§22. AddunHbIE KBaAPUKHI

Bcrozy B aToM maparpade Mbl 10 YMOJTYaHUIO CYMTAEM, YTO OCHOBHOE mojie [k 6eCKOHEYHO U XapaKTe-
puctuka char k # 2.

22.1. IIpoekTHBHOE OcHalleHne a$pGUHHOTO MPOCTPAHCTBA. PaCCMOTPUM BEKTOPHOE MPOCTPaH-

ctBo V = k™ ¢ koopauHatamu (x4, ..., X,) ¥ BIOXUM accolluMpoBaHHOe ¢ HUM adPpUHHOE IPOCTPaH-
crBo A" = A(V) B kadecTBe craHzapTHOU addunHOM KapT U, = Uy, = €o + V B IIpOeKTUBU-
sauuio P, = P(W) BekTopHoro mpoctpaHctBa W = k - e, @ V ¢ koopAuHaTaMu (X, X4, ..., Xp).

BeckoHeYHO yZal€éHHYI0 TUIepIUIOCKOCTh 3TOM KapThl o6o3HauuM dyepes L, = P(V). Toukunu € L
Ipe/CTaBIAI0T c0000 HapasIeHus B U, B TOM CMBICIIE, 9TO KaXKAad IPOeKTUBHaA npamad (pu) C P,
raep € Uy, u € L, nepecekaer abdunnyio kapty U, no apduHHOM IpaMoii ¢ mapameTpudecKuM
ypaBHeHHEM p + ut, rae t mpoberaert k.

1

22.1.1. Bnoxenue apPpuHHOM rpynnsl B MPOEKTUBHYIO. HanmoMHIO ", 4TO adunHas epynna

Aff(U,) =~ V X GL(V)

COCTOUT U3 GHEKTUBHEIX aGUHHEIX OTOGPAKEHMT A(U,) = A(U,) u aBrsgeTca NOIyIPAMBIM IPO-
M3BeJeHIEM HOPMAaJIbHOH! n002pynnbt cdsuzos* V < Aff(U,) n nonHo uHelHOM rpynnsl GL(V), Bio-
sxeHHolt B Aff(U,) kak crabunusaTop HadanabHol Touku e, € A(U,). ByseM Ha3bIBaTh iBe GUTYPHI B
A(U,) apPurHo KoHepysHMHBLMU, €CITU CyIlecTBYeT apPrUHHOe TpeobpasoBaHue, TepeBOAAIIee OFHY

VX HUX B IpYTYIO.

[TPEZ/IOXKEHUE 22.1

Addunnan rpynna Aff(U,) kaHoOHUYIeCcKH M30MOpQHA ITOATPYIIIIE TPOEKTUBHOH rpymnisl PGL(W), 06-
Pa30BaHHOM BCeMU ITPOEKTUBHBIMHU MpeobpaszoBauusamu P(W) = P(W), KOTOPHIii IepeBOJAT B cebst
6eCKOHEeYHO yZanéHHYI0 IMIEePIUIOCKOCTD L, ahdunHOM KapTs! U,,.

JIOKABATE/ILCTBO. IlycTh adduHHOE oToOpaxkeHnue ¢ @ U, = U, nepeBOAUT TOUYKY €, + V B TOUKY
¢(eg) + Dy, (v), m ero mubdepeHnman D,V > V ABnsAeTCcs TMHEHHBIM usomopdusmom. Torzaa yiu-
HeltHoe oTobpaxkeHue f : W — W, xye,+v = x,0(ey) + D, (v), nepeBoaut B ce0s1 TUTIEPIUIOCKOCTD
V = Ann(x,) C W.Ecmu x,e, + v € ker f, 10 x,¢0(e,) = -D,(v) €V = Ann(x,), otkyaa x, = 0
uv € ker D, = 0. Tem cambIM, f € GL(W). HpoeKTI/IBI/IBauHH]_”: P(W) — P(W) nepeBoaurt B cebs
6ecKkoHeYHO yAanéHHyo runepiviockocts L, = P(V) u abdunnyto xapty U, mpuuém f| u, = -
Haobopor, ecu 3azjaBaeMoe JUHEWHBIM aBToMopduamoMm f : W = W mpoeKTHBHOe mpeobpa-
30BaHI/Ie]_CI P(W) = P(W) nepeBogut B cebs rumnepiuiockocts L, = P(V) C P(W), To f(V) C V,
uTak Kak imf ¢ V, Bextop f(e,) = dey + u,raeu € Vu A # 0. JluHelHblt usomopdusm
g =A"'f: W = W mepeBoauT KaX</Iblii BEKTOD €, + v € U, B BeKTOp ¢, + A 'u + 171 f(v) € U,.
TaKiM 06pasoM, POEKTHBHOE IpeobpasoBanue f = g oTobpakaeT apdUHHYIO KapTy U, B cebs n
AeficTBYeT Ha Heii kak ahdrHHOe Tpeo6pasoBaHue, KOTOPOE IEPEBOJUT TOUKY €, B TOUKY €, + A ' u
u nuddepeniuan koroporo pasen A1 f|y,. Il

'Cm. n° 2.5 Ha ctp. 31.

2Cm. n° 2.2 Ha cTp. 26.

3Cm. n° 2.5.1 Ha ctp. 31.

4T. e. mpeo6pasoBaHuit 7, A(U,) = A(U,), p = p + v, c ToxAecTBeHHBIM AuddepeHIaioM D, = Idy.
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22.1.2. TIpoekTuBHOeE 3aMbikaHue adduHHOMN KBaApuku. AQGuHHONA kBazpukoii B A" = A(V)
HasbiBaOT urypy Q@ = {v € A" | f(v) = 0}, 3a71aHHYI0 HEOAHOPOAHLIM YPABHEHHMEM CTENIEHH JIBA

fOq, o xp) =fo+ filxg, ...oxp) + fo(xq,....x,) =0, 1€

n n
(22-1)
fo=Boo €I, fiGtrs s x) =2 ) Bojxj EVE, fy(xp, ) = D Bijxpx; € SPV*
j=1

ij=1

TpoekTuBHOe 3ambikanue! Q = V(q) C P,, addunnoii kBagpuku Q C U, ABNAETCI MHOXXECTBOM HY-
Jiell OTHOPOAHON KBaZpaTUIHON GOPMEI q(Xy, X4, ... , X,) = xg fo+xofilxy, ..oox) +fo(xg, .0, %)
¢ matpuneii I'pama B = ([)’i j), 0 £ i,j < n, KOTOpPyIO UHOIZA HA3BIBAIOT PACWUPEHHOU MaTpULleit
I'pama abdunHol kBagpuku Q. Ilpu x, = 1 ypaBHeHue q(x) = 0 npeBpamaeTca B ypaBHeHHe (22-1).
ITosTomy a N U, = Q. IlepeceyeHre NIpOEKTUBHON KBaJPHUKU 5 ¢ 6ECKOHEYHO yAaTEHHOM TUIIEp-
wiockocteio L, = P(V) = P, \ U, obosHauaeTcs Q ] 6 NLy, = 5 ~ Q C P(V) u HasbIBaeTcs
acumnmomuueckoll keadpuxoii agPUHHON KBaJApUKH Q. ITa KBaZpHKa 3aJa€TcAa OZHOPOLHOM KOMIIO-
HeHTOoM BTOpOll cTeneHu f, = q|, € S2y* HEOZHOPOAHOTO MHOTOWIeHa (22-1) U uMeeT MaTpULLY
I'pama B, = ( B; j), rge 1 < i,j < n, KoTopas ABJIAETCA [IpaBOi HIDKHEH YIIOBOH n X n-rogMaTpulieit
pacmupenHoi Matpunsl I'pama B.

[IPEZJIOKEHUE 22.2

IMycts HemycThie adduunble kBagpuku Q', Q” C U, umerot B P, npoektuBHble 3aMbikanusa Q' u Q”.
Toraa Q' u Q" addUHHO KOHTPYSHTHBEI €C/TU ¥ TOJILKO €C/IU CyIeCTBYeT TaKoe TPOeKTUBHOEe Mpeo6-
pasoBanue g : P, = P, ,ut0o g(Q') = Q" nug(L,) = L.

JlokA3ATE/NBCTBO. ComnacHo mpeai. 22.1, apdunHble mpeobpasoBaHusa npocTpaHcTsa U, cyTh MIpo-
eKTUBHBIe Ipeo6pa3oBaHuA IpocTpaHcTBa [P, nepeBozAmye B cebsa 6eCKOHEYHO yAaNEHHYIO TUIIep-
wiockocTs L, C IP,,. Ecin Takoe IpoeKTUBHOe r[peo_6pa3013aﬂue g TepeBoauT Q' BQ", 1o ero orpa-
HuyeHue Ha Kapty U, = P, \ L nepesoautr Q' = Q' ~ L, 8Q"” = Q" \ L. Hao6oport, ecu orpa-
/ Y 14 an
HUYeHUe TPOeKTUBHOTO HpeO6£aSOBiHI/IH g Hakaptry U, nepesoautr Q' = Q" ~L BQ" =Q" ~ L,
TO TIpoeKTHBHBIe KBaApKKU g(Q') u Q" coBmazaroT APy ¢ APYroM BCrOAY BHE TUTEPIUIOCKOCTH L, .
Wpywaa Hke sem. 22.1 yTBepK/JaeT, 94TO TOrZa OHU COBIIAAAIOT BCIOAY. O

JIEMMA 22.1

Ecmm runeprutockocts H C P, u HelycTas npoekTuBHas kBagpuka P C P, Haj 6ecKOHeuHBIM II0-
sem k TakoBel, uTo P ¢ Hu H ¢ P, To nepeceuerre P N H 0fHO3HAYHO BOCCTAHABIMBAETCS IO
nomnosHeHuio P\ H.

JlOKA3ATE/BCTBO. [Ipu n = 1 aT0 ciexyeT us npum. 17.6 Ha cTp. 212. I[lyetbn > 2w P = V(q).
Ecnu kBagpuka P magkas, To Hafi 6eCKOHEYHBIM MTOJIeM B flonoHeHuM P \ H HaligyTcs n + 2 TOYKY,
HHKaKue N + 1 13 KOTOPBIX He JieXKaT B OZJHOM TUIIePIIOCKOCTH.

