§6. AsnreGpanyeckre MHOTOOOpa3us

BCIO,Z[y B 5TOM napar‘paq)e MBI IIPOAOJIXKAEM II0 YMOJYaHHUIO CIUTAaTh, YTO OCHOBHOE I10JIE€ k aﬂre6pa—
NYE€CKU 3aMKHYTO.

6.1. OmnpegeneHnus U npuMepsl. Anrebpandeckoe MHOroob6pasue onpeziesaeTcs 110 TOH ke cXxeMe,
9TO M IIaJKHeE WIN aHAIUTUYeCKHue MHOroobpasus B JubdepeHIINAIbHON [eOMEeTPUH, T. €. KaK TO-
MIOJIOTMYeCKOe IIPOCTPAHCTBO, KAXXJaA TOYKA KOTOPOro 061aZjaeT OTKPHITON OKPEeCTHOCTBIO, FOMeO-
MOpGHOH HEKOH CTaHAAPTHOM «IOKATbHOM MOZENN», U TIOOBIE IBE TAKUX MOZEJIH, IPOUCXOZSAIIYE U3
Pa3HBIX OKPeCTHOCTEH, pery/lApHEIM 006pa3oM COIVIACOBAHBI Ha IlepecedeHNH 3TUX OKpecTHOCTel. B
KadecTBe JOKaJIbHBIX MoZleNiel B are6pandeckoil reOMeTPHH I0MyCKAIOTCA Npou3sobHble’ abduH-
HBIe anrebpandecKkye MHOr006pasus, a pery/spHas coIIacOBaHHOCTD ABYX TAKUX MOZeJIel Ha UX IIe-
peceyeHUH O3HAYAET, YTO MTEPEXOZ OT OJHOUM MOZJENHU K JPYroi 3a1aéTCs pallOHATBHBIMU QyHKITHA-
MU, PeryJaapHbIMHU Ha paccMaTpuBaeMoM IepecedyeHHUU. ToUuHbIe OllpesiesieHUs TaKOBBHI.

Asnrebpandeckoil apdUHHON KapToil Ha TOMOJOIMYECKOM IPOCTPaHCTBe X Ha3bIBAETCS TOMEO-
MopdusMm ¢y : Xy = U xaxoro-HuOyzAp adpdrHHOrO anre6pandeckoro MHOroob6pasus Xy c TOIo-
Jorreil 3apucckoro Ha OTKphITOe oAMHOXecTBo U C X ¢ mHAyIpoBaHHoOU u3 X Tomosorueii. /ise
anrebpandecknx ahOUHHBIX KapThl @y @ Xy = U n @y, . Xy, = W Ha X Ha3bIBaroTCA COBMECMUMbL-
MU, ecny zomeomopdusm ckneliku Mex Ay poobpaszamu nepecevenus U N W B Xy u Xy,

Pwu E P ° <PU|%1(U0W) LeptUNW) = oy (UNW)

pery/iipeH B TOM CMEICTIE, YTO €70 TOMOMOPGU3M MOAHATUA P,y - f — f o @y ABIAETCS U30MOP-
dusmom anre6psl panroHanbHEX GYHKIMEA Ha X ;, perynsapHbix Ha ¢ (U N W), ¢ anre6poit paruo-
Ha/bHBIX GYHKIMH Ha Xy, PeryapHbix Ha ¢y (U N W), T.e.

oyt K [ontUnW)| = k[ogtUnw))| .

OtkpsiToe nokpbiTre X = | J U,, monapHo cOBMECTUMBIMY anrebpandecKuMy KapTaMy Ha3bIBaeTCsl
anzebpauueckum amaacom Ha X. JIBa anrebpariyecKkux ariaca HasbIBAIOTCS IKEUBANIEHMHbIMU, €CIIH
X 00belHEeHHE TaKKe IpeACTaB/IsieT co00i anrebpandeckuii atiac. TOMOJOTUYECKOE TIPOCTPaH-
cTBO X, ¢ 3aQUKCUPOBAaHHBEIM Ha HEM KJIACCOM SKBHUBAJIEHTHBIX a/lrebpanyecKrX aT/iacoB Ha3bIBAET-
¢ aneebpauveckum MHozoo6pasuem. Anrebparidyeckrie MHOrooOpasysi, obrazarolre KOHeYHbIM aT-
JIACOM, HAa3BIBAIOTCS MHOTOO6DA3UAMH KOHEUH020 Mund.

[TPUMEP 6.1 (IPOEKTHUBHBIE ITIPOCTPAHCTBA)
[IpoekTuBHOE npocTpaHcTBo P, = P (]kn+1) C OZHOPOAHBIMU KOOpAVHATaAMU

X=(Xg: Xy 0 ... D Xp)
obazaet anrebpandyeckuM amiacom u3 (n + 1) crangapTHeIx ahGUHHBIX KapT
Uy={(xg:x;: ... i x| x;, #0}, 0<ign.

O6o3HaunM depes X; ~ A™ abdUHHOE MPOCTPAHCTBO € KOOPAMHATAMH-

ti = (tigs - s tigmas tigens o s tin) -

B ToM 4mcIIe He TIafiKie — TaKue, KaK KpecT Spec,, (k[x, y1/(xy)).
*TlepBHIit MHAEKC | ABNAETCA HOMEPOM KapThI, @ CAMU KOOP/MHATHI t; ., B i-TOi KapTe HyMepyIOTCS BTOPHIM
UHIEKCOMV # 1,0 < v <n
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OrobpaxeHue @; : t; - (ti’o: O TR AR UM AE PN ti’n) 3a7aéT OMeKIHUIo
(O . Xi = Ui . (6'1)

B KOTOpO# npoo6pasom nepecedenus U; N U; ABNAETCA [MIABHOE OTKPBITOE MHOKECTBO D (ti j) C X;.
OTob6paskeHue CKIEHKN

— =1l - ~
AevcTByeT 1o popmyre t; = t; jl + tj 1 ycTaHaBAMBaeT nsoMopdusM Mexzy abduHHbIMU anrebpan-
YeCKUMU MHOT006pa3usIMu

D (tl,]) = Specmk[t,:}, ti,O’ ee ti,i—l’ ti,i+1’ ey ti,n] N

D (t],l> = Specmk[t]_}, tj,O’ cee o tj,j—l’ tj,j+1’ cen o t]’n] .

