u3 (n + 1) Touyek

PosP1s-+->Pn €E P,

ABJIAETCA ABMONOJIAPHBIM CUMNIEKCOM IIaAKON KBaApuku Q C P,,, ec/ii MOJIAPOI KaXKA0M U3 TOYeK p;
ABJIAETCA TUIIEPIUIOCKOCTD, IIOPOXXAEHHAA OCTATBHEIMU N TOYKAMU p,, ¢ vV # i. Ha anrebpandeckom
A3BIKE 3TO 03HAYAET, UTO BEKTOPHI p; 06pa3yI0T OPTOTOHAIBHBIM 6a3uc KBaZpaTUIHON GOpMEI g, 3a7a-
romei kBazipuky Q. Ksagpuka Q' HasbIBaeTCA 2apMOHUUECKU ONUCAHHOT OKOJIO TMIaJKOM KBAaAPUKH Q,
€CJT OHA TIPOXOAUT Yepes3 BEPIIMHBI KaKOTO-HUOY/Ib aBTOIOISAPHOTO CUMIUTIEKCA KBaPUKH (.



242 819 I'magkue NMpOEKTUBHBIE KBAIPUKU

TEOPEMA 19.2

ITycTh ocHOBHOE ToJie k anre6pandecku saMmkHyTo. KBagpuka Q' = V(f) c maTpuneii I'pama F rapmo-
HUYeCKH OIMCcaHa OKOJIO IIaZKOH kBaZpuku Q = V(g), uMetoreii B ToM e 6asuce MaTpuly 'pama G,
ecu U Tonbko ecyu tr(G~1F) = 0, u B aToM ciydae Kaxzas Touka p € Q' \ Q ABIA€TCA BePIIMHOM
aBTOMOJIAPHOTO OTHOCUTENBHO ( CUMILIEKCa, BIMCAHHOTO B KBaJPUKY Q.

JlokasATENLCTBO. I[Tyct P,, = P(V). MaTpuna G™'F aBngeTca MaTpHIeil TAKOTO e[UHCTBEHHOTO K-
HejiHoro omeparopa ¢ : V — V,uto f(u, w) = §(u, ow) anascexu,w € V, cm. n° 14.2.4 Ha ctp. 177.
TTosTomy tr(G ™" F) 3aBUCHT TONBKO OT KBaZ[paTUIHbBIX GOPM f 1 g, a He OT 6a3Kca, B KOTOPOM MUIIYTCS
MaTpulsl 'pama. B 6asuce 13 BeKTOPOB p;, 06pasyIoOIUX BepIINHEI aBTONOJIAPHOTO OTHOCUTENBHO Q
CcUMILIeKca, BiucaHHoro B Q”, Mmarpuiia 'pama G GpOPMBI g /MaroHasbHa ¢ HeHyJIeBbIMHU UArOHab-
HBIMHY 3JIEMEHTaMU, a Bce ANaroHaJIbHbIE 3IeMeHThl MaTpulsl ['pama F ¢popMel f HysneBble. IToaTomy
BCe ZIMaroHaIbHbIE 3/IEMEHTH MaTpUlbl G 1 F Toxe Hynesble, U tr(G~F) = 0.

TTokakeM MHZYKIMEH 110 n, YTO IIPH BHIIOIHEHUH yeaoBud tr(G~1F) = 0 BhINOIHAETCA TIOCTIe-
Hee yTBep)K/eHre TeopeMsL. [Ipu n = 1 BriGepeM B V 6asuc ey, e; ¢ f(e,) = 0 u g(e,, e,) = 0. Torza

a 0 0 b
o=(50) =0 )

u yeosre tr(G™1F) = 0 Bne4éT paBeHcTBo ¢ = 0, OTKyzAa f(xg,x1) = 2bxgx, 1 Q' = {eg,e,}, Kak u
TpeGyercs. Tlpu n > 2 paccMOTpUM TOUKy €, € Q' \ Q u 0603Haunm yepe3 H ~ P, _, monsApy sToi

TOYKY OTHOCHUTEIBHO KBaAPHKH Q. A moboro 6asuca ey, ..., e, B H marpuuel I'pama ¢op™m f u g B
6asmuce ey, €4, ..., €, UMeIOT BUJ,
c 0 ... 0 0 % . %
0
G=]|. , F= )
0 *
rae Fy 1 Gy cyTh MaTpuLbl 'pama KBaZpuk Q’ NHuQnH Bbasucee,, ..., e,. ClefoBaTenbHO, YUCIIO C

U Matpuna Gy o6paTuMel, kBaZpuka Q N H majkad, a

cct 0o ... 0

Tlostomy paseHcTBo tT(G™'F) = 0 Breuér paBeHcTBO t1(Gy'Fy) = 0, ¥ M0 MHAYKIUMU JTr06as TOY-
Kap, € (Q' N H)~ (Q N H) apnseTca BepIIMHOMN aBTOMOJAPHOIO OTHOCUTENLHO Q N H cuMILIeKca
D1D, .- Dy, BIHcanuoro B Q' N H. CUMIUIEKC €,p, P, .. P,, ABTOMOJIAPEH OTHOCUTENBHO Q U BIIUCAH

BQ'. O

[TPUMEP 19.4 (OBLIUE I'UITEPIVIOCKOCTU B [IPOCTPAHCTBE KBA/IPVIK)
BcAKad THIIEpIVIOCKOCTh B mpocTpaHcTse P(S*V*) kBaapuk Ha P,, = P(V) 3azaérca ofHOPOAHBIM
JIMHEHHBIM YpaBHEHNEM BUZA
0= ) a;b;=trAB, (19-1)
ij
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rme A = (al- j) — MOCTOSTHHASI CHMMETpUYeCcKas MaTpulia K03 UIIMEHTOB YpaBHEHUS TUIEPILIOCKO-
cth,a B = (bi j) IepeMeHHas CUMMeTpUdeckas MaTpPUIla KOOPAUHAT B IIpocTpaHcTse S2V*, Matpu-
Iy A MOXHO BOCIIPUHMMATh Kak MaTpully I'pama Hekoel pukcrpoBaHHOM kBagpuku Q4 C P,,. Eciu
5Ta KBaJpukKa rna,zucaﬂl, TO ypaBHeHUe (19-1) 3a1a€T rUIIEPILUIOCKOCTD, COCTOSAIIYIO U3 BCEX KBAJPUK,
rapMOHHUYeCKU OIMMCAaHHBIX OKOJIO KBaJPUKHU Q;{ ¢ MaTputeli 'pama AL

19.2. IToampoCTPaHCTBA, JieKalllie Ha IMIaKOH KBapuke. OpTOrOHAIbHASA IPYIIa HEBBIPOXK/IEH-
HOM KBazpaTW4HON GopMEl ¢ € S?V* zeiicTByeT Ha mpoekTUBHOM TpocTpaHcTse P(V), mepeBoss
mazxyoo kBazipuky Q = V(q) B cebs. CornacHo ci. 15.2 Ha cTp. 187, 3T0 AeiicTBUE TIO3BOJIAET IIepe-
BecTH J11060€ TTPOeKTUBHOE TIOANPOCTpaHCTBO L C Q B Tto60e Apyroe moAnpocTpaHcTso L' C Q Toi
’Ke pa3MepHOCTU. B yacTHOCTH, OpTOrOHaNIbHAA I'PYyIIIa TPAH3UTUBHO JAeHCTBYeT Ha TOYKaX KBaJpH-
KU U 151 TIOOBIX TOYEK Py, P, € Q 6MeKTHBHO O0TOOpakaeT MHOXKECTBO k-MEPHBIX MOAIIPOCTPAHCTB
L C Q, IpOXOAAIINIX 9epe3 p,, B AHAIOTMYHOE MHOXKECTBO k-MepHBIX moanpocrpancts L' C Q, mpo-
XOISAIIUX Yepes p,.