VIIPAXKHEHUE 22.1. YOeJUTEeCh B STOM.
[TonapHoe HpeoGpaBOBaHI/Ie2 q: P(V) = P(V*) nepeBoguT 5T TOYKHU B UX KacaTeIbHbIE THIIEPILIOC-
KOCTH ¥ TEM CAMbIM OZHO3HAYHO MU onpezessieTcs. [1o moasipHOMy Tpeo6pa3oBaHUI0 OZHO3HAYHO C

TOYHOCTBIO /IO MTPOTIOPIIMOHAIFHOCTH BOCCTaHABIUBaeTCsI MaTpurla 'pama GopMEl q, a 3HAYUT, U ca-
Ma kBagpuka P. Eciu kBazipuka P ocoba, Ho B fiorosHeHuH P \ H ecTh ITafikas TOYKa @, paCCMOTPUM

1Cm. n° 17.4.3 ma cTp. 217.
2Cm. n° 19.1 Ha cTp. 237.
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J060€e IOMOHUTENBHOE K Sing P MpoeKTUBHOE OAIPOCTPaHcTBO L S a. Ilo Teop. 17.1 Ha crp. 213
KBaJpUKa P sBJsIeTCS IMHERHBIM COeJUHEHNEM TIOANPOCTPAHCTBA Sing P U HEMYCTOM ITaZKON KBaj-
puxu P’ = P N L 3 a. Ilo yxe floka3aHHOMY, B IPOCTPaHCTBe L MepecedeHue KBaApuKu P’ ¢ rumep-
wrockocthio H' = H N L ogHO3HAYHO oIpe/enAaeTca JOIoJTHEeHUeM P'\H'. [Tepeceuenue Sing PNnH
TaKKe OHO3HAYHO BOCCTAaHABIMBAETCs o P \ H, TIOCKOJBbKY Kaxzas npsamast (ab) cb € SingP N H
JIEXXUT Ha P ¥ Bce TOUKHU 5TOM NpAMOI KpoMe Touku b nexxaT B P \ H. Tem cambIM niepeceueHne P N H,
Oyayau auHelHbM coeaunenreM P’ N H ¢ Sing P N H, Toxe 0fHO3HAYHO BOCCTAHABIUBAETCA IO
poronHeHuto P \ H. Hy a eciu B fononHeHnu P \ H ecTb ocobas Touka a, To mobad npamad (ab) c
b € P N H njesvkoM JIeXXUT Ha KBaJpuKe U IlepecekaeT H pOBHO 110 TOuKe b. 3HAYUT, U B 3TOM CiIydae
nepecedeHue P N H BoccTaHaBiauBaercano P\ H. Il

OnPEAE/NEHUE 22.1

Adodunnan xBagpuka Q C A™ = A(V) ¢ IPOEKTUBHEIM 3aMBIKaHHEM 5 c P, = P(W) u acumn-
TOTUYeCKOM KBaZpUKOH Q,, = 5 N L, Ha3bIBaeTcs 2nadkoll yeHmpanbHoil, ecu obe KBaJpHUKU 6,
Q, m1azkue, napabosoudom — eciu 5 miagxad, a Q,, ocobad, (npocmsim) KOHYCOM — €CIIH 6 ocobas,
a Q,, magxas, U yuruHopom — eciu obe IPOeKTUBHbIE KBaJ[PUKHI 5, Q, OCOOEL

22.2. I'magxue neHTpalabHble KBaApuKu. Eciu obe mpoekTrBHbIe KBagpuku Q u Q, = Q N L,
magxue, 6eCKOHeuHO yAanéHHas TUIepIUIOCKOCTb L He ABJAeTcs KacaTelbHOl K Q, u eé momoc ¢
OTHOCHTENBHO () JIEKHUT B Uy ~ Q. OH aBnseTca yenmpom cummempuu ahpdUHHON KBaAPUKH Q, Tak
Kak 1o mpezi. 19.1 Ha cTp. 238 Ha 060! ITpoxXoAAIel yepes ¢ IpAMOH, llepecekaloliel KBaJpUKy
B TOYKaX @ U b, a 6ECKOHEYHO yAAIEHHYIO TUMEPILUIOCKOCTh — B TOYKE d, BHIIIOJHSAETCS PABEHCTBO
[d,c,a,b] = —1, o3Hayalolilee, YTO TOUKA C JEJIUT TOYKU a, b B oTHomenuu 1 : 1.

Ha si3bike ypaBHEHUH, KBagpuKa ( [eHTpajlbHa eIk U TOJIbKO eciu oba onpegenutess det B,
det B, omiuunsl oT Hyss. LIeHTp ¢, 6yAy4u IOTI0COM THUIEPIUIOCKOCTH X, = 0, yAOBIETBODPSET JHU-
HelftHoMy ypaBHeHUto cB = (1 : 0 : ... : 0). Ero ogHOpoAHBIE KOOPAUHATHI IIPONIOPIIIOHATBHEI
BepXHell CTpPOKe PUCOeMHEHHOM MaTpuIlsl BY pacimpenHoit MaTpuist ['pama’:

c=(1: =By /Byy i --- : (=1)"Byy,/Byo) -

Tax Kak BEeKTOP ¢ OPTOTOHAJIEH IIOAIPOCTPaHCTBY V, mo6oii Habop BEKTOPOB vy, ..., U, € V, cocTas-
JIAIOIMI OpTOrOHANBHBIM 6a3uc dopMsl f, = |y, 06pasyeT BMecTe ¢ ¢ OPTOTOHANBHBII 6a3uc A
¢dopMmer g B W. B OIHOPOAHBIX KOOPAWHATAX (X © X © ... : X;,) OTHOCHUTEJIBHO 3TOro 6asmca KBaj-
patnyHas GopMa q 3aNUCHIBAETCA B BUAE dgXg + A, X7 + - + a,x2 = 0, rae Bce a; # 0. B kapre U,
B apduHHOM periepe ¢ HaYaaoM B Touke ¢ € U, ¥ 0csAMH, HallpaBJIeHHBIMU BJI0JIb BEKTOPOB V;, 9TO
ypaBHeHMe puobperaet BUg by xZ + b,x5 + -+ + byx? = 1, tae b; = —a; / a,. Hap anre6pandecku
3aMKHYTHIM ITo1eM K 3TO ypaBHEHMe MOXKHO YIIPOCTUTD U Jajblile: YMHOXKas 6a3uCHbIe BEKTOPHI Ha
TIOAXOAAIIME KOHCTAHTHI, TIOMy4aeM X5 + x5 + - + x2 = 1. Takum 06pa3oM, Haz anre6pandecKku
3aMKHYTBHIM IIOJIEM Bce IVIaZIKue IeHTpaibHble adduHHbBIe KBAAPUKU adpPUHHO KOHIPYSHTHEL. Haz
nosieM R ypaBHeHUe IPUBOAUTCA K BUAY

X2 4 X —xl g — _x;27+s=ils me r>s=0,r+s=n (22-2)

Y TIPM 9ETHOM N UT = s = n/2 BIpaBoii uactu crout’ +1. TIpur > s M IIpaBoii yacTy 41 IPOeKTHBHOE

'Yepes B; ; 3A€Ch ¥ Aasiee 0603HAYAETCA ONPEAENUTENb N X N-IIOAMATPHLIBI PACIIMPEHHOH MaTpULp! ['pa-
Ma B, CTOSIIIUM B IOTIOJTHEHUM K €€ [-TOM CTPOKE U j-TOMY CTOJIOIIY.

Mipur = s = n/2 cMeHa 3HaKa y 06OMX YacTell U HepeHyMepallis MepeMeHHbIX IpeBpalllaeT ypaBHe-
HHe (22-2) ¢ mpaBoi 4acThio —1 B aHAJIOTMYHOE YPaBHEHHE C TPAaBOU 9acThio +1.
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3aMbIKaHUe a KBaZIpuku (22-2) uMmeeT curHatypy (r, s + 1) u IwaHapHocTb S. [Ipu r > s 1 mpaBoi
JacTtu —1 kBazpuka 5 vMeeT curHatypy (r+1, s) u tianapaocts (s —1). [lpu uétHoM n ur = s = n/2
KBaJZpuKa 5 HMeeT IUIaHApPHOCTh 1 / 2.

AcuMnToTnyecKkas KBagpuka Q. = a N L, abdunHol kBazpuku (22-2) 3a7aéTca B TOM Xe

6aswice mpocTpaHcTBa Ly, = P(V) ypaBHenneM x5 + -+ +x7 —xp,4 — =+ — xj,¢ = 0 ¥ ABISICTCA

(s — 1)-maHapHO¥. MBI 3aKII09aeM, YTO €CIH IIeHTpabHAs KBaZpuKa 6 uMeeT THI' Qg.m»> TO €é
ACHMITOTUYECKAs KBA/[PUKA UMEET TUIL Qy_4 4, ECJIH TIPABAd YacTh ypaBHeHus (22-2) paBHa —1
Wi d = 2m, ¥ UMeeT THI Q4_ ,,,, ECJIV [TPaBast 4acTh ypaBHeHus (22-2) paBHa +1u d # 2m. Takum
obpasom, Bce abduHHbIE KBaApUKHU (22-2) TiomapHo abdUHHO He KOHTPYSHTHBL.

Cpeau HUX UMeeTcs POBHO OfiHA TTyCTas — 3TO KBajpuka ». x> = —1 raHapHoctu —1, 3aza-
BaeMmas ypaBHeHHeM » x? = —1. Takke UMeeTcsA POBHO OJHA HeIycTass KBaJpvKa 6e3 ToueK Ha
6eCKOHEYHOCTH — 3TO KBaZpuKa Y. x7 = 1 IiaHapHOCTH Hy/1b. OHA HasbiBaeTcs atuncoudom. Bee
oCTaJbHble KBaJPUKU HUMEIOT HellyCTYyI0 aCUMITOTUYECKYIO KBaZIpuKy Q. = 0n L., ¥ Ha3bIBaIOT-
s eunepbosoudamu. KBaZpuky IIaHapHOCTH HYJIb HCUEPIIBIBAIOTCA SJUIUIICOUAOM U 08YNOJIOCMHbIM
aunepbosioudom xf + -+ x,zl_1 = x,zl — 1. Yepe3 KaxAyr0 TOYKY BCEX OCTAJbHBIX HEIYCTHIX KBaJ-
puK (22-2) MOXKHO IIPOBECTH JIEXKAINYIO Ha KBaJpUKE MPAMYIO.