VIIPAYKHEHUE 6.1. Y6eJUTeCh B 9TOM.

TToaTOMY IEpeHOC TOMOIOTUH 3apucckoro ¢ X; ~ A™ Ha U; npu nomomu Guekuu (6-1) onpeaesnser
CoIvIacoBaHHbIe HAYMPOBAHHbIE TONOJIOTMH Ha IiepeceveHuax U; N U; v KoppeKTHO Hazensier Py
TOIIOJIOTHEM, B KOTOPOH Bce oToOpaxkeHus (6-1) ABAAIOTCA roMeoMOpPU3IMaMU.

TTPUMEP 6.2 (TPACCMAHHAHBI)

Toukamu rpaccMaHoBa MHoroob6pasus Gr(k, m) SBJs0TCa k-MepHble BEKTOPHBIE TIOATIPOCTPAHCTBA B
KOOPJAMHATHOM BEKTOPHOM IpocTpaHcTBe K™ mim, 9To TO ke camoe, OpOUTHI A CTBYA [TONTHOM JIH-
HerHol rpynnel GL; (k) 1eBeIMU yMHOXEHMAMM Ha MaTpunax x € Maty,,, (k) panra k. IIpu atom
opbuTe MAaTpHIEI X OTBEYAET JMHEMHAA 0060JI0UKa €€ CTPOK, a moanpocrpancTey W C k™ — op-
6uTa MaTPUIIBL, 10 CTPOKAM KOTOPOH 3amurcaHbl KOOPAWHATHI OTHOCUTEILHO CTaHAAPTHOro 6asuca
s ..., ey BK™ Kakux-HuOYAb k 6a3uCHBIX BeKTOPOB mpoctpaHcTBa W. pacemanuan Gr(k, m) mo-
KpPBIBaeTCs (T;) cTaHzapTHHIMY apUHHEIMU KapTaMu U, 3aHyMepOBaHHBIMU CTPOT'O BO3PaCTAOMIU-
Mu Habopamu uHAEKCOB | = (iy,...,1;), e 1 < i; < i, < ... < i < m. Ecim 0603HaYUTh Yepe3s
s;(x) C x KBaApaTHYyIO IIOAMAaTPHILY, 06pa30BaHHYIO CTOIOLAMH C HOMepaMH U3 [, To KapTa

U; ¥ {x € Maty,,,, (k)| dets;(x) # 0}

COCTOWT U3 Beex k-MepHbIX mogmnpocTparcTs W C k™, koTopsle n30MOPQHO MPOEKTUPYIOTCA Ha k-
MepHYIO KOOPAWHATHYIO IUIOCKOCTh E;, HATAHYTYIO Ha CTaHZApTHHIe 6a3UCHbBIe BEKTOPHL ¢; c i € I,
B/IOJIb ZIOTIOTHUTEILHOU (M — K)-MepHOM KOOPAMHATHOMN IUIOCKOCTH E7, HATAHYTOM Ha OCTalbHbIE
6a3ncHbIe BeKTOPEL e, c £ & .

VIIPAYXKHEHUE 6.2. YbeauTech B 9TOM.

O6o3Haunm 9epes X; =~ Matyy k) (K) = Akm=k) adpPuHHOE MPOCTPAHCTBO BCEX MATPUI] U3 k CTPOK

MIUPUHBI M — K, CTOMGITBI KOTOPHIX 3aHYMEPOBaHbI MHAEKCAMU V € | 13 IOMOMHUTENBHOTO K [ Habopa
I={1,2,...,m} \I. OTobpaskeHue

npeBpaujatomee k X (m—k)-marpuny t € X; Bk Xm-marpuny ¢;(t) ZonucbIBaHUEM K Hell e[JUHUIHON
k X k-maTpuIibl B cTOJIOIBI ¢ HOMepaMu u3 [, GUEKTHUBHO, 1

o (U nUy) = D(dets]((pl(t))) cX;.
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YIPAXKHEHUE 6.3. Y6€AUTECh, YTO OTOOpAKEHUE CKIEHKY
Q= (pj_lgol 1 X;D D(dets](gol(t))) - D(detsl(qo](t))) cX;

JericTByet Mo popmyie t — 57<s]_1 ((p,(t)) . (p,(t)) u ABAeTcs usomopdusmom adGUHHBIX ajl-

rebpanyecKux MHOTO0Opasuii.
Orcioza MBI Kak U B IIpeAblAyIeM IIprMepe NpuM. 6.1 MBI 3akiodaeM, 4To rpaccmanuan Gr(k,n)
ABJIsAeTcsA anrebpandecKM MHOT006pa3ueM KoHeqHOoro Tvma. [Ipu k = 1, m = n+1 3Ta KOHCTPYKLUA
IIpeBpalaeTcs B KOHCTPYKIINIO U3 IpUM. 6.1.

[TPUMEP 6.3 (TTPSIMOE IPOU3BEZEHUE MHOTOOBPA3MIA)

CTpyKTypa anrebpanieckoro MHOroo6pasus Ha MPsAMOM MTPOU3BeeHUH ajrebpandecKkux MHOT000-
pasuii X u'Y 3agaércs aTiacoM, COCTOSIIIIUM U3 BCEX MOTapHbIX MpousBeenuii U X W abOUHHBIX KapT
UcXuWcCcXmnalX,Y.

6.1.1. CTPYKTypHBIii Iy4OK U peryisapHble MOpGU3MbI. 33ZaHHAs HAa OTKPHITOM MTOAMHOXe-
crBe W anre6bpamdeckoro MHoroo6pasusa X ¢yukuus f: U — k HaswIBaeTcs pezynspHoll B TOY-
Ke x € U, ecu cyliecTBYIOT NOKpHIBaromas x apduHHadA kapra @y, - Xy, = W u Takas ompefe-
JIEHHAA B TOYKeE (p;l,l(x) € Xy pauuoHanbHasA QYHKIUA f € k(Xy), uro oy, f(2) = f (z) pns Bcex
z € ¢y (UNW) N Dom f. PerynapHele B KaX[0ii TOYKe OTKPHITOro IoAMHOXecTBa U C X yHKIMH
U — k obpasyroT KOMMyTaTUBHOe KOJIbIIO, KoTopoe obo3HauaeTcsa Oy (U) 1 Ha3bIBaETCA KONBIOM
NIOKANbHbIX peeynspHblx gynkyutl Ha U. Comoctasinenue U — Oy (U) 3agaér mydok k-anre6p Ha Toro-
JIoru4ecKoM mpocTpaHcTBe X. OH Ha3bIBAETCS CMPYKNYPHbIM NYUKoM aarebpandeckoro MHOroobpa-
3us X. OTobpakeHue anrebpandeckux MHOroo6pasuii ¢ : X — Y Ha3bIBaeTCs pegyisipHbIM, ECITU IS
KaX/IOTO OTKPBITOrO HoAMHOXecTBa U C Y romoMopdusm mogbéma ¢* : kU — k¢ 'V IIepeBOAUT
JIOKaJIbHBIE pery/IsapHble GyHKIMU Ha U B JIOKaIbHbIE Pery/spHble pyHKIuu Ha @~ (U), T. e. apnseTcs
romomopdusMoM @* 1 Oy (U) — Ox (@ 1 (U)).