19.2.1. IInanapHOCTb. Pa3MepHOCTh MAaKCUMAJIHHOIO 10 BKJIIOUEHUIO IIPOEKTUBHOT'O IIPOCTPaH-
CTBA, LIEJIMKOM JIeXKalllero Ha IvIaZIkoH KBaJpuKke (@, HasblBaeTCAd nIaHApHocmsio KBaApuku Q. Ilna-
HapHOCTb ITyCTOM KBaZIpUKH, 33/laBaeMOU aHU30TPOITHOM KBaZpaTUIHOU GOPMOIH, 10 oIpeiesieHUI0
nosiaraeTcsa paBHOM —1. KBagpuku mwia"HapHocTy 0 cyTh HeIlycThle KBa[pUKHU, He coZiepKaliue IIps-
MbIX. Yepe3 KaXXAyo TOUKY m-IUIaHAPHON KBaJPUKY MOXKHO IIPOBECTH M-MePHOE IPOEKTUBHOE 110/
MIPOCTPAHCTBO, LIEJIMKOM JIeXallee Ha KBaZIpuKe, U HUKakoe (m + 1)-MepHOe IPOEeKTUBHOE MOAIIPO-
CTPAHCTBO Ha TaKOH! KBa/[pUKe He JIeXKUT.

CormacHo ci1. 15.3 Ha ctp. 188, ypaBHeHUe MTaZKoN KBaApuku Q = V(q) IuraHapHOCTH m 3aId-
ChIBaeTCA B MOAXOAALINX OAHOPOAHBIX KOOPAUHATax mpocTpaHcTsa P, = P(V) B Buze

XgXq + XXz + 0+ XomXomar = AXgmazs oo s X)), (19-2)

IJle @ — aHWU30TPOITHAA KBaZpaTHUdHad ¢opMa oT n — 2m — 1 mepeMeHHBIX. Yncsio 2m + 2 paBHO pas-
MEPHOCTHU TUIepbOINIecKoro ¢JlaraeMoro B pasjIoXKeHUH IPOCTPAHCTBA V B MPSIMYIO OPTOTOHAJIb-
HYIO OTHOCUTEIBHO GOPMEL § CyMMY TAIIepOOINIECKOT0 U aHU30TPOITHOT'O IIOAIIPOCTPAHCTB, U MaK-
CHMyM Pa3MepHOCTEH N30TPOITHBIX OTHOCUTETHHO GOPMEI § BEKTOPHBIX TOATIPOCTPAHCTB B V paBeH
m + 1. [Ipu ¢puKCHPOBaHHOM N IUTAHAPHOCTH M MOXKeT IPYHUMATh 3HaYeHue B IIpeiesiax

-1<m<g<(n-1)/2.
KBagpuku (19-2) ¢ pa3HbIME M He IIEPEBOAATCS OAHA B IPYTYIO IPOEKTUBHBIMU IPe0Opa30BaHUSIMHU.

[TPUMEP 19.5 (KBAZIPUKU MAKCUMAJIbHO IJIAHAPHOCTH)

MaxkcuManbHO BO3MOXKHAsA IUIaHAPHOCTh KBaApuku Q C P, paBHa (n — 1) / 2 npu He4ETHOM n U
(n — 2) /2 npu uétHOM n. Hag anrebpardecky 3aMKHYTEIM [IOJIEM BCe HEBBIPOXKZIEHHBIE KBaJIPUKHU
HMMe0T MaKCUMaJIbHYIO IUTaHapPHOCTh. Haz Tr00bIM 1TosieM ypaBHeHUe KBaPUKY MaKCHUMAaIbHOM IL1a-
HapHOCTH B P, B MOAX0AAIIMX OZHOPOJHEBIX KOODAVHATAX 3aIIMCHIBAETCA B BUJIE

0 =2xgx; +X,%3+ =+ +XypXomye IPEN =2m + 1, (19-3)
Xg = XXy + XpXmip +  + XpXpp IPE N = 2. (19-4)

[ToaTOMYy BCe KBapUKY MaKCHMaIbHOM IVTAHAPHOCTHU [IEPeBOAATCA APYT B IpyTra IPOeKTHBHBIMU IIpe-
obpasoBaHUAME. HampumMep, Bce HellycThle IaJKue KOHUKY Ha [P, TPOeKTUBHO KOHI'PYIHTHBI.

970 Tax B 061eM ciIyJae.
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[TPEAJ/IOXKEHUE 19.4

CeveHue rnagxoil keagpuku Q C P, Tpou3BOJIBbHOM TUIEPIUIOCKOCTEIO [T b0 ABIAeTCA IIaAKON
KBa/IPUKOU B 3TOU I'MITEPILIOCKOCTH, TNOO NMeeT eAMHCTBEHHYIO 0co6yI0 TOUKy p € IINQ. ITocnenHee
PaBHOCHJIBHO ToMy, 4To [I = T,(Q KacaeTcd KBaZIpUKU B TOYKe p, U B 3TOM ciydae Q N T, ABIAETCA
KOHYCOM C BEpUIMHOM B p HaJ MMaZKOW KBAaJPUKOW Ha eAVHUIly MeHbIlleH IUIaHapHOCTU U Ha /Ba
MeHblIllell pa3MepHOCTH, 4eM Yy (¢, pacIionokeHHOU B (n — 2)-MepHOM IUIOCKOCTH, JIOTIONMHUTENIbHON

K p BHYTpH T),Q.