VIPAKHEHUE 22.2. YO€ZUTECh, YTO ABYIIOJOCTHBIN TUIepOOION] UMEET 1B€ KOMIIOHEHTHI CBA3HO-
CTH, TOTZA KaK BCe OCTAIbHbIE KBAaJPUKU (22-2) CBA3HBL.

22.3. IapaGosougpl. AbPuHHAA KBaJpUKa Q ABIAETCSI MapaboIOUAOM eCIU U TOJIBKO €CTU €€ TIPo-
€KTHBHOE 3aMbIKaHUe ( IVIaZIKO U KacaeTcA 6eCKOHEYHO y/laIéHHON r'nepIuiockocTH L . B aTom ciry-
yae acHUMIITOTHYecKas KBaZpuKa (Q,, MMeeT POBHO OZHY OCOOYIO TOUKY €, KOTOpas OZHOBPEMEHHO
ABJIAETCA IIOJII0COM TUINEPIVIOCKOCTH L, 1 OfHOMEPHBIM AZIpDOM MaTpuLbL B .

Ha s3eike ypaBHeHuil, y mapabononza det B # 0, a det B, = 0. Touka kacaHus

c=(0:-By :...: (=D"By,) €QNL,,

MOHMMAaeMas KaK HalpaBJeHue B ucxogHoM abdunnoMm npoctpanctBe A" = A(V), HasbIBaeTcsA Ha-
npaenieHuem ocu napabosouda. B cuny npeai. 14.5 Ha ctp. 180, kBagpaTudnasa dopma f, = q|, HeBHI-
POXKJEHO OTpaHUYUBAETCA Ha JTI06YI0 (n — 2)-MEepPHYIO He IPOXOAAIIYIO Yepe3 ¢ TUIEPILIOCKOCTD

H=PWU)CPV)=L,.

Tak Kak orpaHudeHue GopMbI ¢ Ha JByMepHoe TofmpoctpaHctso UL € W = k @ V B aToM ciy-
Jae TO)XKe HEBBIPOXKZAEHO, a cofiepskaleecs B Ut OZIHOMEPHOE MPOCTPAHCTBO € = vt cut HU30TPOII-
HO, TTOATpOCTpaHCTBO UL ABNAeTCA rUMep6OIYecKoll IOCKOCTbIO. BEIGepeM B Hell rumep6oie-
ckmit 6asuc U, U, Tak, 4Tobel u, € Uy, a u, € ¢, ¥ JONOIHUM ero OPTOHOPMaJbHLEIM 6a3ucoM
Uy, ..., Uy, HogmpocTpancTa U o 6a3uca ugy, Uy, ..., Uy_q1, U, B W. B OZHOPOZHBIX KOOPAWHATAX
(Xg: X1 ... ! X,)OTHOCHUTEJBHO 3TOTr0 6a3uca kBaZipaTUyHas GpopMa g 3aIuIeTcsa Kak

2 2 _
axy+ -+ ay 1 Xp_1+2x5x, =0.

B apdunHOM penepe kapThl U, c Ha4aI0M B TOUKE U, ¥ 6a3MCHBIMU BEKTOPaMH Uy, ... , U, abdUHHOE
ypaBHeHue napabosnionzia npuobperaet Bug by xZ + b,x5 + - + b, x2_, = 2x,, A€ b; = —a;.

'Hamomro, uto uepes Qim C P, MBI 0OOO3Ha4YaeM MIAZKYIO BellleCTBEHHYIO KBAZIPUKy pasMepHOCTH d U
IUTAaHapHOCTU M, cM. n° 19.3.1 Ha cTp. 245.
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Hay anre6pandecku 3aMKHYTBIM TIOJIEM OHO yTIPONIAETCS AAJbIIE /0 X5 + +++ + X2_; = 2 X,,, ¥ MBI
3aKJII0YaeM, YTO BCe MapaboouAbl HaZ anre6pandecky 3aMKHYTHIM 11ojieM abGUHHO KOHTPYIHTHHI.
Hag monem R adpdrHHOe ypaBHEHME mapabonoua mpeobpasyeTcs K BUAy

xZ4 o+ xf—xt - —xEs=2x,, THe T2520, r+s=n-1. (22-3)
[Tapa6osouz (22-3) MMeeT IIaHApHOCTS S. [Io3TOMY Ipu pa3HbIX S mapabosongsl (22-3) ahpduHHO HE
KOHTPY3HTHBL. Hy/ib-TUTaHAPHBIN Tapaboong X2 + «++ + X2_, = 2 X,, Ha3bIBAETCA A/LTUNMUUECKUM,
a Bce ocTasbHbIE — 2unepboauueckumu. B cuiy ci. 19.4 Ha cTp. 245 acuMnToTrudecKast KBapuka ad-
¢unHOrO Mapabonownzia ¢ TPOEKTUBHBIM 3aMbIKAHUEM THIA Q4 ,, ABIAETCA NPOCTHIM KOHYCOM C BEP-
IIMHOM ¢ Ha/l [MIA/IKOM IPOEKTUBHOM KBAAPUKOU TUIA Qg_5 11 -

22.4. TIpocTble KOHychl. AbdrHHAA KBaJpUKa @ ABIAETCA IPOCTHIM KOHYCOM, eci e€ paclIupeH-
Hasg marpuna I'pama umeer det B = 0, HO IpaBhIil HIDKHUI YITIOBOM N X N-MUHOP 3TON MaTpPHUI[BI
By, = det B, # 0.B atom ciydae rk B = n u IpoeKTHBHAs KBaApuka @ MMeeT eJUHCTBEHHYIO

0C00YI0 TOUKY (Co: €1 ... i €Cp) = (Byg ¢ —Byy & ... : (—=1)"By,) — BEPXHIOI CTPOKY IIPUCO-
€/IUHEHHON MaTpUIILI BV, JIeXKaInyio B ker B, IIOCKOJIBKY BYB = det B - E = 0. [ToMecTUM HaYajo
addunHOM KOOpAUHATHOM cucTeMbl KapThl Uy B TOUKY ¢ = (1, =By, /Bygs -+ » (—1)" By, /Boo) € Uy 1

HaIpaBUM OCH KOOPAUHAT BJIOJIb BEKTOPOB KaKOT0-HUOYb OPTOTOHAIBHOT0 6a3rica HeBBIPOXKJeHHOH
KBaZpaTU4IHOH GOpMH! f, = q|,,. B TakoM peniepe kBazpuka Q 3anuiiercs adGUHHBIM ypaBHEHHEM

a;x2 4+ ayxs + - +a,x2 =0,

OZIHOBPEMEHHO fBJIAIOLIMMCA OAHOPOJHBIM ypaBHEHHEM acHMIITOTHYECKOM KBagpuku @, C P(V).
Hay anre6panyecky 3aMKHYTBIM [OJIEM 3TO ypaBHEHMe yIIPOMIAeTCs /10 X2 + X5 + «-- +x2 = 0. Tem
caMBbIM, BCe TIPOCTHIE KOHYChI Ha/| alre6pandecky 3aMKHYTHIM 1osieM apPUHHO KOHTpyaHTHBL. Haz
mosieM R ypaBHeHUE KOHyca IIPUBOJUTCS K BUAY

xZ4 e txf=xf 4 o +x, e T2s20ur+s=n. (22-4)
OTo ogHOpOAHOE ypaBHeHUe 331aéT B [P(V) IpOeKTUBHYIO KBaJpUKY IUTaHapHOCTH S — 1. TloaToMy
adduHHEIN KoHYC (22-4) UMeeT IUIaHAPHOCTE S. B yacTHOCTH, Bee KOHYyCH (22-4) nonapHo apPuHHO
He KOHTPysHTHBI. O6paTuTe BHUMaHWMe, 4To 0-TUlaHapHbIH abdUHHBIH KoHyc X2 + +- + x2 = 0 sAB/A-
eTcs KOHYCOM Haj| IyCTON NPOEKTUBHON KBaJIPUKON Q,_; _; U COCTOMT U3 €JMHCTBEHHON TOUKU —
CBOEH pacIioNoKeHHOU B Hayajle KOOPAMHAT BEepIINHEL.

22.5. Huruaapsel. CortacHo omp. 22.1, abpduHHadg KBaZpuKa Q ABIAETCA UWINHAPOM, ECIU U 6, nQ,
oco6sr, T.e. det B = det B, = 0.

YIIPAXXHEHUE 22.3. Y6eAnTech, YTO 3TO SKBUBATIEHTHO yeIoBuio Sing Q N L, # @.

Ecsu BEIOGpaTh B V 6asuc e, e,, ... , €, TaK, YTOObI BEKTODHL e; C [ > 1 cocTaBwIM 6asuc B kerg NV,
To ypaBHeHUe abGUHHON KBaZPUKU KBaZPUKU Q He OyZeT 3aBUCETH OT MOCIEAHUX N — T KOOPAU-
Har. [TosToMy 060 WIMHAD ABIAETCS MPAMBIM IIpou3BeAeHreM apduHHOrO npocTpatcTea A7,
HapaJuIeIbHOTO MTOCIEZHUM N — 1 6a3UCHBIM BEKTOpaM, U He UMeIolleil ocobeHHOCTel Ha 6eCKOHeY-
HocTy abPUHHOM KBaZIPUKHY B IOTIOTHUTENLHOM K HeMy adduHHOM npocTpaHcTBe A”. DTa KBagpuKa
IPUHA/JIEXXKUT K OZHOMY U3 y?Ke PAaCCMOTPEHHBIX BBIIIE TPEX TUIIOB.