YIPAYXXHEHMUE 6.4. YOeuTeCh, 4TO 31eMeHTH anreOpsl Oy (X) — 3TO B TOYHOCTH peTYIIAPHEIE MOP-
dusmer X — A, u ana kaxaoit abdunHOM KapTh @ © Xy = U romoMopdusm nogbéma

oy 0x(U) > k[Xy]

OTOX/ECTBJIAET KOJIBLIO JIOKAIbHBIX Pery/IApHbIX Ha U dyHKIMII ¢ KoopauHaTHOM anre6poii ad-
¢dunHOrO MHOrOO6pA3UA Xy).

6.1.2. 3aMKHyTbIe TOAMHOr0o00Opa3us. Beakoe 3aMKHYTOe MOAMHOXKECTBO Z anrebpandecKkoro
MHOroo6pasus X MeeT eCTECTBEHHYIO CTPYKTYPY alnrebpandecKoro MHOroobpasusa. A UMeHHO, I
Kaxz0# abduHHOM KapTH @y, . X; = U mpoobpas nepecedeHns go{,l (Z N U) siBnsieTCA 3aMKHYTBIM
HIOAMHOXECTBOM B Xy, T. €. ahGUHHBIM anre6pandeckM MHOT00Opa3reM ¢ KOOPAMHATHEIM KOTBLIOM

k[Xyl/oul(Z nU) ~ 0x(V)/I(Z N V),

rae ugean I(ZNU) C Ox(U) cocTOUT U3 BceX JTIOKaIbHBIX Pery/laApHbIX Ha U yHKIMIT!, TOXAECTBEHHO
3anynatomuxea Ha Z N U. ApduHHBIe KapTh <pl_,1(Z NU) = ZNU C Z obpasyroT anrebpandecKuit
amiac Ha Z. Comnoctasienue U — [(Z N U) aBnseTcs MOAIYYKOM HealoB B CTPYKTYpHOM Iyuke k-

1Cp. cymp. 6.4.
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anre6p Oy. OH Ha3BIBaETCA Nyukom udedno8 3aMKHYTOTO ogMHoroobpasus Z C X u obo3HavaeTcs
J; C Ox. B aroii cutyanuu numyr Z = V (72).

PerynsapHsbiii Mopousm ¢ : X — Y HazbIBaeTCAd 3aMKHYMbIM 810%ceHUeMm, ecau @(X) sBnseTcs
3aMKHYTBHIM MMOAMHOT006pasueM B Y u ¢ 3agaét uzomopdusm mMexxkay X u ¢(X). B yactHoCcTH, ai-
rebpanyeckoe MHOroobpasue X TOrzia ¥ TOJIBKO TOT/Ia IONyCKaeT 3aMKHYTOe BIOXeHUe B ahuHHOe
MIPOCTPAHCTBO, KOTZIa OHO sABjsAeTcs ahpPUHHBIM ajrebpanyecKMM MHOrooOpasreM B cMbIcie n° 4.4
Ha cTp. 64, T. e. IBJISIETCA MHOXXECTBOM HyJIEH CUCTEMBI TIOJIMTHOMUATBHBIX YPaBHEHUH B abHUHHOM
MIPOCTPAHCTBE.

ITPUIMEP 6.4 (CEMENCTBA ITO/IMHOT'OOBPA3MI1)

Kaxxzapiii perymsapubiii Mmopdusm 1 : X — Y MOXKET BOCIPUHUMATHCA KaK CEMENCTBO 3aMKHYTBIX
TTOZIMHOT006pa3uii Xy, = n~'(y) C X, mapamerpusoBaHHoe Toukamu y € Y.Eomm: X — Y,
n’ : X' — Y — nBa cemelicTBa c oiHOM 1 ToM *e 6a30¥, TO pery/ApHbIi Mopdusm ¢ : X — X' HasbI-
BaeTca MopduamMom cemeiicma’, eci oH epeBoauT X yBX 3’, Anakaxaoroy € Y, T.e.ecmun = 1w’ o .
CemeiicTBo . X — Y HasbIBaeTCA NOCMOSHHbIM VI MPUBUAILHBIM, €CIN OHO M30MopdHO HaZ Y
IPAMOMY IIPOM3BEJEHHUIO Tty . X, X Y — Y 11 HekoTOporo MHOroo6pasus X, .

6.1.3. Otgemumoctb. CTaHZAPTHEIN aT/iac Ha [P, COCTOMT U3 ABYX KapT @; : Al = U, C P, rme
i = 0, 1. VIx mepeceyeHre BUHO BHYTPU KaXK/I0H U3 HUX KaK [IOTIOTHEHVE K HaYaly KOOPAWHAT:

05 UpNU) =7 Uy nU) =A"N{0}={t €A |t #0}.
KapTsl CKJIeeHbI IT0 3TOMY ITepecevYeHHI0 II0CPEACTBOM OTOOPayKEHUS CKIEHKU
@o1: t— 1/t. (6-3)
Eciu BMecCTO 3TOrO 0T06pa>KeHI/IH BOCIIO/ZIB30BAThCA TOXKAECTBEHHBIM OT06pa}K6HI/IeM
Por:tPt, (6-4)

MOJTYYUTCS APyroe MHOroobpasue — IpsaMasi ¢ «pa3ZiBOEHHOH» TOYKOH: : . Takoro
poZia maTosorua HasbiBaeTcsa Heomdeaumocmoto. [IppuumHa e€ BOSHUKHOBEHUA B TOM, YTO IIPABUJIO
ckyeiiku (6-4) He 3aMKHYTO U ZomyckaeT pogomkenue ¢ AT \ {0} maBcé Al = AT\ {0}.