JokA3ATENLCTBO. [Iycts P, = P(V), [ = P(W) u Q = V(q). dapo orpanudeHnus oneparopa koppe-
asamum § @ V = V* Ha noampocTpatcTBo W C V aBisiercs nepecedenreM W ¢ 0fHOMEPHBIM TIOATIPO-
crparcTBoM W C V. 3To mepeceuerue 1160 Hy/teBoe, MO0 ABIAETCA TOUKOH p € I1. B IepBoM ciiy-
Jae KBaZipuKa Q N [I HEBEIPOXK/EHA, a BO BTOPOM CJIy4ae — MMeeT eMHCTBEHHYIO 0COOYIO TOUKY P,
npuuéMm Il = ]P’(pl) ABJIAETCA KacaTeJlbHbIM HpOCTpaHCTBOM1 K Q B TOuke p. CormacHo Teop. 17.1
Ha cTp. 213, ocobas kBagpuka Q N II B mpoctpaHcTBe [I ~ P, , ABnAeTcA JUHEHHBIM coeHe-
HUEM TOYKU P U Heoco60¥ KBaJPUKH, JIexKallel B T060H He MpoXoAsleli yepe3 p TUIIEPIUIOCKOCTH
P(U) ~ P,,_, C II. Tak Kak orpaHI4YeHHe KBaZpaTUIHON GOPMEI g Ha ImoAnpocTpaHcTBo U C V HeBHI-
POX/IeHO, UMeeTCs OPTOroHaNbHOe pasoxenue V = U @ UL. Orpanmdenue GopME q Ha IByMepHOe
npocTpaHcTBo U L HEBBIPOXK/EHO, UB U Lects usoTponHasa npsamaap C U 1. Cnenosarensno, Ut ~ H,
ABJIAETCS TUITepOOIMYECKOH IIOCKOCTHIO, M pa3MePHOCTD THIIepOOIIYECKOH COCTaBIAIOIIEH OrpaHu-
4YeHUs g | ; Ha /Ba MeHblIIe, yeM y caMoi ¢opMsbl g Ha V, T. e. I1aHapHOCTD MIaZikol kBagpuku QNIP(U)
Ha eINHUILYy MeHbIIE, 4eM y Q. O

19.3. Knaccudukanusa IpOeKTUBHBIX KBaJpUK. /IBe KBa[PpUKU HA3bIBAIOTCSA NPOEKMUBHO KOH2DY-
IHMHBIMU, €CJI OAHA TIEPEBOAUTCS B APYTYIO IMHEHHBIM ITPOEKTUBHBIM aBTOMOPGH3MOM 00BEMITIO-
miero mpocTpaHcTBa. IIocKoIbKY ypaBHeHUe 000l kBaZpuku Q C [P, Hazg anrebpandecky 3aMKHY-
THIM IT0JIEM BCET/]Aa IIPUBOANTCS JIMHEMHON 3aMeHOU KOOPAWHAT K BUAY

xe+xZ+ - +x2,=0, tae r=rkQ=n-dimSingQ,

MBI 3aKJIF0YaeM, YTO Ha/ aire6panvecky 3aMKHYTHIM TI0JIEM [IBe€ KBaJPUKU ITPOEKTUBHO KOHT'PYSHT-
HBI TOTZIA U TOJIBKO TOT/IA, KOT/Ia Y HUX OIMHAKOBHIH PaHT.

B teop. 17.1 Ha cTp. 213 MBI BUZE/HN, YTO HaZ TIOOBIM ITOJIeM KakJas kBazipuka Q C P, Apnderca
JIMHEMHBIM COEIMHEHUEM CBOETO IIPOCTPAHCTBA 0COOBIX ToYeK Sing Q v Heoco6ow KBagpuku Q N L
B JIF0OOM JIOTIOMHUTEIBHOM K Sing @ mpoeKTHBHOM moampoctpanctse L € P, L N SingQ = @,
dimL = rkQ — 1. Tak xak Jyrobas mapa ZIONOJTHUTENbHBIX IOAIIPOCTPAHCTB IIEPEBOUTCS B JIIOOYIO
JIPYTYIO TaKyI0 Mapy MPOEeKTUBHBIM aBTOMOP(U3MOM, KiiaccubUKaIva KBaJPUK Ha/l POU3BOJbHBIM
TI0JIEM CBOJUTCS K KIacCUPUKAIMY TIaJKUX KBaJPUK.

[MaziKvie KBaIpUKY Pa3HOM IUIAaHAPHOCTH, OYEBUTHO, HE MOT'YT OBITh MPOEKTUBHO KOHT'PYSHTHBI.
B mpum. 19.5 MBI BUZieH, 9TO HaZ IIPOU3BOJILHBIM TI0JIEM BCE KBAJAPUKN MaKCHMaJIbHO BO3MOKHOM
B IP,, wraHapHocTH [(n — 1) /2] MPOEKTHBHO KOHIPYSHTHBI. YpaBHEHUE HEIyCTON KBaJpUKY HEMaK-
CMMaJIbHOM IUTAHAPHOCTH M B MOAXOAAIINX KOOPAWHATAX MIPUBOAUTCA K BuAY (19-2):

XoX1 + XXz + 0+ XpmXomiq = AXomys - Xn) s

IZle @ — HeHyJeBas aHU30TPOIHAasA GopMa, U KiraccuUKaANNA TAKUX KBAJPUK HaJZ IPOU3BOJIBHEIM
nosneM k TpeGyeT onucanus uMeromuxcsa HaZ k aHM30TPONHEIX KBaZpaTUYHBIX GopM. i1 MHOTHX

1Cm. popmyny (17-5) Ha cTp. 213.
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osielt, HapyuMep, /UiA oA Q, MHOXXECTBO KJIACCOB aHU30TPOIHEIX GOPM C TOYHOCTHIO 0 U30MOP-
¢du3Ma npeAcTaBIseTCS Ha CETOAHSAIIHUM JeHb COBEPIIEHHO Heob603puMbIM. Ho Haz TeMu mossiMu,
rae ecTb 3G eKTUBHOE ONMCaHNe AaHU30TPOIHBIX POPM, MOKHO AATh U IIOTHYIO KJIacCUPUKAIINIO IIPO-
€KTUBHBIX KBaJIPUK.

19.3.1. BemecTBeHHbIe kBagpuku. Haj nonem R npu kaxgoMm k € N ecTb eAMHCTBEHHAA C TOY-
HOCTBIO [I0 NU30METPUY ¥ YMHOXKEHUS Ha KOHCTAHTY aHU30TPOMHAasA popMa OT Kk TlepeMeHHBbIX:

(X, Xgy oo X)) = X2+ X5 + o+ +xF .

[TosToMy KakZad Iaikasa BellleCTBeHHaA KBa[pUKa pa3MepHOCTH N, jiexaaa B (n+ 1)-MepHOM IIpo-
crpaHcTBe P, , (R), B IOAXOAAIIMX OZHOPOAHBIX KOOpAMHATAX 3aa€TCsl ypaBHEHUEM

_ .2 2 2
XoXq T XoXg + o +XomXomiq = Xomyz T Xomyz + 0 T X544, (19-5)
rme-1<m<n/2.