[TPUMEP 22.1 (BEIECTBEHHBIE AGOUHHBIE KPUBBIE BTOPO CTEITEHU)
TTOMHEIH CITHICOK HENyCTHIX abHHHBIX «KPUBBIX BTOPOI cTelleHn» B R? ¢ TOYHOCTHIO 10 adPUHHOI
KOHTPYSHTHOCTH TAKOB:
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o annunc xZ +x5 = 1, MiaKas leHTpaabHas KBa[pUKa C yCTON aCUMIITOTUYECKOH KBa/IPUKOIA;
IIPOEKTHBHOE 3aMbIKaHHUe TUIA @, ,, ACUMIITOTHYeCKasA KBaJpuKa Timna Q, _,

o zunepbona xf - x§ = 1, mazxas ¢ meHTpaJbHasg KBaJpuKa C IIaZKON HEelyCTON acCUMIITOTH-
YecKOU KBaApukoi, cocrosmier u3 touek (0 : 1 : 0), (0 : 0 : 1); mpoeKTUBHOE 3aMbIKAHHE
Tuna Q, ,, aCUMIITOTUYecKas KBaJpuka Tuna Q o

o napabona x? = x,, Kacaromasca 6eCKOHEIHO y/anéHHOM mpAMoii B Touke (0 : 0 : 1); mpoek-
THUBHOE 3aMBbIKaHMe TUMA @, ,, ACUMIITOTHYECKasA KBaJpruKa — KOHYC Ha/l, IIyCTOM KBaJAPUKOU
B P,

o deotinaa mouka xi + x5 = 0, KOHyC Ha/i TIAJKOM IMyCTON aCUMIITOTUYECKON KBAaZPUKOM TH-
ma Qg _4

° napa nepecekamUUXC NPAMbIX X2 — x5 = 0, KOHYC Ha/| IIaiKOM HeIyCTOM aCuMITOTHYECKOM
KBaZIpuKou Tvmna Q o

° Napa napaninesbHbLX NPSIMbLX xf = 1, WINMHAP HaJ IMIaJKOH HellycTol KBagpukoii B Al

o

080liHas npsmas xf = 0, WUIMHAP HaJ ABOMHOM Toukoit B A,

[TPUMEP 22.2 (BEIIECTBEHHBIE AOO®UHHBIE KBAZIPATUYHBIE TIOBEPXHOCTH)

TIoJHBIH CIIMCOK HemycThIX ahGHUHHBIX «KBaJpaTUYHBIX ToBepxHOCTeil» B R BABOE ANHHHee mpe/bl-
JylIero CIMcKa «KpHUBbIX». OH COCTOUT U3 CEMU LIWIKNH/IPOB Ha/, STUMU «KPHUBBIMU», 33/]JaBaeMBbIX Te-
MU e ypaBHEHUsAMH, HO TOJIbKO B pocTpaHcTBe R ¢ koopaunaTamu (x,, X, , X5 ), U HA3BIBAEMBIX CO-
OTBETCTBEHHO JUIUIITUYECKUM, TUIIEPOOIMYECKUM 1 TapaboIndecKuM IWIMHAPAMUY, ABOHHON 1Ipsi-
MOM, mapoii IepecekarmmUXCca U Mapoii napaUieNbHbIX IVIOCKOCTeH U ABOMHOM ITOCKOCThI0. KpoMme
ceMU LWIMHAPOB eCTb TPU IMIaJKUX LleHTPaJbHBIX IOBEPXHOCTHU:

X34

Puc. 2201. [fwmngp x2 — x5 =1  Puc. 2202. Dincons x5 + x5 + x5 = 1

o a/IUNCOUO xf + xz2 + x§ = 1 c IpOeKTUBHBIM 3aMbIKaHUEM (), , U IMIaZKOM IMycToi acuMIITo-
THYeCKOM KOHUKOU Q, _, ; SJ/UIMIICOMA KoMIaKTeH U 0-1ulaHapeH (cM. puc. 2202)

o dgynosocmubiil 2unepbonoud x2 + x> = x2 — 1 ¢ TeM e caMbIM POEKTUBHBIM 3aMbIKAHHEM
Q.o ¥ IVTaAKOH HeIyCTON acCHMITOTUYeCKON KOHUKOH Q, ,; ABYIIOJIOCTHBIHN runepbomrons, 0-
IUIaHApeH ¥ UMeeT /IBe KOMIIOHEHThI CBA3HOCTH (CM. pHc. 2204)



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();
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§22 AdduHHbBIE KBaIpUKU

o o0HononocmHubLil 2unepbonoud x5 + x5 = x5 + 1 (cM. puc. 2263), TPOEKTHBHBIM 3aMbIKa-

HUEeM KOTOPOTo sBfeTcs KBagpuka Cerpe @, ;, UMeIOIasa HEIyCcToe IepecedeHue ¢ Jroboi
IUIOCKOCTBIO U IlepeceKalrolas KaKAyIo HeKacaTeIbHyl0 IUIOCKOCTD II0 IVIaKOM HelyCToH Ko-
HUKe (), ,; OZAHOIIOJIOCTHBIM rUIep6OION CBA3€H U 3aMeTaeTcs ABYM:A ceMelcTBaMU IPAMBIX

Puc. 2203. Tunep6onona x2 + x5 = x5 + 1 Puc. 2204. Tunepbonong x; + x5 = x2 — 1

ABa napa60J10H,aa:

o aunmuueckuil napabonou = M. pHC. -IUTaHAPHBIM II THBHBIM
6 0xZ+xZ=2x;(c c. 2265) ¢ 0-rutana 0eK

3aMbIKaHUEM @, ,, KOTOpOe KacaeTcs 6eCKOHEYHO y/IaIéHHON IIOCKOCTH X, = 0 B Touke (0 :
0 : 0 : 1), u acuMIITOTUYECKOU KOHMKOU, KOTOpas ABJAETCSA KOHYCOM C BEPUIMHOMN B 3TON
TOYKe Ha/l IIyCToM IMIaAKoM KBaApUKOH Qy _;

eunepbonuueckuii napabonoud x2 — x2 = 2 x, (cM.puc. 2207) ¢ 1-I1aHAPHBIM TPOEKTUBHBIM
3aMBIKaHUEM (, ; U aCUMIITOTUYECKOW KOHUKOM, ABJAIOIIENCA KOHYCOM C BEPLIMHOM B TOYKe
(0 : 0 : 0 : 1) Hax HemycTOM IAAKON KBaZPUKOH Q) o; TMIEPOOINYECKHi TTapabomons
3aMeTaeTcs ABYyM:A ceMeHCTBaMU NPAMBIX, B YaCTHOCTH, IlepecekaeT O@CKOHEYHOCTb II0 I1ape
IPAMBIX X; = +X,

Puc. 2265. TTapa6osong x7 + x5 = 2 x, Puc. 2206. Konyc x7 + x5 = x2

Y ABa IIPOCTBIX KOHYCa Ha/J pa3HbIMU IMIAAKUMU aCUMIITOTUICCKUMHU KOHUKaMU:

o Ogoiinas mouka x; + x5 + x2 = 0, KOHyC Ha/| IyCTO} IIA/IKOW KOHUKO#







22.5. IunuHapse! 283

o aIUNMuUUeckuil KOHYC X2 + X5 = x5, KOHyC Ha/l He TyCTOH IMaZIKoi KOHUKO# (cM. puc. 2206)

Wtoro, 14 HemycThIX monapHO apPUHHO HEKOHTYIHTHBIX QUTYP.

T

P X3

p A \;\ \
\ \ \\
W \ R

Puc. 2207. Tunep6ommyeckuii mapabomons x2 — x5 = 2 x,

[IPEAJIOXKEHME 22.3
Kaskp1it mapa6onons B R™ romeomopden R™ 1,

JOKA3ATENBCTBO. [IyCTh IPOEKTUBHOE 3aMbIKaHNE PC P,,(R) mapabosnouzaa P C R"™ kacaeTcs 6ec-
KOHEYHOMH TMIIePIUIOCKOCTH L, B ToUKe p. [IpOEKIMA 13 TOUKU p Ha JI06YI0 He IIPOXOAALIYIO Yepe3 p
IIPOEKTUBHYIO runepIutockocTs H C P, 3a1aéT GueKIHio Mexx Iy TodKkaMu napabosnonga P = F\Loo =
=P~ Tpﬁ U TouKaMu a$pOUHHOM rumepIuiockocty H TpF ~ R™ . [TocKoMbKy KOOPAUHATHI TOYKU
x € P ueénpoekuun t € H ABNAIOTCA PAlMOHATBHBIME GYHKIUAME APYT APyTal, sTa GHeKius
SIBJIIETCS TOMEOMOPOUIMOM. (|

[IPEAJIOXKEHME 22.4

Tnagxas neHTpanbHas adpuHHasA KBagpuka Q C PasMEpHOCTH N C IPOEKTUBHBIM 3aMbIKaHIEM
THna Q,, ,, roMeomopdna mummHApy R™ X S*™, rge S*™ € R™1™ — equnnunasn chepa, ec eé
aCHMITOTHYeCKas KBaZpHKa @, IMEeT TUII Q,_; ,,,_,, ¥ ToMeoMopdHa mumuHApy S X R™™™, ecmm

RTL+ 1

ACUMIITOTHYECKAA KBaJpUKa NM€EET TUIL Qn_1 m-

Rn+1

JOKABATENBCTBO. Ecn Q = Qpy 1y Y1 Q, = Qg 1, KBAAPUKA Q 3a/3€TCA B ypaBHEHUEM

T+x2+ o x5 =xf + o +x2,.
Pazo6sém R™1! B mpoussezenue R™ x R 1™ [lepeceuenue kBaapuku Q co cmoeM w X R™ 1™ yan
M060# TOIKOH W = (X, ..., X,,) € R™ aBagerca chepoii B R ™ ¢ nentpom B Hyse u kBagpaTom

paguyca 1 + (w,w), rze (%, * ) — cTaHZapTHAasA eBKINA0BA cTPYKTypa Ha R™. Oto6pakenne

u
V14 w,w)

"HanomHio, uTo G(t, t) - (p — x) = 24(¢t, p) - t, cp. c mpuM. 17.7 Ha cTp. 215.

w,u) > | w,
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ocylecTBIsAoee B KaxkzoM cioe wXR™ ™™ romorernto ¢ koapdurmenTom (1+(w, w)) 1 ,3a7aéT
roMeoMopdu3M Mex /Iy KBaApuKoit Q ¥ mwmmHApoM ST ™ X R™. Ecu Q =~ Qnm 1@y =~ Qn_1m>
TO Q MMeeT yPaBHEHUE X7 + =+ + X2 g = Xopip + -+ + x5, ; + 1. Tlpumensaa k R™ = R™H X R™™
TO K€ PacCy’KleHHUe, YTO U BBIIIe, T0JydaeM romeomMopdusm Q = S™ X R ™, t

YIPAXXHEHUE 22.4. BeIBeZiuTe U3 NpeAblAyIIUX IIPe/JIOKeHUH, YTO eIMHCTBEHHOM C TOYHOCTBIO ZI0
adbGUHHOM KOHTPYIHTHOCTH HECBA3HOM IIaIKOU HEIWIMHApUYecKoi ahpPUHHOM KBaZPUKOH SIB-
JNII€TCS ABYTIONOCTHBIN rUnep60on ¢ ypapHeHueM 1 + x2 + - +x2_, = x2.