B obmem ciryvae otaenumocTs Gpopmanusyerca Tak. Bkmovenua U, < U, N U; < U, 3azaior
Bnoxenue U, N U; < U, X U, 06pa3 koroporo — nepecedenre appunnoi kaptel Uy, X U; C X X X
c auaroHanpio Ay = {(x,x) € X X X| x € X}. B paccMOTpeHHOM BbIllle IpUMepe NpasBuio (6-3)
3agaér pnoxkenue (A \0) & A*x A = A% o popmyne t — (t, t~) 1 OTOXKIECTBIACT lepecedeHIe
UynU; ~ (UO X U1) N Ap, c3amkHymsim moaMHOXecTBOM V(xy —1) C A?, a npaBuo (6-4) 3azaéT
Broxenve (A \ 0) & A% no dopmyste t — (t,t), 06pa3 KOTOpPOro He 3aMKHyT B A% 1 npesicTaB/sAeT
coboro mpamyro V(x—y) C A? 6e3 Hadama KoopAuHAT. Anre6pandeckoe MHOroo6pasue X HasbIBaeTCs
omoeaumsbim, eciu s aroboii mapel abouHHbX KapT U, W Ha X 06pa3 KaHOHUYECKOTO BJIOXKEHUS
UNW S U X W 3aMKHYT, WIH, 4TO TO XKe caMoe, ecii guarotanb 4y C X X X samkHyTa B X X X.

Hampumep, A™ u P,, otaemmmsl, ockonbKy auaronamu B A" X A™ u B P, X IP,, 3azaoTcs, cooT-
BETCTBEHHO, YPABHEHWAMU X; = Y; U X;Y; = X;¥;. 3aMKHyTO€e IOAMHOroo6pasue X C Y OTAeIMMOro
MHoroobpasus Y Toxxe oTAennMo, n6o AuaroHanb B X X X ABigeTcs Ipoobpa3oM AuaroHamu B Y X Y
nipu BiaoxkeHun X X X < Y X Y. B vactHOCTH, BCsikoe apPpUHHOE WIHM IPOEKTUBHOE MHOT00Opasue
OTZIeJIMMO U MeeT KOHeUHBbIH THIIL.

Winu mopdusmom nad Y.
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[IPUMEP 6.5 (TPA®UK MOP®H3MA)

Ilycts ¢ : X — Y — perymsapusiii Mopdusm. [Ipoobpas auaronanu A C Y X Y npu UHAyIMPOBAaHHOM
Mopousme ¢ X Idy : X XY = Y XY, (x,y) = (¢(x),y) HasblBaeTca epaduxom Mopdusma ¢ u
oboznavaercs [, = {(x, f(x)) € X XY | x € X}. Ecm Y oraemmmo, To rpaduk no6oro Mopdusma
X — Y 3amkuyT B X X Y. Hanpumep, ecmu X u Y adpdunHbl, To rpaduk perynsapHoro Mmopdusma ¢
3agaércaB X XY = Spec, (K[X]®K[Y]) cucremoit ypaBuenuit 1Qf = ¢*(f)®1, rae f npoberaet k[Y],
a@*: K[Y] - K[X] — romomopdusm nogbéma.

6.1.4. PannoHasbHbIe OTOOpaxkeHUA. PerynapHuiii MopdusMm ¢ : U — Y, onpeznenéHHBIN Ha
HEKOTOPOM OTKPBITOM IUIOTHOM IIOAMHOXKeCTBe U anrebpanyeckoro MHOroo6pasus X, Ha3bIBaeTcs
PAayuUoHabHbIM omobpanceHuem u3 X B Y. PanroHanbHOe oTob6pakeHue Y : W — Y, 3agaHHOe Ha OT-
KpBITOM MHOKecTBe W D U u coBmagaroiee ¢ ¢ Ha U, Ha3bIBaeTCs npodosikeHuem PAIMOHATBEHOTO
ortobpaxkenus ¢ : U — Y. O6beguHeHNe BCeX OTKPHITEIX MHOXKecTB W D U, Ha KOTOpEIE ITPOOIKa-
eTcs @, Ha3bIBaeTcs 061acmblo onpedesieHuUs palioOHAIbHOTO OToOpakeHusa @ . X --+ Y.

YOPAXKHEHUE 6.5 (KBAZIPATUYHAS UHBOJIIOIMSI KPEMOHBI). [ToKakuTe, YTO IPaBUIIO

. . -1. -1. -1
(xgixgix) > (Xg 2 X771 X5 )
3a71aéT parroHasbHOe OTObpakeHue » : P, --» P,, onpesenéHHOe BCIOAY, KPOME TPEX TOUEK,
HaNZUTE 3TU TOYKHU U OMHUIIUTE 00pas .

PannoHanbHbIEe OTOOpaXKeHUA @ : X --+ Y He ABIAIOTCA OTOOPKEHUAMU «H3 X» B TEOPETUKO-MHO-
JKECTBEHHOM CMBEICJIE, OO ONpe/iesieHbl He Be3Je. B 4acTHOCTU, KOMITO3UIUA pPallOHATIBHBIX 0TOO-
pakeHUl He OllpeZieieHa, Korza obpas mIepBOro OTOOpaKeHUs OKa3bIBAETCs LIEIUKOM BHE 00JIacTH
olpesiesieHNs BToporo. TeM He MeHee, pal[MOHAJIbHBIE OTOOPA’KEHUSA YaCTO BO3HUKAIOT M UT'PAIOT
BRXXHYIO POJIb B anrebpaudeckoii reoMmerpuu. Hanpumep, ecrectBeHHas npoekuusa A(V) --+» P(V),
nepeBozAlas Touky npocrpaHcTBa A(V), IpejcTaBieHHYI0 BEKTOPOM v € V, B TOUKY IPOCTpaH-
ctBa P(V), npezAcTaBlIeHHYIO TEM Ke cCaMbIM BEKTOPOM V, ABJIAETCH CIOPbeKTHBHBIM palliOHATbHBIM
OTOOpaKeHNeM OIpeZeEHHEIM BCIOZY, KpOMe HYJIA.