[Tpy pasHBIX M 3TU ypaBHEHUA 3a/lal0T IPOEKTUBHO HEKOHI'PYSHTHBIE KBaJPpUKU Pa3HOM IIaHapHO-
ctu. [loatomy dopmymna (19-5) ZocTaBIAeT TOMHBIN CIMCOK ITAPHO HEKOHTPYIHTHEBIX IVIaJKUX Belle-
CTBEHHBIX KBaZIpUK. MbI OyzieM 0603HaYaTh KBaAPHKy (19-5) uepes Q,, ,,, ¥ Ha3bIBATh BEIECTBEHHON
M-nIaHapHoll keadpuxoii pasmepHocmu n. IlmaHapHOCTH M, pa3MEPHOCTH N ¥ aBCOMIOTHAA BeIMYMHA
MHJIeKca' | KBaZpaTUIHOI GOPMBI, 3a/af0lIell BeleCTBeHHYI0 KBaJPHKY, CBA3AHBI PABEHCTBOM

n=2m+.u.
B OPTOrOHaJIbHOM 6asuce YpaBHEHNE KBaJPUKN Qn’m IIpUHUMAaET BUJ
(o 4+ti+ o A th = thg o+ o o
T'unepbonmyecKkrie KOOPAWHATHI X,, CBA3aHbI C OPTOTOHAIBHBIMU KOOpAUHATAMU t,, GOpMyIaMu

X2i = bpai F iy Xpipg Sty — 4 IPHO SIS M

u x;j=t;ompu2m+2<j<n+1l.
KBagpuka mwanapaocTu 0 3azaéTca B OPTOTOHANIBHBIX KOOpAWHATaX ypaBHEeHHEM
t2=tZ+ts+ - +t2

Y HasbIBaeTcsa atunmuueckoll. OHa HellycTa M He COZEPXKUT NpAMbIX. KBaJpUKY IONI0XUTeTbHON
IUIAHAPHOCTH TPAAUIIMOHHO Ha3hIBAIOT 2unepboiuteckumil, He CMOTPs Ha TO, YTO IUIepOOINIecKon
bopmoii 3aaéTest BCero ofiHa U3 HUX — YE€THOMEPHasA KBa[PUKa MaKCUMaIbHOM IIAHAPHOCTH Q) k-
Bce (—1)-ianapHble KBaZpUKU IMycThL. M3 ripezn. 19.4 Ha cTp. 244 BbITeKaeT

CJ/EZCTBYE 19.4

[lepeceuenue razKoil BEIIECTBEHHOM N-MEPHOM M-IUIAHAPHOM KBaJPUKK (), ;, C KacaTeIbHOM I~
IEPIUIOCKOCTBIO B TOYKE P SIB/ISIETCS KOHYCOM C BEPUIMHOW B P Ha/l IMIA/KOU KBAAPUKON Qp_p 11
pasMepHOCTU N — 2 U ITaHapHocTU m — 1. U

1Cm. n° 15.5 Ha cTp. 191.
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19.4. KBagpaTtuuHble moBepxHocTH. Ocobas KBafipaTUYHast TOBEPXHOCTh MUHUMAJIBHOTO paHra 1
B ITOAXOAAIINX KOOPAMHATAX 3a/aéTCsl ypaBHEHUEM x§ = 0 1 Ha3bIBaeTCsA 080LIHOLL NJIOCKOCMbIO.

Ocobas kBaZpuka  C [P, paHra 2 aBndeTcs TUHEHHBIM coeJVHEHNeM BepIIMHHOMN IpsAMOU
Sing Q v mazKo KBapUKHU Ha 000 AOTIOTHUTENBHOM TpAMOiA. Ec/in aTa miagkas KBaJpuKa IycTa,
To Q = Sing Q — 3To mpsMasi, HEJIUKOM COCTOAIIAA U3 0COOBIX ToYeK. Takas KBaJpuKa Ha3bIBAETCA
dsotiHotl npsmoti. Hazx R ABo¥HasA mpsiMas 3aZaéTcsl ypaBHEHUEM xg + xf = 0, a Haz anrebpanyecKu
3aMKHYTBIMH TTOJISIMU TaKWUX KBaIpUK He ObiBaeT. Eciiu KBagpuKa Q mepeceKaeT AOMOTHUTETbHYIO
K Sing  mpsAMYyO MO JBYM TOYKaM, TO OHA ABIAETCA 00beANHEHUEM [[BYX PA3TUYHBIX TUIOCKOCTEMH,
HepeceKaroNuxcs Mo mpsaMoii Sing Q. Takaa KBaZpHKa HasbIBAeTCA pacnasuielic. YpaBHEHMe pac-
TMaBIIENCA KBaJIPUKU ABJISETCSA MPOU3BEAEHUEM [IBYX PA3JIUYHbIX JUHEHHBIX GOPM U B TIOAXOASIIAX
KOOpJMHATax UMeeT BUJ XX, = 0.

Ocobast kBagpuka Q C P, panra 3 uMeeT eJMHCTBEHHYIO 0COOYIO TOUKY s = Sing Q u ABIAeT-
Cs1 IMHEWHBIM COeIMHEHUEM 3TOH TOYKY C IIaZKONM KOHUKOU B IIPOM3BOJIBHOM HE MPOXOAALIeN Je-
pes s wiockoctu [I C P;. Eciu 3Ta KOHUKA ITycTa, KBaZpUKa () COCTOUT U3 eINHCTBEHHOM TOUKU S
¥ HasbBaeTcs 06oiiHoil moukotl. Haz R ABoiiHas Touka 3aAaéTcs ypaBHEHHEM X + x2 + x2 = 0,
HaJ| alre6panyecKy 3aMKHYTHIM TI0JIEM TaKUX KBaZpWK HeT. Eciu miagkas koHuka Q N I1 HemycTa,
KBaZpuKa ( Ha3bIBaeTCsA NPOCMbLM KOHYCOM C BEPIIUHOMU B p. Haz Mt0OBIM 1OJIEM ypaBHEHUE TaKOU
KBaJ[pUKU TIPUBOAUTCA K BUAY xf = XyX,, U €€ BepIllliHa B 3TUX KOODAUHATAX HAXOAUTCA B TOUKE
0:0:0:1).

YOPAXKHEHUE 19.7. [IoKa)XXUTe, YTO KaXKZas JieXalas Ha IPOCTOM KOHyce IIpsMasi IIPOXOAUT Jepes
€ro BepIINHY.

Imazxas KBagpaTudHad nosepxHocTb Q C P, smbo mycta, mbo 0-1ranapHa, nubo 1-1aHapHa.
He cozepxxaras npsaMbIX HelycTasi KBa[pyuKa IJIaHAPHOCTY HYJIb 33/1aéTcsl ypaBHEHUEM

XX, = a(Xy,X3),

IZie @ — aHU30TpOIHAA kBaZipaTUyHas ¢popMa OT AByX IepeMeHHbIX. Kinaccudukanus Takux KBaj-
pUK TpebyeT omnvcaHusa OMHAPHBIX AaHU30TPOIHBIX KBaZipaTHyHbIX GopMm Haz nosneM k. Hazg R Takas
KBa/[pMKa POBHO O/{HA — 3TO SJUIUNTUIECKAs KBaZIpUKa (), o, yPaBHEHHE KOTOPO MOXKHO 3alUCaTh
B BUZE XyX{ = x22 + x32 WIH, ECJIU YTOAHO, B BUZE tg = tf + t% + tg.