22.6. KBagpuku B eBKJIHAOBOM IIpOCTpaHCTBe. 3aduKcupyeM Ha mpocrpaHcTBe V ~ R™ eBKiuzo-
BY CTPYKTYPY TaK, 4YTOObI CTaHJapPTHBIHN 6a3uc 66T OpPTOHOPMAaJIeH, M 0603HAYNM Yepe3

(%,%): VXV >R

eBKJIMZIOBO CKa/lApHOe TpousBezienue. Toraa kax/aoi KBagpaTuuHoit popme f € S*V* 6uekTuBHO
COTIOCTABUTCA' CaMOCOTIPSKEHHBIH THHEHHEBIH OTlepaTop @f: V — V, MmaTpuna KoToporo B 11060M
OpTOHOPMAaJIbHOM 6a3uce IpocTpaHcTBa V coBmazaer ¢ marpuneil I'pama ¢opMmsl f B aToM 6asuce,
¥ KOTOPBIY OHO3HAYHO XapaKTePU3YeTCs TeM, 4TO (U, P W) = f(u,w) ana scex u,w € V. Cornac-
HO Teop. 12.3 Ha cTp. 150 3TOT omeparop AuaroHaausyeM B HEKOTOPOM OPTOHOPMAaJIbHOM Oasuce
MPOCTPaHCTBA V/, KOTOPBIN TaKUM 06Pa30M SBJISIETCS OPTOTOHAIBHEBIM JJI KBAAPaTUYHOHN GOPMHEI f .
JlnaroHabHbIE 3/IEMEHTHI MaTPHLBL ['PaMa paBHbI COGCTBEHHBIM YMC/IaM ONlepaTopa ¢y, a GasucHbIe
BEKTOPBI ABJIAIOTCSA COOCTBEHHBIMU BEKTOPAMH 3TOTO onieparopa. Mbl OyzeM Ha3bIBATh BCAKUIM 6a3uc
C TAaKVMHU CBOMCTBAMU KAHOHUUeCKUM 6a3ucom KBaZpaTUIHOU ¢opMHl f. ObpaTuTe BHUMAaHUE, YTO
ecJIy Bce cOOCTBEHHEBIE YHc/Ia MaTpuLbl I'pama GopMel f B IPOM3BOJIBHOM OPTOHOPMAaJIBHOM 6asuce
npocTpaHcTBa V pasnudHbl, TO KAHOHUYECKU 6a31C OnpeAenéH OAHO3HAYHO C TOYHOCTBIO 0 CMEHEI
3HAKOB U IlepeHyMeparuy 0a3uCHBIX BEKTOPOB.

22.6.1. LlenTpanbHble KBaJpuKU. IIycTh magkas eHTpanbHad apbrHHad kBagprka @ C A(V)
3a/1aéTca B CTaHZAPTHRIX KoopAuHartax Ha V = R™ abduHHBIM ypaBHEHHEM

fo+t i) +f,(x) =0, tae f,€SV*, x eR™.

AdPuHHBIN peniep ¢ HAYaJIOM B LIEHTPe ¢ KBAaJPUKK (Q M €BKJINAOBO OPTOHOPMAJIBHBIMU Oa3VCHEI-
MU BEKTOPaMH Uy, ... , U,, 0OPa3yIOIINMI KaHOHUYECKHH 6a3uc aCUMITOTHYECKOH KBaJpaTUYHON
bOopMEI f,, Ha3bIBAETCSA KAHOHUUECKUM penepom KBaIpPUKH (, a ero KOOPJAVHATHbIE OCH — 21d8HbIMU
ocamu kBagpuku Q. TakuM 06pa3oM, IIaBHbIE OCH HAIPaBJIEHbI BJOJIb COOCTBEHHBIX BEKTOPOB MaT-
puisl I'pama KBagpaTuaHOH GopMs! f,. ApPrUHHOe ypaBHEHNE KBaJPUKH () B KAHOHUMYECKOM pellepe
VMeeT BUJ

axZ+ - tapxl=1, (22-5)

I7ie KaxAbIi KoapdumnmentT a; = —q(u;, u;)/q(c, c) = —f,(u;, u;)/f(c) = —a;/f(c), a a; — cobcTBeH-
HOe 3Ha4YeHNUe OlepaTopa ¢y Ha CO6CTBEHHOM BEKTOpE U;. [TOCKOIBKY HHM COOCTBEHHbIE 3HAYECHA
oIlepaTopa ¢ , HU 3HaYeHHe MHOrOWIeHa f B Touke ¢ € A(V) He 3aBUCAT OT BEI60OpA KAHOHUIECKOIO
periepa, Habop KOIGGHULIHUEHTOB a; KAHOHIMYECKOTO ypaBHeHUA (22-5) ¢ TOYHOCTHIO [0 IepeHyMe-
palliy He 3aBUCHUT OT BHI6Opa KAHOHHUYECKOT'O Perepa M SABJISIETCSA MOJTHBIM NHBAaPUAHTOM IVIAZKOM
LEHTPaIbHOM KBaJPUKH: OfHA TaKasa KBaAPHKa IEPEBOAUTCA B APYTYIO ABHKEHUEM 00bEMIIIOIIETO

1Cm. n° 14.2.4 Ha c1p. 177, a Taroxe ci1. 20.2 Ha cTp. 260.
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€BKJINJI0BA IIPOCTPAHCTBA €CIM U TOJBKO eCIM ¥ 3TUX KBaZPpHK OAWHAKOBBIE C TOYHOCTHIO JI0 Ilepe-
CTaHOBKM Ha60PHI K03)GHUINEHTOB a; UX KAHOHMYECKUX YpaBHeHU (22-5). [ToI0XUTeIbHBIe YHCIa
¢ e |ai|1/ % Ha3BIBAIOTCA NOTYOCAMU TNAJKOMW IIeHTpaNbHON KBaApuku. IIpu a; > 0 umcio ¢; paBHO
PACCTOSHUIO OT LIEHTPA KBAJPUKU 10 TOYKU €€ MepecedeHusI C (-TOU ITIaBHOU ochbio. O6paTuTe BHU-
MaHHe, 4To KoapdunuenTs! a; = —a; / f(c), a ¢ HUMH — U IIOJIyOCH BBIYUCIAIOTCA IO ahpOUHHOMY
YPaBHEHUIO f KBaJPUKU B IIPOM3BOJILHOM OPTOHOPMAaJILHOM 0a3rce eBKJIN/OBA IPOCTPAHCTBA U He
MEHAIOTCA IIPH YMHOXKEHUH 5TOr'0 ypaBHEHUA Ha KOHCTaHTY.

C xoHOPMHOU TOUKU 3peHUs BEKTOPHI C, U4, ..., U, € W = R @ V, cocrasinqiomue KaHOHUYe-
CKHIi pertep, ABIAIOTCA BepIIMHAME aBTONO/APHOTO OTHOCHTENHHO IPOEKTUBHOMN KBAJAPHKU Q CHM-
mrekca' B P, = P(W), a BEIXOAAIIME U3 BEPIIUHEI ¢ THIIEPTPAaHH 3TOTO CHMILIEKCa epeceKaloT Gec-
KOHEYHO yZaléHHyIo runepiuiockocts L, = P(V) mo (n — 1)-MepHOMY CHMILIEKCY, aBTOIIOIAPHOMY
OTHOCHTENBHO IaZKO# abcontomuoil keadpuku x; + -+ + x2 = 0 B mpocTpaHctse Lo, = P(V). Ota
KBa/I[pyKa He UMeeT BellleCTBEHHBIX TOUeK U 33a€T Ha IIpocTpaHCTBe V koHpopmHyto cmpykmypy.

[IPEAJIOKEHME 22.5

st mo6oro ammunconga Q = V(f) € A(V) ¢ moJI0XUTETBHO ONpeAeTEHHON aCUMIITOTUYECKOM KBajl-
paruuHoit popmoii f, xapakrepuctrdeckuit MuorowrieH det(tE — F,) matpunsl ['pama F, opmet f,
B JII0OOOM €BKJIMI0BO OPTOHOpMasbHOM 6asrce e mpocTpaHcTBa V' He 3aBUCUT OT BhIOOpa 3TOTO Op-
TOHOpMaJIbHOTO Ga3uca. CUMMETPUYIHEIM 06pasoM, XapakTepucTuieckuil MHorowteH det(tE — G,)
MaTpusl ['pama G,, eBKIM/0Ba CKAIAPHOTO IPOU3BeAeHNU: B I060M 6asuce v mpocTpaHcTsa V, op-
TOHOPMAaJIBHOM /I aCUMIITOTHYeCKOH GOPMEI f,, He 3aBUCHUT OT BbIOOpa TaxKoro 6asuca.