6.2. [IpoeKkTHUBHBIE MHOTOOOpa3us. Anrebpanieckoe MHOroo6pasre X Ha3bIBaeTCS NPOEKMUBHbBIM,
€CJIM OHO JIOMYCKAeT 3aMKHYTOE BIOJKEHHE B IIPOEKTHUBHOE MMPOCTPAHCTBO, T. €. U30MOP(HO 3aMKHY-
TOMYy TTogMHOroo6pasuio B P, a1 HekoToporo n € N.

YIIPAXKHEHME 6.6. [IoKaXXWTe, YTO MHOXXECTBO PELIEeHUH CUCTEMBI OZHOPOAHBIX TOJTMHOMUAIbHBIX
ypaBHEHUI Ha OZHOPOJHbIE KOOPAUHATHI IpocTpaHcTBa [P, ABIAeTCA 3aMKHYTHIM IOAMHOT'0006-
pasueMB PP,,.

B 4acTHOCTH, IPOEKTUBHBIMY arebpandecKuMU MHOTO0Opa3usIMU ABJSIOTCA rpaccManuansl Gr(k, V),
3ajaBaeMble KBaZ[paTHIHBIMU COOTHOLIeHHsMH ILmokkepa B P(AXV).

YIPAXKHEHUE 6.7. [IoKa)XUTe, YTO MPSIMOE TTPOU3BeIeHNE POEKTUBHBIX MHOTOOOPa3Mii TPOEKTUB-
HO, U BBIBEIUTE 13 3TOI'0, YTO IIOMHOXKECTBO B IP’n1 X ... X IP’nm, 3aZlaBaeMoe HabopoM OZHO-
POZIHBIX 110 KOOPAWHATAM Ka)KI0T'O COMHOXXUTEJIS IOIMTHOMUAIBbHBIX YPABHEHUH Ha OZJHOPOJAHBIE
KOODJUHATHI, ABJISETCA MPOEKTUBHBIMU ajrebpandecKiM MHOT00Opa3rueM.

[TPUMEP 6.6 (PA3AYTHE TOYKU B IP),)

®uxcupyeMm Touky p € P, 1 o603HauuM uepes E ~ [P, _; IPOCTPaHCTBO BCEX MPOXOJAIINX Uepes3 p
npamseix B P,,. 'paduk MHIIMAEHTHOCTH B, = {(q.¥) € P, XE | ¢ € ¢} HaseiBaeTcs pazdymuem
Touku p € P,. [Ipoexuusa o, : B, » Py 6rextuBHa Bciogy Haz P, \ {p}, Ho nmpoobpazom camoit
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TOYKHU P ABJIAETCA BECh CIIOU 0y, Yp)={p}XEC IP,, X E. OH Ha3BIBAETCS UCKIIOUUMEIbHBIM OUBU30-
pom!. Bropas mpoexims o g+ B, > E peanusyet B, KaK JWuHeliHoe paccioeHue HaZ E | cJI0M KOTOPOTO
HaJ Toukol q € E —oaro npamas (pq) C P,,. OTo paccioeHne Ha3bIBAETCs MABMOJ102UYecKUM TUHEH-
HBIM paccioeHueM Haz E. 13 ymip. 6.7 BbITEKAET, YTO B), ABNACTCA IPOCKTUBHBIM MHOTrooOpasueM:
BBIOEpEM OHOPOAHBIE KOOPAUHATHI Ha P, Tak, 4Tobsl p = (1: 0: ... : 0), u oToxzecTBUM E C -
nepIiockocTbio V(x,) = {(0: A, ¢ ... : 4,)} C P,,, conocrasiaa npamoii £ 3 p Touky 1 = €NV (x,).
Torza KOJUTMHEapHOCTh TOYEK P, q, A 3aluIIeTcs CUCTeMOMN OfHOPOJHBIX KBa[paTUYHBIX YpaBHEHNH

1 0 - 0
klqgy q; - qn|=2,wmqt;=q;t;, tAe 1 <i<j<n,
0 A, - A,

Ha (q,1) € P, X E. VHade pa3fiyTHe TOUYKU P MOXHO IIPe/CTaB/IATh cebe Kak pe3yabraT IPUKIeHUBa-
HUA K IPOZIe/IaHHOMY B TOuKe p Ha [P,, ToueqyHOMYy OTBEpCTHIO IPOEKTUBHOIO IPOCTPaHCTBa E TakuM
06pas3oM, 4To ABIDKEHME K TOUKe P BJOJIb IIPOXoAsiell uepes p npsamoii £ C P, IpUBOAUT B TOUKY
{€E.

JIEMMA 6.1
Kaxzoe 3aMKHyTO€e MoAMHOT006pasue X C [P, AB/II€TCA MHOXECTBOM PEelIeHUH KOHEYHOM CUCTEMBI
IIOJIMHOMMA/IbHBIX ypaBHEHUH Ha OZHOPOAHBIe KOODAUHATHI TpocTpaHcTBa P,,.

JJOKA3ATE/IBCTBO. B 0603HaueHnAx u3 npuM. 6.1 Ha cTp. 84 nepeceyenue X N U; co cTaHAAPTHOMU OT-
KphITOl KapToil U; C P, AB/IAeTcA MHOXKeCTBOM HyJIell HeKOTOPOro hAeasa I; B KOJblie MHOTOUIEHOB
OT N IEPEMEHHBIX t; ,, = X,, /X;, TAe 0 < v < nu v # . Kax/piil TaKONH MHOTOWIEH f MOYXXHO MEpPemnH-
caTh Kak ]_‘(xo, Xqiyonn ,xn)/x{i, rmed = degf,a ]_” € klxy,x4, ..., X, ] — Takoll OZHOPOJHBIN MHOTO-
wieH creneHu d, 910 f (tig, s tiggs Litiirqsoosbin) = F (oo eees biimgs bijpns oo o tip ) - 01 KaOK-
Aoro i 3aduKcUpyeM Kakoe-HUOy/Ib KOHEYHOE MHOXECTBO A; 06pasylomux f; o, rie @ € A;, ueana I;
Y TIOCTPOUM I1I0 HUM OZJHOPO/JJHbIE MHOTI'OYJIEHBI }_Ci’a € kixgy,x, ..., x,]. TlokaxeM, 4To MHOTroobpa-
3ue X coBIaZaeT C MHOXXeCTBOM Z pellleHNi CCTeMbl OZIHOPOAHBIX IIOTMHOMUAIBHBIX YpaBHEeHNH

xi]_‘i’a(xo,xl,...,xn):o, rme 0<is<n, a€i;.