19.4.1. I'maaxas KBaApaTUYHasA IOBEPXHOCTD IUIAHAPHOCTHU OAVH. Hazi Ito6bIM IosIeM Bee IIaf-
KY€ KBaJpaTHYHbIe I0BEPXHOCTH IUTAHAPHOCTH 1 IPOEKTUBHO KOHTPYSHTHEL. YZI0OHOM reoMeTprye-
CKOM MOZe/IbIo TaKOU TIOBEPXHOCTH sABJIsAeTcA kgadpuka Cezpe B IPOEKTUBHOM IIPOCTPAHCTBE

P, = P (Mat,,,K)) ,

3a/aBaeMas KBaJpaTHeiM ypaBHeHreM det(A) = 0 u cocTosIas U3 MaTpull paura 1:

0s & { <“0° “°1> + 0‘ det <“°° “°1> = @y ttyy — A @yp =0 } (19-6)
Ao Qg Ao Qg

Kaxzprit oneparop F : U — U panra 1 Ha AByMepHOM BeKTOPHOM ITpocTpaHcTBe U nMeeT ofHOMep-

HBII 00pas, KOTOpHIH ABIAeTca Toukod Ha P; = IP(U), 1 ofHOMepHOe AZAPO, aHHYIATOP KOTOPOTO

ABsieTcs Toukoit Ha Py = P(U*). Hao6opor, o6bie HeHysieBbie BeKTOp v € U u KoBekTOp ¢ € U*

3agarT Ha U TUHEHWHBIHA omepaTop paHra 1

vEU->U, u-v-éu), (19-7)
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06pa3 KOTOPOTo MOPOXKAAETCsS BEKTOPOM v, a aHHYJIATOP sAApa — KoBeKTopoM ¢. Omeparop (19-7)
Ha3bIBAETCS MeH30PHbIM Npou3sedeHUeM BEKTOpA V U KoBeKkTopa &. IIpy yMHOXKXeHNU v U § Ha HeHy-
JIeBBIE KOHCTAHTHI, oIlepaTop v @ ¢ YMHOXAETCsA Ha IPOU3BeAeHUE 3TUX KOHCTAHT. MBI MoTydaeM
GUEKIIMIO MeX/y TOYKaMu KBazipuku Cerpe u Toukamu (v, §) € P, X PY. Broxenue

s: P(U)x P(U*) & ]P’(End(U)) WO v®E, (19-8)

06p330M KOTOPOTI'0O ABJIAECTCA KBaZpHUKa Cerpe, Ha3bIBAETCA 8J10HCEHUEM Cezpe.

YIIPAXKHEHUE 19.8. [IoKQXXUTe, YTO KacaTelbHOE MIPOCTPAHCTBO K KBaAprKe Cerpe B Touke v Q &
COCTOUT U3 TAKUX JIMHEMHBIX omepatopos f : U — U, uro f(Anné) C k- v.

Jlnsa koopauHaTHoro mpoctpancTBa U = k2, Bextopa x € k? ¢ koopauHaTamu (x,, : X,) ¥ KOBEKTOpa
* o

& € k*" ¢ xoopauHaTam (&, : &,) B ABOlCTBEeHHOM 0asuce oneparop X @ ¢ UMeeT B CTAHAAPTHOM

6asuce npoctpaHcTa k% MaTpHIy

<S;oxo §1xo> _ <x0> . (fo {1) . (19-9)

$oX1  $1%q X1

Touku (x, : x;) € P, u(§, : &) € P BoccTaHaBIMBAIOTCA 110 3aaHHON MaTpylie paHra 1 Kak
OTHOILIEHHE MeXXy e€ CTPOKaMH U OTHOIIeHHEe MeX/y e€ cTOI611aMH COOTBETCTBEHHO, U /I TIOObIX
JBYX 3a/JaHHBIX TAKAX OTHOLIeHWI MaTpuia (19-9) aBngeTca e AMHCTBEHHOM C TOYHOCTHIO /[0 IIPOIIOD-
LIMOHAJBHOCTU MaTpUIleli, B KOTOPOU 3TY OTHOIIEHUS Pealn3yloTCA.

YIPAXKHEHUE 19.9. Obs13aTenbHO yoeauTech BO BCEM 3TOM 3TOM!

MaTpunpl ¢ IpeANKUCaHHbBIM OTHOLIEHHEM CTPOK X = (X, : X;) COCTaBJAIOT JByMepPHOE BEKTOp-
Hoe noznpocTpaHcTBo B Mat,, , (k). Ero mpoexktususanus spigeTcs 06pa3oM «BepTUKAIbHOM» KO-
opauHaTHOM mpsaMoi x X PY C P, X P npu Brnoxennn (19-8) u mpeacTaBisfeT oGO0 JIeXKaIILyIo
Ha kBagpuke Cerpe npsAMyio B [P;. AHaJOIrM4YHO, KaX/asA «'OPU30OHTaIbHAA» KOOPAUHATHAA IpAMas
P, x¢ C P, X P} nepeBogutcs BroxenueM (19-8) B iexarnyio Ha kBagpuke Cerpe npsamyo, 06paso-
BaHHYIO KJIacCaMU ITPONIOPLIUOHANIBHBIX MaTpULL paHra 1 ¢ $UKCHpOBaHHBIM OTHOIIEHHWEM CTOJIOIOB
& = (&, : &). TlockombKy oToOpaxkeHue (19-8) aBisaeTcs Obueknyei Mmexzay P, X IP’>1< Y KBa/IpUKOU
Cerpe, MBI IPUXOAUM K CJIeJyIoleMy 3aKI04eHHI0.

[TPEZ/IOKEHME 19.5

KBazpaTuuHas noBepxHOCTb IIaHapHoCTU 1 B [P, Haj NpousBoIbHBIM NoseM k 3ameTaeTcs AByMA
ceMelcTBaMHU MPSIMBIX TaK, YTO JIFOObIE IBE TIPSIMbIE U3 OTHOTO CEMEICTBA He TlepeceKaroTcs, TI00ObIe
JIBe TIPSIMBIE U3 PAa3HBIX CEMENCTB IepeceKaroTCs, KaXKas TOYKa KBaJPUKH SIBJISIETCSA TOYKOH ITepece-
YeHUA [IBYX MPSMBIX U3 Pa3HBIX CEMEMCTB, U KakAas Jexalnas Ha KBaJpuKe mpsaMas IpUHAAIeKUT
POBHO OZTHOMY 13 CEMEHCTB.