JIOKABATE/IBCTBO. MaTpuua C,,, BEIpaKAOL[as eBKINA0OBO OPTOHOPMAIbHbIIL Gasuc e’ yepes eBKIIH-
JZI0BO OPTOHOPMAJIbHBIA GA3UC €, YAOBJIETBOPAET COOTHOWEHMIO Gy = CL1GoCprp, T Goy = G, = E
CyTb MaTpuibl ['paMa eBKINAOBA CKaLIPHOTO IPOM3Be/eHnsA B aTnX 6asucax. [lostomy CL, = C,/,.
Tockonbky F) = CL/ F,Cpig = CoitFoCor,
TepUCTUYECKMe MHOTOWIEHEL. BTopoe yTBep/ieHne J0Ka3bIBAeTCA aHATOTMYIHO. O

MaTputsl F,, 1 F, mofo6HbL. [103TOMy y HUX DaBHBIE XapakK-

ITPUMEP 22.3 (BAPMALIMM HA TEOPEMbI ATTOJIJIOHMSA)

YpaBHeHue 3suturiconzia B abGUHHOM peltepe ¢ Ha4aJaoM B IIEHTPE C 3TOTO JUIUIICOMA MTOCJIe YMHO-
>KeHUs Ha MTOAXOJAIYIO KOHCTaHTy puobpeTtaet By f,(v) = 1,rae f, € S?V* — acuMmnTOTHYeCKAs
KBagpaTryHas popMa JUIUIICONAA, a V € V — paanyc BEKTOpP, BeAyIIHI 13 IleHTpa d/UIHUIICOU/IA B
TlepeMeHHYI0 TOUKY IIPOCTPaHCTBa.

YIPAXKHEHUE 22.5. Y6equTech, YTO BEKTOPHI Uy, ..., ¥, € V TOIZa U TOJIBKO TOIZA COCTABIIAIOT Op-
TOHOPMAaJIBHBIN 06a3KC KBaZIpaTUIHOM GOPMEI f,, KOTZa 2n TOYEK ¢ + V; JIE)KaT Ha JUIUIICOUE
U [UIS1 KQXKZOTO [ 1Be IIPOXOAAIINe Yepe3 TOUKHU C + V; apasUlebHble IVIOCKOCTH C HallpaBJIAI0-
MM BEeKTOPHBIM IIPOCTPAHCTBOM, OPOXKAEHHBIM (n — 1) BeKTopaMu v, ¢ vV # i, obe KacaroTcsa
JUTUIICOU/A.

Takue BEKTOPHI Uy, ... , U, Ha3bIBAIOTCS CONPANEHHBIMU paduycamu duIcousa. Vs npeat. 22.5 BbI-
TeKaeT, 4To i Kaxkgoro k = 1, 2, ... , n = dim V cymma Bcex mIaBHBIX MHHopOB2 matpuusl 'pa-
Ma G,, eBKJIN/IOBBIX CKAIAPHBIX IPOU3BeAeHUH Habopa v = (Vy, ..., V) CONPOKEHHBIX PAJIyCOB 3JI-

13710 03HAUaeT, YTO MOTIOCOM KaXkZ0# (1 — 1)-MepHOI TUIIeprpaHy CUMIUIEKCA OTHOCHTEILHO KBAAPUKH Q
ABJIAETCA IPOTHUBOJIeXkKAllasA 3TOM rPaHy BepIIMHA CUMILIEKca.

2T. e. cymMMa onpegenuTesneii Bcex k X K-IIoAMaTpHIL B G,,, IMIaBHaA AMaroHajib KOTOPHIX COAEPXKUTCSA B I7IaB-
HoM AuaroHam G,,. ComacHo npuM. 9.2 Ha cTp. 116 aTa cyMMa, yMHO)XKeHHasI Ha (—1)k , paBHa KOG OUITNEHTY
npu t"*B xapakTteprcTrieckoM MHorowiere det(tE — G,,).
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MUTICOW/IA He 3aBUCHT OT . [Ipu k = n 3To 03HAYaeT, 4TO eBKIUAOB 00BbEM NapasUleienumesa, Ha-
TAHYTOTO Ha COTPSKEHHbIE PaIYCh S/UTMIICOM/A HE 3aBUCUT OT BBIGOPA COMPSKEHHBIX PAJUYCOB, a
npu k = 1 — 4TO CyMMa KBaZ[paTOB /JJTMH CONPSKEHHBIX PA/INYCOB SJUIUIICOUA OAMHAKOBA /LIA BCEX
Ha60POB COMPSAKEHHBIX DAY COB. DTH /IBa YTBEPXK/IEHUA IIPO Mapy COTPSKEHHBIX PA/IUyCOB SJUTHIICA
HAa IJIOCKOCTHU U3BECTHBI KAK Meopembl ANOLIOHUS.

Ec/iv M3 IPOU3BOJIBHON He JieXalllell Ha 3JUIMIICOU/Ie TOYKU a4 BBITYCTHTh B HANpaBIeHUAX CO-
IPSDKEHHBIX PafiMyCOB V; IpsAMBble £; = {a + v;t}, TO KaXKAas U3 HUX [IEPECEYET SIUIUIICOU B TOIKAX
al =a+vitj ua =a+wvt{, et nt{ ABIAIOTCA KOPHAMY KBaZPATHOTO ypaBHEHUA

t? +24(v, @) + qa) = 0,

B KoTopoM q € S%(R ¢ @ V)* — ofHOpoAHAasA KBagpaTHdHasA GpopMa, 3aak0las IPOEKTUBHOE 3aMbl-
KaHWe 3/uTHIconza’ . [lockobKy Ipoussesenue amvH |a) — al - |a! — a| = t]t]' |v;|? = q(a)|v;|?, MB1
3aKJII0YaeM, 9TO CyMMa TaKUX IPOM3BeIeHUiA 10 BCceM N CONPAKEHHBIM HallpaBIeHUAM

n
Z laj —al-|a] —a| =q(a)-trG,
i=1

TOXKE He 3aBUCUT OT BEIOOpa Habopa CONPSKEHHBIX HApaBIeHUH.

[TPIMEP 22.4 (OPTOOIITUYECKAS COEPA LIEHTPAJIBHOM KBAJIPVIKI)

OZHMM U3 MHOTOMEpPHBIX 0606IIeHMI AUPeKTOpa® eHTPaTbHOM KOHUKH HA eBKJIMIOBOI IIOCKO-
ctu aBnderca 'MT nepecedeHus n nonapHoO NeprneHAUKYIAPHBIX runepIuiockocTeit Ty, ..., T,,, Kaca-
IOIIMXCA 3aJaHHOM IEHTPaNbHOM KBaZpuku Q B ahbuHHOM eBKINI0BOM mpocTpaHcTBe A™ = A(V).
Broxum A" B P, = P(W), rne W = Re, @ V, u 3apuxcupyem B mpocrpaHcTBe W Taxoit 6asuc
€0> €15 -+ » €, YTO BEKTOD €, ABJIAETCA IIEHTPOM KBaZPUKHU (), a BEKTODHL €, ..., €, 00Pa3yIoT eB-
KJINZIOBO OPTOHOPMAJIBHBIN 6a3uc mpocTpaHcTsa V, B KoTopoM Marpuia ['paMa acCUMITOTUYECKON
KBaZIpUKU @, AuaroHaabHa. YMHOXas ypaBHeHHe KBaJPUKU Ha HeHY/IeBYI0O KOHCTAHTY, Mbl MOXXeM
CUUTaTh, YTO B OAHOPOJHBIX KOOPAUHATAX X, X4, .. , X;, OTHOCUTEIBHO BEIOpaHHOTO 6a3uca IpoeK-
THBHOe 3aMbiKanue Q = V(q) KBaZIpUKU Q 3aaéTcsa KBaZpaTUIHOU GopMoi

—xg +byxZ+ - +bhyx2.
Kakzast mpoxozsimias yepes 3aanHyo Touky a = (1 : a, : ... : a,) € A" C P, runepiockocTb
T C P, sBnseTcs TOYKOM MPOEKTUBHOTO mpocTpaHerBa a* = P(Anna) C P(WX). Mel oToxze-
ctBUM ero ¢ P(V*) mpu nomomy ruHelHoro uzomopdusma V* = Anna, & » & — é(a) - x,, KOTOpEIi
COIIOCTABJIAET HEHYIEBOMY KOBEKTOPY ¢ € V™ mpoxozsIiyio 4epe3 TOYKY d IMIIEPILIOCKOCTb Ty, 3ana-
BaeMyI0 B OZIHOPOAHBIX KOODAUHATAX (Xy : X; © ... . X,) IMHEHHBIM ypaBHEHUEM

E(xqy.nixy) —xo - &(aq,...,a,) =0. (22-6)

IleprieHAVKYIAPHOCTD MUNEPIUIOCKOCTEH Ty 1 T, 0O3HAYAET, YTO 3a/al0LIINe UX KOBEKTOPHI §,17) € v*
€BKJIW/IOBO TIEPIIEHANKYIAPHEL. TaKUM 06pa3oM, MPOXOZSIUe Yepe3 TOUKY a TOMapHO MepIeH/Iu-
KyJ/ISIpHBIe TUIePIUIOCKOCTH Ty, ... , T,, 06pasyioT B P(V*) aBTONONAPHEIN CUMIUIEKC IS BOMCTBEH-