ZlOCTaTOYHO A1 KaXA0TO | yCTaHOBUTL paBeHCTBO Z N U; = X N U;. [TocKoIbKy NepecevyeHre MHOXe-
CTBa HyJeli OAHOPOJHOT0 MHOTOWIeHa X; - f (X, X4, ... , X,,) c KapToit U; C IP,, 3agaérca B ahdUHHBIX
KoOpAuHaTax t; Ha U; ypaBHeHHEM

f(tios - tiimns Ltiirns oo s tin) = f (tos oo s tiimns Lo o5 tim) = 0,

nepeceyeHue KapThl U; ¢ MHOXXeCTBOM OOILTUX HyJlel OAHOPOAHBIX MHOT'OWIEHOB X;f ; o, UHAEKC I KO-
TOPBIX paBeH HOMEpPY KapTel, coBmagaeT ¢ X N U;. Tem cameiM, Z N U; C X N U;, u Ana fokasa-
TeJIbCTBA PABEHCTBA OCTAETCs YOEAUTBCS, YTO KaXK/iblil O/HOPOAHEIA MHOTOWIEH X f ; 5 € j # i TOXe

3aHyisietcst Ha X N U;. Ho MHOXWUTENb X 3aHy/sIeTcs Ha runepiuiockocty V(t; ;) C U;, a MHOXH-

TEJIb f] B 3aHyJII€TCA Ha JOIIOJHUTEJIBHOM K aTOH TUIIEPIUVIOCKOCTHY ITTaBHOM OTKPBITOM MHOXKECTBE

D(t;;) =XNnU;nU; C X NUj, 1. K. HOCTEAHEE COAEPXKUTCSA B IlepecedeHnn X N Uj, Ha KOTOPOM j_fj’ B
paBeH HYJIIO. O

'Boobie, dususopamu (Beiins) Ha anre6pandeckoM MHOT006Pa3HH Ha3BIBAIOTCA SIeMeHThI CBOBOZHOI abe-
JIEBOU T'PYIIIIBI, TOPOXKAEHHON HENPUBOANMBIMY 3aMKHYTBIMU [TOAMHOT006pa3uaMu KopasmepHocTH 1 (pas-
MepHOCTH anrebpanveckrx MHOT00Opas3uii 06CykatoTes B n° 6.3 HIDKE).
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[IPUMEP 6.7 (M/JIIOCTPALIVISA JIOKA3ATE/IBCTBA JIEM. 6.1)

[TpoexTuBHOE MHOroobpasue X = V(x,x,x,) C PP, npescrasiseT coboro ob6beArHEeHNe TPEX KO-
OPAVHATHBIX IIPSAMBIX U JIOKAJIBHO, B CTaHAAPTHRIX KapTax Uy, U;, U,, 3afaérca, COOTBETCTBEHHO,
YPaBHEHUAMH ¢y 1ty , = 0, t; oty , = 0, ¢, ot, 1 = 0, KOTOPHIM B IIPEABIAYIIEM JOKA3ATENbCTBE OTBE-
YJalOT OZHOPOAHBIE MHOTOWIEHBI }_”0’1 = XXy, ]71’1 = XXy, ]72’1 = XX, a 33amlee X 1obasbHOe
OZIHOPOZHOE YDaBHEHHE XX, X, = 0 IMeeT B JIeBOH YaCTU MHOTOWIEH

XoX1Xy =Xo fo1 =% f11=%2 f21-

6.2.1. 3aMKHYTOCTb POEKTHUBHBIX MOPPHU3MOB. [IpOeKTUBHBIE MHOTOOOPA3HI 3aHUMAIOT B aJjl-
re6panvecKoi reoMeTpUU MPUMEPHO TAKOE JKe MeCTO, KaK KOMITaKTHbIe MHOT000Opa3us B AnddepeH-
[[UAIbHOM reOMETPUH.

JIEMMA 6.2
Ipoektusa  : P, X A" - A™ samxHyma, T. €. IePeBOAUT 3aMKHYThIE MHO)KECTBA B 3aMKHYTHIE.

JIOKA3ATE/ILCTBO. 3adHKCHPYeM OLHOPOAHBIE KOOpAUHATH X Ha P, 11 adduHHbIe KoopauHaThI t BA™.
3aMKHyTOe IIOAMHOXecTBo X C P, X A" 3azaéTea crucTeMoi OZHOPOAHBIX 110 X MOJTMHOMUATbBHBIX
ypaBHeHwu# f, (x,t) = 0. Ero o6pa3 m(X) C A™ cocTouT U3 Bcex TOYeK p, IIPH IOACTAHOBKE KOTOPBIX
B 9TU ypaBHEHUs BMECTO t ToydaeTcs obiajaromias HeHy/IEBbIM pellleHHeM CUCTEMa OJHOPOHBIX
ypaBHeHu# f,,(x,p) = 0 Ha x. DTO O3HAYAET, YTO IIOJTMHOMHUATIBHO 3aBUCAIINE OT P KO3PUIIEeHTH
dopM f,(x, p) yIOBIETBOPAIOT CUCTEME TIOIMHOMUAIBHBIX Pe3yIbTaHTHBIX ypaBHeHuit' . TakuM 06-
pasom, (X) 3azaéTcs MOTMHOMUAIBHBIMU YPaBHEHUSMH. O

C/NEJCTBUE 6.1
Eciu MHOr0o0o6pasue X MpoeKTUBHO, TO A1 1roboro MHOroobpasus Y npoekiua . X X Y - Y 3a-
MKHYTA.

JIOKA3ATE/IbCTBO. YTBEPXKZAEHNe MOXXHO JOKa3bIBaTh OTAEIBHO A KaKAoH adduHHOM KapThl MHO-
roobpasus Y, T. e. MbI MOXXeM cuuTaTh Y adpduHHbIM. Toraa X X Y sABjsgeTcs 3aMKHYTBHIM IIOAMHOTO-
o6pasuem B P,,, X A", a npoekuus T — orpaHuYeHreM 3aMKHyTO! mpoekuuu P, X A" -» A™ na
3aMKHyTO€ [IOZIMHOKeCTBO X X Y C P, X A™. g

CJEZICTBUE 6.2

Eciu X poeKTUBHO, a Y oTaennmo, To 060l Mopdusm ¢ : X — Y 3aMKHYT.
Y (x,p(x)) € XX Y| x € X} oTobpaxkeHus @
3aMKHYT B X X Y, ubo ABigerca npoobpazoM guaroHanu 4, C Y X Y npu otob6pakeHnn

JOKA3ATENbCTBO. Eciu Y otaenumo, rpaduk I ®

eXIdy: XXY >YXY.