JIOKA3ATE/IBCTBO. [IpOBEpKU TpebyeT MU IToC/IeIHee YTBEeP)KeHNe, O3Havarollee, YTO Ha KBaZIpHKe
Cerpe He JIEXXUT HUKAKUX JPYTUX IPAMBIX KpOMe 00pa30B KOOPAMHATHBIX IPSMBIX IIPOU3BEAEHUS
P, x P} npu oroGpakenuu (19-8). Jlexamas Ha KBagpuke Q¢ npsimast £ COAEPKUTCA B IIEPeCeYeHNN
STOM KBa/IPUKH C KacaTeJIbHOM! IUIOCKOCTBIO Ty, g, TOCTPOEHHOM B 110601 TouKe p € £. [lepecedenue
Qs N T, Qg ABIIAETCS KOHUKOM B ILIOCKOCTHU Ty, Qg ¥ COAEPIKUT NAapy IMPOXOASAIIMX Yepes p IPAMBIX U3
pasHbIX ceMelcTB. TeM caMbIM, 5TO paclaBlIasAcsa KOHUKA, COCTOAIIAsA POBHO U3 3TUX AyX NPAMBIX, U
npamasn £ — ofjHa U3 HUX. U
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YIPAXKHEHME 19.10. [TokakuTe, uTo romorpadus ¢ . P, = P, 3azaBaemas He nexailel Ha KBaj-
puKe Qg TOUKOH ¢ € IP(End(U)), nepeBoauT Touky p € P(U) B Takyto Touky q € P(U), uTro
IUIOCKOCTb, TIOPOXK/EHHAS TOUKOM ¢ U IIPAMOJIUHElHOI o6pasytomeii P, X p* C Qg, nepecekaer
KBaZIpUKy Q¢ 110 3TOM 06pasyroweii 1 obpasyiomeii g X PY.

[TPEAJIOXKEHUE 19.6

JIro6ble Tpu npsAMble £, £,,£; C IP; sexxar Ha HEKOTOPOI KBazpuKe. Ecyiu IpsAMEBle TIOIIApHO He Iie-
PECEKaIOTCs, TO IPOXOAALIAA YePe3 HUX KBaJpUKa eIMHCTBEHHA, HEBEIPDOXK/I€Ha, 1-IIaHapHa U ABJIA-
eTcsa oObeIMHEHNEM BCeX NIPAMBIX, IlepeceKaroluX KaKAYI0 U3 IPAMBIX £, €5, £5.

JlokA3ATENbCTBO. KBagpuku B P, = P(V) 06pasyioT MpoeKTUBHOe MpocTpaHcTBo Py = P(S2V).
Tax kak mo6ble 9 runepruiockocreil B P, nmepecekaroTcs, yepes mobble 9 Todek B P; MOXXHO IIpoBe-
CTH KBaJpUKY. BeIOMpasa Ha KaXXZ0H U3 IIPAMBIX 110 3 pasiINYHble TOYKU U IIPOBOJA Yepe3 3T TOYKU
KBa/IPUIKY, 3aKJII09aeM, YTO OHA I[ETUKOM COZEPXKUT BCE TPU MPSAMEIE, a TAKXKeE JII0OYI0 IPAMYIO Iie-
peceKarollyio KaKAyIo U3 IPAMBIX £; B TPEX pasHbIX CBOMX TOYKax. [IOCKOIBKY HU Ha KaKo# 0coboit
KBa/IpUIKe HeT TPEX ITOIIapHO HellepeCceKaloIUXCs IPAMBIX, IIOCTPOEeHHAs KBaIpyUKa IaZKasa U 1-1a-
HapHasd, ecu ¢;NY; = @ A Beex | # j. B aTOM cilydae Bce TPH IPSIMbIE £; I€XKAT B OAHOM CEMeNCTBe
MPSMOJIMHENHBIX 00pa3yroNnX, U KaXKAas MpsiMasi U3 BTOPOro ceMeNCTBa 06pasyIolIyX epeceKaeT
KaXX/JYIO U3 IPAMBIX ¥;. U

YIPAXKHEHME 19.11. CKOJIbKO IPAMBIX B [P; IepecekaeT KaXylo U3 YeTHIPEX 3aJaHHBIX NPAMBIX?
[Tepeuncnute Bce Bo3MoxHBIe HaZ noAMHU R u € orBeTsl. Kakue M3 HUX YCTONYMBEL K MajIbIM
LIeBeJIeHUAM 3alaHHBIX IIPAMBIX?

19.5. KBazapuka ILmiokkepa B P5 u npameie B P3. MHOXecTBO Beex k-MepHBEIX BEKTOPHBIX ITOATIPO-
CTPaHCTB B GUKCUPOBAHHOM N-MEePHOM BEKTOPHOM ITPOCTPAHCTBE HA3BIBAETCS 2PACCMAHUAHOM Y1 060-
snHavaercs Gr(k, n). Hampumep, npoekTusHoe nmpoctpaHcTso P, = Gr(1, n+1), a sBoiicTBEHHOE eMy
npocTpaHcTBo runepiuiockocreit Py = Gr(n, n+ 1). [IpocTeduM OTINYHBIM OT IIPOEKTUBHOTO IIPO-
cTpaHcTBa rpaccManuanoM asasgeTcsa Gr(2, 4). Ero ToUku CyTh AByMepHbIE BEKTOPHBIE IOAIPOCTPaH-
CTBa B BEKTOpHOM TipocTpancTse V ~ k* wim, 94To To ke camMoe, TPoeKTUBHBIE IpsAMble B P, = P(V).
Gr(2, 4) BrnaapiBaetca B P = P(A%V) omobpaxcenuem ILntokkepa

p: Gr(2,4) < P(A%V), U~ A%U, (19-10)

KOTOpOe IepeBOAUT npaAmyto (ab) C P,, ABA0OLIyI0Ca NIPOEKTUBU3al1el IByMepHOro BEKTOPHOTO
noanpoctpanctBa U C V ¢ 6asucoM a, b, B oiHOMepHoe noAnpocTpancTso AU C A*V, mopoxagHHoe
rpaccMaHOBBIM IIpoU3BeZieHHeM a A b.

YOPAXKHEHUE 19.12. YoeauTech, uTo oTobpakerue (19-10) MHBEKTUBHO.
CornacHo ci1. 16.2 Ha cTp. 199, pa3iIoXIMOCTb TpacCMaHOBOM KBaZpaTUuHOi GopMul w € A%V Ha
JBa JIMHEWHBIX MHOXUTENA PaBHOCWIbHA TOMY, 9TO W A @w = 0. DTO cooTHoLIeHue 3aJaéT B Mpo-
crpanctse P = P(AV) keadpuky [Tniokkepa

P=V(@Q)={w€AV|wAw=0}, (19-11)

KOTOpas ABIAETCS MHOXKECTBOM H30TPONHBIX BEKTOPOB GMIMHeiiHOM dopMel § : A%V X A%V — K,
OZIHO3HAYHO C TOYHOCTHIO /[0 IPOTIOPITMOHAILHOCTH OTIpe/IeIAeMOi TeM, UTO IS BCeX w,, w, € A*V
B OZIHOMEPHOM BEKTOPHOM TIpocTpaHcTBe A*V BhITIOMHAETCA paBeHCTBO

Wy Aw, = G(wy,w,) e, Ae, ANes Ae,, (19-12)
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TAe ey, e,, €3, €, — IPOU3BOJIBbHBIN 6a3uc B V. IIOCKOIBKY OZHOPOJHbIE I'PACCMAaHOBBI MHOTOWIEHBI
CTeleHU iBa KOMMYTHUPYIOT APYT C APYroM, 3Ta OuinHelHas ¢popMa CMMMeETpUYHA.