'Koadpdunuenr npu t? pasen F[(vi, v;) = f,(v;) = 1, HOCKOJIbKY BEKTOPHI V; 06pa3yloT OPTOHOPMaIbHBIi
6asuc GopMH! f,.
2Cm. n° 21.3.1 Ha cTp. 268.
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HO#1 K abcomoTHOM kBazpuke A C P(V) kagpuku A C P(V*), maTpuiia 'pama KOTOPO# B ZIBOM-
CTBEHHOM K eBKJINZI0BO OPTOHOPMAJIBLHOMY 6asucy ey, ..., e, 6asuce x,, ...,x, paBHa E. lzomop-
dusm V* = Ann a nepesoauTt sT0T Gasuc mpocTpaHcTBa V¥ B 6asuc mpocTpaHcTBa Ann a, cocTo-
AW U3 GopM X; — a; Xy, e 1 < i < n. YenoBue kacaHMA TUIepIUIOcKocTel T; ¢ KBagpUKou Q
03HauaeT, YTo 3a/alollyie 3TU INIOCKOCTH JTHHelHble GopMbl &; — &;(a) - x, IexKaT Ha IBOMCTBEHHOU K
Q KBazpuKe ax C P(W™), umeroei B 6asuce x,, X4, ... , X, IpocTpaHcTBa W* guaroHanpHyio MaT-
puity 'pama c auaroHaibHbIMU 3neMenTamMu —1, by?, ... , b;*. Orpanudenue aToit GopMbl Ha MOA-
IPOCTPaHCTBO @™ ¥MeeT B 6asuce us popm x; — a;x, Marpuiy ['pama

—a; 1 0 - 0\ =1 0 - o0)\[ " % ~n
. . -1 . . 1 0 0
—a, 0 1 : 0 b1 . : 0 1 _
: N ¢ : 0 ) -
-a, 0 - 0 1J)\o - 0 bt 0 0 1
b1_1 - af —a,a, —a,a, —Q,0n
—a,a, bz_1 - a% —a,ag —Qayan
=| —azay —asa, b3'—a? : (22-7)
: : ’ —Qp_1an
—ana, —ana, —Anpan_q bﬁl - arzl

CornacHo Teop. 19.2 Ha cTp. 242 nexxamunii Ha Takol KBaJgprke HA60p To4ek £, ... &,,, OFHOBPEMEHHO
aBTOIIOJIAPHBIY OTHOCHUTEIBHO KBAJIPUKU € eIMHUYHOM MaTpulleil I'pama, cyliecTByeT ecii ¥ TOJIbKO
ecnu Marpuna (22-7) 6ecenesna. ToUKY a, 1 KOTOPBIX 3TO yCJIOBUE BBINOIHAETCH, 00pasyloT coe-
Py C TeM >Ke [IeHTPOM e, 9TO U KBaZpKKa Q, U KBaZpaToM pajuyca, PaBHbIM Y, a? = Y bi'. Dra
cdepa HaswpIBaeTcA opmoonmuueckoil chepoil kKBagpuky Q. [ia annunconsa KBaipaT pajuyca opTo-
onTHUYecKoi chephl paBeH CyMMe KBaJpaToB Ioyocei. [l runepbosionza OH MOXKET OKa3aThCs OT-
pHUIIATEeIBHBIM, ¥ B 9TOM C/Iydae MHOXKECTBO BellleCTBeHHBIX TOUeK OPTOONTHYecKOH chepHl IIyCTo.
Hanpuwmep, aupekTop runep6oJIsl Ha IVIOCKOCTU He MYCT €CJIU U TOJIBKO eCJIU COZEPKAIINMA rurnep6o-
JIy yroJl MeX/y e€ acUMIITOTaMH OCTPBIN. [Ipy 3TOM oziHa U3 ABYX IIepPIEeHUKY/IAPHbIX KacaTelbHbIX,
OIIYLIEHHBIX U3 TOYKU IlepecedeHus AUPeKTopa C aCUMIITOTOH, KacaeTcsa runepbossl B 6eCKOHETHO
yAanéHHoH TouKe. JJupeKTOp PaBHOOOKOM TUIepOOIIBI ¢ IepIeHNKY/IAPHBIMUI aCHMIITOTAMU IMeeT
POBHO OZHY BeIlleCTBEHHYIO TOUKY — I[eHTP I'HIIepOOoIIbl, ¥ ONylleHHbIe U3 HETO KacaTeIbHble — 3TO
acuMIToTH runepbossl. Ecin cogepxaiiuii rumepboiry yroa MeXxAy aCUMIITOTaMU TYII, PaAznuyc Ju-
pPEKTOpa OTpUIlaTeNeH, U BellleCTBeHHBIX TOUeK Ha HEM HeT.

22.6.2. IMapa6onousl. ITycTh IPOEKTUBHOE 3aMbIKaHHE P C P(W) mapa6osonza P C A(V) ka-
caeTcsi 6eCKOHEeYHO yAanéHHoi runepiviockoctu P(V) B Touke p. O603HaunM yepe3 U = pL cVv
€BKJINZI0BO OPTOrOHAJIbHOE JOIOJHEHNE K OJHOMEPHOMY IoAnpocTpaHcTBy p C V. IlognmpocTpas-
ctBo L = P(U) C P(V) umeer xopasmepHocTs 2 B IP,, = P(W) u conpskeHrue OTHOCUTENBHO IIaj-
KOU KBaJpUKU P 3azaér Ha Ty4Ke MPOXOAAIIUX depes L rumepruiockocteit H C P(W) MHBOMOLMIO! .
JIByMs HeIIOABIKHBIMU TOUKaMU 3TOM MHBOJIIOIUH ABIAIOTCA IPOXOAIIe Yepe3 L KacaTelbHble TH-
TIePIUIOCKOCTH K KBaZipuKe P. OHOM U3 HUX ABIATCHA GeCKOHEIHOCTD L, xacaromasacsa P B TOUKeE .
O603HaYNM BTOPYIO THIEPILIOCKOCTD Yepe3 L, ¥ IIyCTh OHA KacaeTcs P B TOuKe ¢ € Uy, = A(V). Ota

!KoTopas mepeBoAuT ABe INIOCKOCTH APYT B IPYTA CITH M TOMBKO eCITH KAXKAsA 3 HUX IPOXOAUT Yepe3 MOTI0C
zZpyro#, cm. n° 19.1 Ha cTp. 237.
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TOYKA Ha3bIBAETCS 8epUlUHOLL, a TIpsiMasi (Cp), BBIXOJSAINAs U3 BEPIIVHHI B HampaBieHuu p € P(V),
Ha3bIBaeTCs 0cbio Tapabosonga P.

Tak Kak MOAIPOCTPAaHCTBO U JOMIOIHUTENBHO K APy P aCUMIITOTHYECKOH KBaZpaTUIHON ¢op-
MEHI f,, orpaHndeHue 3Toit popMbl Ha U HEBBIPOXK/EHO, U B U CylllecTByeT eBKJINUA0BO OPTOHOPMaIb-
HBIN 6a3uc U, ..., U,_4, B KOTOpoM HopMa f, |; UMeeT JuaroHaJIbHyI0 MaTpuIly 'pama ¢ JuaroHanb-
HBIMH 3JIeMEHTaMU, PABHBIMU HEHY/IEBEIM COOCTBEHHBIM YHCJIAM @; CAMOCOIIPSKEHHOTO OIIePaTo-
pal ®f,, @ OPTOHOpMaJIbHbIE BEKTOPBI U; ABJIAIOTCA COOCTBEHHBIMU BEKTOPAMU 3TOTO ONEPaTopa ¢

COOCTBEHHBIMY 3HAYeHUAMH ;. [TOCKOIBKY IpsAMad (Cp) CONpsKeHa OTHOCUTEIBHO KBaJPUKH P I1oJ-
npoctpanctBy L = P(U), paciinpenHas KkBaZpaTudHas Gpopma q, 3a7aromas KBaIpuKy P, OTpaHUYH-
BaeTcA Ha Heé HeBBIPOXK/IEHO, a 3HAUUT, IMHelHasA 000I04Ka H30TPOIHBIX BeKTopoBp € Vuc € U,
SBJIAETCA AJI KBaZpaTUIHOM GOPMBI  TUTIEPOOTNIECKOH TUIOCKOCThI0. AGGUHHEIN perep ¢ HauaaioM
B BepIINHE ¢ U eBKJIWZ0BO OPTOHOPMAJIbHBIMU 6a3UCHBIMU BEKTOPAMU U, ... , U,_,, P Ha3bIBaeTcsa
KaHOHUUeckum penepom mapabonounga P, eciu B abdUHHBIX KOOPAUHATAX OTHOCUTENBHO 3TOTO pere-
pa napabosous P 3asaétcs ypaBHEHUEM BHU/a

X2+ o +a, X2 =2x,, (22-8)

T/ie YUCJIO MTOJIOYKUTENbHBIX K03 PUITMEHTOB B IEBOM YaCTH He MEHbIIIE, YEM YHCJIO OTPHUI[ATETbHBIX,
U Kaxaplii koadounuent a; = —q(u;, u;) /G(c,p) = —f,(u;,u;) /qc,p) = —a; /G(c,p), roe a; —
HeHyJieBoe cOOCTBEHHOe 3HaYeHUe olepaTropa @5, Ha cOOCTBEHHOM BEKTOpe U;. YCJIOBHE Ha 3HAKU
k03¢ dUIMEHTOB B JeBoH dactu (22-8) ogHO3HAYHO PUKCUPYET HalpaBlIeHUEe N-TOTO €IUHUYHOTO
6asucHoro BekTopa p € V. Eciu Bce coOCTBeHHBIE YHMC/Ia aCHMITOTHYECKOH MaTpuIlel 'pama B, pas-
JIUYHBI, TO KAHOHUYECKUH perep mapabosonsa eAMHCTBEH C TOYHOCTHIO 10 TIepeHyMepaIiy U CMEHBI
3HAKOB NePBBIX (N — 1) 6a3uCHBIX BEKTOPOB. TaK Kak HU cOOCTBEHHBIE 3HAUEHUS OllepaTopa @y, HU
3HauYeHHWE CUMMETPUYHON OGMIMHENHOH GOPMBI § Ha 00HO3HAUHO OTIpeAeNsIEMBIX Mapaboniouzom P
BekTOpax ¢ € U, = e, +V up € V He 3aBUCAT 0T BbI6Opa KAHOHUUECKOTO pelepa, Habop koadduriu-
€HTOB @; KAHOHINYECKOTr'0 ypaBHeHU: (22-8) ¢ TOYHOCTBHIO [0 IepeHyMepalluy He 3aBUCUT OT BEIOOpa
KaHOHUYECKOTO perepa U ABJSeTCs MOIHBIM eBKINA0BEIM MHBAPHUAHTOM Mapaboionia: mapabosou-
[IbI TIEPEBOJSITCS APYT B pyra ABW)XeHHNEM 00heMITIONIEr0 eBKIN/0Ba MTPOCTPAHCTBA €CJIU U TOJIBKO
ecy Habops! K03)GUINEHTOB a; MX KAHOHWYECKUX YPaBHEHUH (22-8) OAMHAKOBHI C TOYHOCTBIO 10
IepecTaHOBKU.