O6pasz ¢(Z) C Y moboro noaMHoKkecTBa Z C X coBmazaeT c obpa3oM nepeceveHus [ ® N(ZXY) C XXY
npu npoekunn X X Y -» Y. Eciu Z 3amkHyTO B X, poussezieHue Z X Y samkHyTO B X X Y. Ecim X
IPOEKTHBHO, IPOEKIHA X XY — Y 3aMKHYyTa 1 IIepPeBOAUT 3aMKHYTO€ MHOKeCTBO [, N(ZXY) C XXY
B 3aMKHYyTOe MHOXXeCTBO ¢(Z) C Y. U

1Cm. n° 4.5 Ha cTp. 66.
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C/IEJCTBME 6.3
Jlto6oe peryasipHoe oTobpaskeHre U3 CBA3HOTO IIPOEKTUBHOTO MHOTO06pasusa X B abdpuHHOE MHOTO-
obpasue NOCTOSIHHO, T. €. oTobpakaeT Bcé X B ogHy TouKy. B wactHoCTH, Ox(X) = k.

JJOKABATE/IBCTBO. Bepsi KOMIIO3UIINIO TaKOTO OTOOpaKeHUs C KOOPAUHATHEIMU GYHKIIMAME Ha adb-
¢$UHHOM MHOTOOOPa3HH, MBI 3aKJIFOYaeM, YTO JOCTATOYHO JI0KA3aTh YTBEPKAEHIUE /s JTI0OO0T0o pery-
napHoro mopdusma ¢ : X — A'. Komnosuiusa ¢ ¢ nocezgytomum saoxenuem A' & P, B kauecTse
cTa"gapTHON apUHHOM KapTHI ABJAETCS PETYIAPHBIM He CIOPbeKTUBHEBIM oToOpakeHneM X — P, .
Taxk kak ero o6pa3 3aMKHYT U CBsI3€H, OH COCTOUT U3 OHOM TOUKH. 0

6.2.2. KoHe4HbIe MPOEKIHUH. PeryispHoe oTobpakeHue aarebpanieckux MHOTOOOpasuii
p:X->Y

Ha3BIBAETCA KOHEUHbIM, ec/Ti ipoobpas W = ¢~ 1(U) moboii apdunHol KapTe U C Y aBgercs ad-
¢duHHOI KapToi Ha X, u orpaHnyenue ¢y, : W — U ABrderca KOHeYHBIM MopdusMoM apUHHBIX
MHoOroob6pasuii B cMeicie n° 5.4.3 Ha cTp. 81. U3 sem. 5.3 Ha cTp. 81 cieayeT, YTO KakAbI KOHeY-
HBII MOpU3M 3aMKHYT, U ero oOrpaHU4YeHre Ha J1ob0e 3aMKHyToe TogMHoroobpasue Z C X Takxe
ABJIAETCA KOHeYHBIM MopdusMoM. Bosee Toro, eciu X HempuBOAUMO, TO COOCTBEHHEBIE 3aMKHYThIE
MMOAMHOXKECTBa MHOT006pa3usa X mepeBOAATCA KOHEYHBIM MOPPU3MOM B cOOCMEeHHble 3aMKHYThIE
IIOZIMHOXKecTBa B Y.

YITPAYXKHEHUE 6.8. [IpOBephTE, YTO KOMIIO3UIUA KOHEYHBIX MOPPH3MOB U OTPaHUYEHHE KOHEYHOT'O
Mopdu3Ma Ha 3aMKHYTO€E MOAMHOT006pa3rie KOHEYHHI.

I[IPEZIJIOKEHUE 6.1
ITpoexmusa npoeKTUBHOM runepnosepxHoctu V(f) & P, rae f # const, u3 noboii Touku p & V(f)
Ha JII00YI0 TUIIEPILIOCKOCTb H P p ABIAETCSI KOHEYHBIM CIOPbEKTUBHBIM MOPGU3MOM.

JJOKA3ATE/BCTBO. Bribepem Ha [P, oZHOpOAHBIE KOOPAMHATHI (X @ X1 : ... . X,) TaK, 4ToObl H =
= V(xy),ap = (1: 0: ... : 0). Toraa runepmiockocTb H coctout u3 Todek (0: x;: ... I x,), ¥
MOXXHO CYMTaTh, uTo adpdunHas kapra U C H coctour 3 Touek u = (0: uy : ... I u,_,: 1).Io-

ckonbKy p & V(f), mpooGpasY = 1, L(U) c V(f) xapth U BhicekaeTcs u3 V(f) MPOKONOTHIM KOHYCOM
C=Uyer ((pu) ~p} ) — ob6beguHeHreM apPUHHBIX TPAMBIX, OTYYAIOIINXCS BEIKUABIBAHUEM TOY-
KU p U3 IPOEKTUBHBIX NpAMEIX (pu) C P, ,raeu € U.Konyc C aBnaerca adpbUHHBIM anre6pandecKuM
MHOTroo6pasyeM, 130MopbHbIM adduHHOMY npocTpancTBy A" = U X A'. Visomopdusm nepeBoguT
TouKy (u,t) € UX A, BTouky x = tp + u € P,,. [lepeceuenue Y = C NV (f) sagaérca B koopAuHaTax
(u, t) ma A™ ypaBHeHNEM

gt,w) =ftp+u) = ayg)t™ + ;W t™ 1+ .. +a,w) =0, (6-5)