YIIPAXKHEHMUE 19.13. Y6euTeCh, 4To 3ajaBaeMast paBeHCTBOM (19-12) dopma § 6unrHeliHa 1 HEBBI-
POX7ZeHa, a MpU BEIOOPe Apyroro 6asuca B V oHa yMHOXaeTCs Ha HEHY/IEBYIO KOHCTaHTy. Hamu-

LIUTE eé MaTpuny FpaMa B CTaHAAPTHOM 6asuce U3 IIeCTH MOHOMOB eii=¢6 A ej.

J
B KoOpAMHATaX X;; OTHOCUTE/IBHO CTaHAAPTHOTO 6asuca U3 MOHOMOB e;; = €; A e 1 <i<j<4,

paBeHCTBO W A w = 0 A71a 6uBeKTOpa W = Zij X;je;j IPUHUMAET BUZ,

ij

X12X34 — X13X4 + X14%p3 =0, (19-13)

a otrobpakerue (19-10) mepeBoaUT npsAMYyIo (ab), TOPOKAEHHYIO BEKTOPaMH d, b, CTPOKY KOOPAMHAT
KOTODBIX B 6asmuce e, e,, 3, e, COCTABJIAIOT 2 X 4 MaTpHILy

a, a; az a,
b, b, by b,)’
B IPACcCMaHOBY KBaJpPaTUYHYIO GOPMY a A b ¢ KOOPAUHATAMU X; i = det (

a; a;

b; b;

>, paBHBIMHU 2 X 2
i 5

MUHOpPaM 3TOH MaTpUIIBL.

VIPAXKHEHUE 19.14. YOeAUTeCh B 3TOM U BBISICHUTE, CYIIECTBYeT JIM KOMIUIEKCHAs 2 X 4-MaTpulia,
IIECTh 2 X 2-MUHOPOB KOTOPO¥, BEITUCAHHBIE B CTyYaliHOM MOPsAKE, cyTh A) {2, 3, 4, 5, 6, 7}
B) {3, 4, 5, 6, 7, 8} ? Ecsin Z1a, TO IpeABSIBUTE TAaKyI0 MaTPUILy SBHO.

[Tockonbky kBagpatuuHas popma (19-13) runepbonudeckas, kBagpuka (19-11) 2-aHapsa. Takum
obpasomM, mobas 2-IaHapHasd KBaZpuka B [P, Haz JF0OBIM IOJIEM OTIMYHOM OT 2 XapaKTepUCTUKU
MOXeT BOCIIPUHUMAThCA KaK MHOXKECTBO IIPAMBIX B IOAX0ZAIIEM IIpocTpaHcTBe P,.

JIEMMA 19.1
IBe npsamele £, £, C IP; IepeceKaloTCAECIN U TOIBKO €CTH UX IUTIOKKEPOBEL 00pa3bl OPTOrOHAIBHEI
OTHOCHUTEJIbHO KBaZipaTU4HOH popmel (19-12).

JoxasatenscTBO. Ecmu £, N €, = @, To B V cymecTByeT Takoi 6a3uc e;, e,, 5, €,,9T0 £, = (e,e,), a
?, = (ege,). Torna p(£,) Ap(f,) = e, Ae, Aeg Ae, # 0.Ecmmu £, u £, nepecekarorcs B TOYKeE d, TO
£, = (ab),af, = (ac) ana Hekotoprix b,c €V, up(£,) Ap(£,) =aAbAaAnc=0. O

CJIEAOCTBUE 19.5
Jiia mo6oii Touku p = P(¥) € P nepeceuenne P NT,P = {p(¢) | ¢’ n€ # @}.

19.5.1. CB43KU U ITy4KH NpAMBIX B P,. MHOxecTBO NpAMBIX B [P, HasbIBaeTcs c8A3KO1l, €ClIu
€ro IUTIOKKEPOB 00pas sBJIsIeTCA AByMEPHOM IIOCKOCThIO. Kaskast Takas IIOCKOCTh T C P uHelHo
HOPOXKZIaeTcs TPOMKOI HEKOJUTMHEAPHBIX ToUeK p; = P(¥;), i = 1, 2, 3. IIpu aTom

T = Tp1P nszP ﬂTp3P cP.

ITo 1em. 19.1 u ci1. 19.5 COOTBETCTBYIOIIAA CBA3KA IIPAMBIX COCTOUT U3 BCEX IIPAMBIX, II€PECEKAIOIINX
KakJylo U3 TPEX MONapHO lepeceKalomuxcsa npameix £, £,, £5 B P;. Tpu npavele B P; nmonapHo
TepeCceKaroTCs POBHO B IBYX CIyYasx: KOTZa OHM JIEXKaT B OHOU IVIOCKOCTY WJIY KOTZIa OHU ITPOXO/SAT
Yepe3 OZIHy TOUKy. TakuM 06pa3oM, eCTh JBa FeOMeTPUYIECKH PA3HBIX TUIIA CBA30K IIPAMBIX Ha P5:
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a-nnockocms 1, (0) C P, cocTosAmasn 13 BeeX MPAMBIX, IPOXOAALINX depes AaHHyIo Touky O € P,
B-nnockocms mg(Il) C P, cocTosIIas U3 BceX MPSIMBIX, JIEKALIUX B JAHHO# II0CKoCTH [1 € P3.