[TPUMEP 22.5 (OPTOONITUYECKASA IJIOCKOCTD)

B oTIMYMe OT LEeHTpalbHBIX KBAJAPUK, 41 napabononaa P C A" = A(V) TMT nepecedeHus n-ox
€To IT0IIapHO NepIIeHANKYIAPHBIX KacaTelbHbIX FUIepiiockocTei Ty, ... , Ty, IpeAcTaBisgeT coboo He
cdepy, a rUNepIIOCKOCTh, KOTOpas HasblBaeTcs oupekmpucoil napabonronga Wik opmoonmuueckoil
naockocmoio. YTo6bI YOEAUTHCS B 3TOM, HAaJJ0 IOBTOPUTD BBHIYUCIEHME U3 PUM. 22.4 Ha cTp. 286,
B31B B KadecTBe 6azuca B W = Re, @V xanoHuveckuii 6asuc napabonongae,, e,, ... , €,, B KOTOPOM
BEKTOp e, € P ABjAeTcA BepIINHOMN ITapaboyonsia, BeKTop e,, € V ABjdeTca TOUYKOH KacaH!sA IPOeK-
THBHOT'O 3aMbIKAHHSA P C TUIIEPIUIOCKOCTHIO L, npAMas (eye,,) IoIApHA OTHOCUTEIBHO P nuHeitHO#M
oboso4xe BeKTOpoB €; ¢ 1 < i < n — 1, a BEKTOPHI €4, ..., &,_; 00Pa3yIoT eBKJINA0BO OPTOHOPMAJIb-
HBIH 6a3uc mpocTpaHcTBa V. YMHOXasA ypaBHeHUe ITapabosonza Ha HeHy/IeBYI0 KOHCTAHTY, MOXXHO

1I/IJ'II/I, YTO TO XK€ caMoe, aCHUMITTOTUYECKOU MaTpUIbL FpaMa Boo .
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CYMUTATh, YTO B OAHOPOZAHBIX KOODAUHATAX X, X, -.. , X, €70 MaTpulia ['pama uMeeT BUZ
0 o - 0 -1
0 byt 0
: 0 i (22-9)
0 - 0 by, 0
-1 0 - 0 0
IIpoctpancTBo a* C P(W™) npoxoasaumx dyepe3 Touky a = (1,4a4, ..., a,) € A(V) runepruiockocreit

T C P(W) cocrour, kax u B ipuM. 22.4, u3 Todek Buza ¢ —&(a) x, € W*, rae & npoberaet V*, Ho pac-
cMarpuBaeTcsa Kak IuHelHad dopma Ha W, aHHynMpyomas 6a3ucHBIN BEKTOD e,. [TornapHas nepeH-
AVIKYISAPHOCTB APYT APYTY N-KU TAKUX TUNEPIUIOCKOCTe Ty, ... , T, € @ 03HAYAET, YTO OTBEYAOLINE
UM N TMHENbIX GOPM &; COCTABIIAIOT aBTONOJISIPHBINA OTHOCUTENBHO €BKINA0BOM KBaApuku A* HaGop
Touek B P(V*). OrpanuveHue JBOMCTBEHHOM K (22-9) KBaZpaTUIHON GpOPMBI Ha TUIIEPIUIOCKOCTD @
uMeeT B 6asuce u3 GopM 1); = x; — a;x, MaTpuIy I'pama

0 0 0 -1 -a, -—a -a
-a; 1 0 0 vtz "
! Ao bt 0 1 0 0
-a, 0 1 : 0 . 0 1 _
: .. 0
0 0 bl, 0 0
—a, 0 0 1 n-1
n 1 0 0 0 0 0 1
byt 0 a,
— 5 22-10
0 bpli Gy ( )
a; v Apog 20y

Y HaJIM4re Ha TaKOM KBaZIpUKe N aBTOIMOJISAPHBIX OTHOCUTETbHO €INHUIHON MaTPUILIbI TOYEK PaBHO-
cunbHO GeceneaHoctu’! MaTpuip! (22-10), TONBKO Telephb 3TO YCIOBHE BHIPAXKaeTCA TMHEHHBIM 10 a
ypaBHeHueMm —2a, = by’ + - + b,‘lfl, KOTOpOe 3aJjaéT TUIEPIUIOCKOCTD, TIEPIIEHAUKY/ISIPHYIO OCH
napa6osIon/ia ¥ HaXofAIIyIOCs OT ero BePIIMHbI Ha paccTosHuu |by * + -+ + by L, |. [Tontoc aToii ru-
MEPIUIOCKOCTH Ha3hIBAETCA hoKycom apabosonsa.

22.6.3. Konycel. KanonuueckuM penepoM adpduHHoro konyca C C A(V) HaspiBaeTcd cucTemMa
KOOPZMHAT C HAaYaJIOM B BepIIHHE ¢ KOHYCA U €BKJINJOBO OPTOHOPMAa/IbHBIMU 0a3MCHBIMU BEKTOPa-
MH Uy, ... , U, KOTOPBIE ABJIAIOTCA COOCTBEHHEIMHU BEKTOPAMH HEBBIPOXKIEHHOT'O CAMOCOIIPSKEHHOTO
omepatopa ¢y . AdduHHOe ypaBHEHUE KOHYCA B 3TOH CHCTEME KOOPAUHAT UMEET BHUJ

a;x3+ - +ax2=0. (22-11)

Ha6op koaddunnenTos (a; : ... : a,) IpoloplyoHateH Habopy (&, @ ... ! Q) COGCTBEHHBIX
4KCe CAMOCOIIPSKEHHOTO ollepaTopa ¢ ¢ . Konyc apiserca ZIBOMHOM TOYKOM eCJIU Y TOJIBKO eCJIU Bce
k03 UIMEHTH a; OAWHAKOBOrO 3HaKa. OTIMYHBINM OT BOMHOI TOUKM KOHYC ABJAETCA JUHEHHBIM
coelMHEHNEM BepIIUHEL ¢ U HEeIyCToH Imagkoi kBaspuku B L, = P(V), koropas 3agaéres B 6asuce
Uy, ..., U, TEM 3Ke caMbIM ypaBHeHueM (22-11). [TockonbKy HellycTas IMiaZKas BellleCTBeHHas Mpo-
eKTHBHAas KBaJIpUKa OTIPe/eNiAeT CBOE ypaBHEHUE OHO3HAYHO C TOYHOCTHIO /10 IIPOMOPIUMOHAIBHO-
CTH, IBA OTJIMYHBIX OT ABOMHOMN TOYKU KOHYCa €BKJIUAOBO KOHTPYIHTHBI €CJIU U TOJBKO €CIH Habo-
PBI COOCTBEHHBIX uucen (@, © ... : () aCUMITOTUYECKUX KBaZpaTUIHBIX GopM f, ux adpdUHHBIX

lcm. Teop. 19.2 Ha cTp. 242.
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ypaBHEHUI B IPOU3BOJHFHOM OPTOHOPMATIBHOM 6a3uice OTIMYAIOTCSA APYT U3 Apyra IepecTaHOBKOM
3JIEMEHTOB U YMHOXKEHHEM BCEX 3JIEMEHTOB Ha OHY U TY XK€ HEHYJIEBYIO KOHCTAHTY.



OTBeThI U YKa3aHudA K HEKOTOPBIM yIIpaXKHEHHUAM

Yrp. 22.1. Mogudunupyiite pemenue ymp. 19.3 Ha cTp. 237.

yrip. 22.3. Ecmu dim Sing Q = 0, To Q AB/IAETCA KOHYCOM WIH IWIMHAPOM €CJIU U TOJIBKO ECJIU 3Ta 0CO-
6ast ToYKa, COOTBETCTBEHHO, KOHeYHa WK 6eckoHeuHa. Eciu sxke dim Sing Q > 1, To IpOeKTUBHOE
HOZATIPOCTPAHCTBO Sing L Bcerga mepecekaeTcs ¢ TUIePIUIOCKOCThI0 L.

yoip. 22.4. CpeannpoctpatceTs Buga R™ xS ™ rme 0 < m < 1, HECBA3HBIM ABIAETCS TOIBKO R™ XS 0=
R™ LI R™,

Ymip. 22.5. OpTOPMaIbHOCTh BEKTOPOB V; OTHOCUTENIBLHO GOPMHI f, Ha V 03HadYaeT, 4To 3aarolas npo-
€KTHBHOE 3aMbIKaHUe 3JUTUIICONIa KBagpaTuIHasa ¢opma q Ha mpoctpaHcTBe W = Rc @ V umeer B
6asuce c,v,, ..., U, 9TOro IPOCTPaHCTBA BUA

—xZ+xi+ Xl (22-12)

[ToaToMy BCce BEKTOPBI C = e; U30TPOIIHEL, U OPTOTOHAJ K KaX/JOMy TAKOMY BEKTOPY OPOXKJAeTCs UM
caMHM U BeKTOpaMHu v, ¢V # i. Hao60poT, eciy 3TU yCIOBUSA BBITIOIHAIOTCA, TO IPU KXKAOM [ JIUHEH-
Has 060JI09Ka BEKTOPOB V), CV # | ABJIAETCA OPTOrOHAIBHBIM OTHOCUTEIBHO GOPMEI q AOIIOTHEHIEM
K IBYMEpHOMY IIPOCTPAHCTBY, HATAHYTOMY Ha C U €;, a U3 paBEeHCTB

gc+e,c+e)=0=qg(c—e,c—e)

BHITEKaeT, uTo §(c,e;) = 0 u G(e;, e;) = —G(c,c) = 1, T.e. B 6asuce c, vy, ..., v, dopma q umeer
Buz (22-12).
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