MBI 3akJIro49aeM, 4To IUTFOKKEPOBA KBaJpHKa 3aME€TAETCA ABYyMSA ceMeMCcTBaMU IUIOCKOCTEH pa3Horo
THIIA TaK, 4YTO JII00BIE AB€ IVIOCKOCTH OAHOI'O TUIIA BCErja IepecekaroTcsa pOBHO I1I0 O,Z[HOﬁ TOYKE

mg(ly) Nmg(lly) = p (My N 11,)
7-[0((01) N Tta(oz) = ]ID((0102)) )

aaBe WiockocTU T (1), 1, (0) pasHbIx TUIOB He epecekatoTcsinpu O € [1,anpu 0 € [l nepecexaror-
cs1 110 TIPSIMOM, KOTOPas ABJIAETCS IUIIOKKEPOBBIM 00pa30oM IIy4YKa MPSIMBIX, JIeXKAIIHUX B IVIOCKOCTH [1
U npoxofAmux yepes Touky O € [I. [lokaxeM, 4TO Bce NpsAMBIe, Jexalye Ha kBagpuke [LIokkepa,
VIMEIOT TaKo! BUA. Jlist 3Toro paccMoTpuM KoHyc C = P N T}, P ¢ BEPIUHOMN p, 06pa3oBaHHBIN BCEMU
JIeKALUMMHU Ha KBaJpUKe P TIPAMBIMH, POXOSAIINMU Yepe3 TOUKY p, U 3adUKCHUpyeM KaKoe-HUOYAb
He coZiepxKalllee p TPEXMepHOe IPOeKTUBHOe moAnpocTpaHcTBo H C T, P, cM. puc. 19¢7. Ilepeceye-
Hue G = CNH ABnAercsa magkoi 1-miaHapHOM KBaApUKoi B H, 1 Tr06ast TpoXoAsAIas 4yepe3 p npsmas
Ha P umeet Buz (pp’) = m, N T g AJs1 HEKOTOPOU TOUKH p’' € G unockocreit my, T p HaTAHYTBIX HA
TOYKY p ¥ Mapy MPOXOAAIIMX Yepe3 p’ MpAMOTUHERHbBIX 06pasyIoNUX KBaJPUKU G .

Puc. 19¢7. Konyc € = P N T,P.
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Ymip. 19.3. Bo3bMEM IIPOU3BOIBHYIO TOUKY P, € Q U M06YI0 He IPOXOAAILYIO Yepe3 P, TUIIePILIOCKOCTD
I ~ P,_,, nepecekaromyto Q mo rmazakoii kBaapuke Q' = I1 N Q (ybeauTech, 4To Mpu n > 2 3T0 BO3-
MoxHO'). Boibepem Ha Q' THHEHHO He3aBUCHMEIE TOUKH D, ... , P,, ¥ IPOBEAEM depes p, MpAMYIO,
TIepeceKarolyro TUIepIUIockocTh [T BHe kBaapuku Q' un+ 1 mwiockocTeli pasMepHOCTH n— 2, BhICeKa-
eMBIX U3 /] KacaTe/lbHOU IUIIepIIOCKOCTBIO Ty, ( M 1t TUIIEPIUIOCKOCTAMH, HATAHYTBIMU Ha TOUKY Do
¥ BCE TOUKH p;, 6€3 KaKo#-HU6Y/Ib OfHOIZ, DTa IpAMas IepecedsT KBaZpHKy Q B TOUKE P, +1, KoTOpas
He JIEXUT B OFHOM TUIepIIOCKOCTH HU C KAKUMU N U3 TOYEK Py, ... » Dy

Y1IP. 19.4. [IOCTPOUM MOAPHL° KaKUX HUOY/b ABYX TOUEK d, b, Texaliux Ha ZJaHHO# IpAMOii £ BHe odep-
YHUBaEeMOT'0 OKPYKHOCTBIO KpyTa. Touka ux mepecedenus 6yeT momtocomM mpsamoii (ab). [Mosspa gexa-
el BHYTPHU KpyTa TOYKHU — 3TO MpsAMasi, IPOXOAIIasi yepes MOJI0Ca MTPOMU3BOJIbHOMN Maphl MPSIMBIX,
TepeceKaroIUXCs B 9TOH TOUKe.

ymp. 19.5. IlepecedeHne kBaZpuku @ c mpamoii (cd) 3afaéTcs B OFHOPOAHBIX KOODAUHATAX (X, @ X)
OTHOCHTEJIbHO 6asuca ¢, d KBagpatudnoit popmoii q(x) = det(x, ¢)-det(x, d), monsapusarus KOTOpOit

gx,y) = % (det(x, ¢) - det(y, d) + det(y, ¢) - det(x, d)) .

Yenosue conpsikénHoctH §(a, b) = 0 o3nauaer, uto det(a, ¢) - det(b, d) = — det(b, ¢) - det(a, d), T. e.
la,b,c,d] = —-1.

Ynp. 19.7. Eciu npamasn £ C  He IPOXOAUT Yepes S, TO MOPOXKAEHHAsA NPAMOU £ ¥ TOYKOH S IUVIOCKOCTD
I[eJTUKOM JIEKUT Ha KBaZ[puKe () U mepecekaeT IJIOCKOCTD [1 10 IPAMOMN, YTO HEBO3MOXKHO, TaK Kak
IIazKasg KOHHUKA Q N [T He COAePXKUT IIPAMBIX.

Ymp. 19.8. Basucom mpocTpaHCTBa Tyg s ABIAIOTCA ONEPATOPH V & Eu®énv@n,raeu € Uu
n € U* cyTh 1100ble BEKTOP U KOBEKTOP, HE TIPOIIOPIUOHABHEIE U U § COOTBETCTBEHHO. [I[pMeHeH e
7060T0 U3 STUX OMEPATOPOB K BeKTopy w € Ann & gaét mi6o 0, 1160 BEKTOP, MPOMOPIMOHATbHEIHN
v. TockonbKy onepatopel F : U — U co coiictBoM F(Ann &) C k- v ToXe COCTaBIAIOT TPEXMEPHOE
BEKTOPHOE IIPOCTPAHCTBO, IOC/IEAHEE COBNAAAET C Ty s

yrip. 19.11. Haz C ycToHYMBEIA OTBET — AiBe, HaZ R — Be Wi HU ofAHOM. [1pH crieliaIbHOM pacIioyioxKe-
HUU YeThIPEX 3aJaHHBIX IPAMBIX X MOLYT ITepeceKaTh POBHO OZHA WK 6€CKOHEYHO MHOTO IIPSIMBIX.
PaccMmoTprTe MHOXXECTBO BCeX IPSMBIX, [TlepeceKaloluX IIepBble TP JaHHble IIPsIMble, U BLIACHUTE,
Kak 5Ta KBaJjpyKa B3aUMO/JeNCTBYeT C Y4eTBEPTOU JaHHOU IPAMOH.

1Cm. mpeayr. 19.4 Ha cTp. 244.

23T0 MOXHO cAIeTaTh, TTOCKOJIBKY IIPOM3Be/IeHHe KBapaTIHIHOH GOPMBIL, 3aatomteit kpaapuky Q', un + 1
JUHEeUHBIX GOPM, 3a/aI0IUX TUIePIUIOCKOCTH, ABIAETCS HEHY/IEBBIM MHOTOWIEHOM OT OZHOPOJHBIX KOOPAU-
HAT B TUINEPIUIOCKOCTU [T ¥ HaJ 6eCKOHEYHBIM II0JIEM He MOXXeT TOX/ECTBEHHO 00pallaThCs B HY/Ib BO BCEX
TOYKAX 3TON TUIEPILIOCKOCTH.

3Cm. puc. 18014 Ha cTp. 236.
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