KOTOpOE IOJTy4aeTcs MOACTAHOBKOM X = pt+u B ypaBHeHMe I'UIlepIIOBePXHOCTU. MBI 3aK/II049aeM, YTO
mpoo6pas Y C V(f) xaptel U sBisieTcsa abdUHHOM anre6pandecKoi rUIeproBEPXHOCTBIO C KOOPAU-
HaTHOM anrebpoit k[Y] = k[u,, ..., u,_4,t]/(9) Hﬂpl’l"] : k[U] — Kk[Y] TraBTO/MIOrMYECKU BKJIaIbIBAET
klu,, ..., u,_ 1B KUy, ..., u,_;, t]. 9T0OHI MOKa3aTh, ¥TO aynredbpa k[Y] nema vag k[U], socraTouno
ybenuthbcs, uro nopoxgatomuii k[Y] vax k[U] anement t tien vazg k[U]. Jlnst 3TOro 10CTaTOYHO MPO-
BEPUTB, 4TO cTapmuii kKoadpounneHT a, € k[U] ypaBHenus (6-5) ABndeTca HeHy/IeBOH KOHCTaHTOH
u3 ot k — Torga ypaBHenue (6-5) u 6yzeT ypaBHEHUEM 11eJIok 3aBUCUMOCTHU. [IyCTh 3TO He TakK.
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Torza ay,(w) = 0 a4 HekoTopol Touku w € U, u iepecedeHue rumeprnoBepxHocty X = V(f) c mpo-
eKTUBHOM IIpsAMoM (pw) 3afaéTca B OZHOPOAHBIX KoopAuHaTax (J, : ¥;) oTHocuTenbHO 6asuca p, w
5TO# pAMOi#t ypaBHeHueM f (9yp +9,w) = ay(w) 95" +a; (W) tg* 19, + ... +a,, (W97 = 0, KoTopoe
II0JTy4aeTcsl U3 ypaBHeHus (6-5) IMOACTaHOBKOM ¢t = U, /¥, 1 UMeeT HyneBoi KoadduuneHT npu 97",
T. e. fenuTea Ha 9, . IToatomy p = (1 : 0) € V(f), 4TO IPOTUBOPEUHUT YCIOBUIO TeOpeMBl. TeM caMbIM,
Tply ¢ Y — U — 9TO KOHEUHBIH JIOMUHAHTHBIH (1, CTa0 GBITh, CEOPbEKTUBHEL) MOPOU3M. (I

CJE/ZICTBUE 6.4
I[IpoeknusaA m060ro NpOeKTUBHOro MHOroob6pasusa X & P, u3 moboii Touku p ¢ X Ha 00y rumnep-
IUIOCKOCTh H P p ABJAETCS KOHEYHBIM MOP)HU3MOM.

JOKA3ATE/ILCTBO. [TOCKOJIBKY OTpaHIYeHNEe KOHEYHOro MOpdH3Ma Ha 3aMKHYTOe ITOAMHOro00pasue
KOHEYHO, ZIOCTaTOYHO IIPUMEeHUTb IpeA. 6.1 k runepnosepxuoctu P, 2 V(f) 2 X, rae f — oaHo u3
3aZatomux X OJHOPOAHBIX yPaBHEHUM. O

CJEACTBUE 6.5
Kaxioe mpoeKTUBHOE MHOT000pasye JOIMyCKaeT KOHEYHBIH CIOPbeKTUBHBIN MOPPHU3M Ha TPOEKTHUB-
HOE IIPOCTPaHCTBO. O

CNEJCTBUE 6.6
Kaxzaan apdunnas runeprnosepxuocts V(f) C A", rae f # const, f0IycKaeT KOHEYHYIO CIOPbEKTHB-
HYIO TIapa/UIeJIbHYIO ITPOEKIINIO Ha abPUHHYIO TUIIEPILIOCKOCTh L C A,

JlokasaTEnbCTBO. Broxum A" = A(V) B P, = P(ke, @ V) B kauecTBe cTaHAapTHOMN KapTel U, u
obo3naumnm uepes H, = P(V) = P, \ U, 6ecKkoHEUHO yalI€HHYIO TUIIepIUIOCKOCTb STOM KapTHL, a
yepes V(f) C IP,, — npoekTuBHOE 3aMbIKaHMe' runmeprnosepxHocTH V(f).

VIIPAYXHEHME 6.9. Y6eauTech, uTo ecii @ # V(f) # A™, o @ # V(j_f) #P,u V(]_f) NH, #H.

ITo mpezs1. 6.1 IpoeKIyA IPOeKTUBHOM THIIepIIOBEPXHOCTU V(]_c) n3 It060H Touku p € H \ V(]_C) Ha
Jr06Y10 TUNEPIUIOCKOCTh H P p KOHeYHa U CIOpbeKTHBHA. B addunHOM Kapre U, OHa BHIVIAAUT KaK
napaJuiesnbHas npoekiusa apdunHol runepnoBepxHoct V(f) = V(j_f) \H_ BHampasieHUu p € V Ha
addunnyo runepiiockocts L = UyNH = H\NH,. U

CJIEACTBUE 6.7
Kaxxpoe adpduHHOEe MHOTOOOPA3Me X A0TycKaeT KOHEYHBIHN CIOPheKTUBHBIN MOopdu3M Ha apduHHOE
MIPOCTPAHCTBO. [l

6.3. Pa3zmepHOCTB. PazMepHOCTBIO anrebpandeckoro MHOroo6pasusa X B Touke x € X Ha3bIBaeTcd
MaKCHUMasIbHOe Takoe nn € N, 4To cyIecTByeT LIelI0YKa 3aMKHYTHIX IIOAMHOr006pasuil

X)=X,CX, CX,C...CX, , CX,CX, (6-6)

B KOTOPOI Bce X; HENPUBOJMMBI U BCe BKJIIOUEHHUA KPOMe CaMoro IpaBoro cTporue. PasmepHOCTb
MHoroo6pasusa X B Touke x € X obo3Havaercsa dim, X. Eciu X HelmpuBoauMO, TO B JII060H MaKcH-
MaJIbHOH IieTiouke Buzia (6-6) BEIOMHAETCA paBeHCTBO X,, = X. Eciu MHoroo6pasue X IIpUBOAMIMO,
To dim,, X paBHa MaKCUMaJbHOM 13 pasMepHOCTel IPOXOAALINX Yepe3 TOUKY X HeIIPUBOAUMBIX KOM-
MIOHEHT MHoroo6pasus X.

'Cm. n° 1.4.3 Ha cTp. 13.
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YIPAXKHEHMUE 6.10. [Tokaxure, uro dim, X = dim, U ana mob6oit apdunHOI okpecTHOCTH U TOU-
KU X.

[TPEAIOXKEHME 6.2

Jnsa mo6oro KoHeyHoro Mopdusma ¢ . X — Y HenpUBOAMMBIX anrebpandeckux MHOroo6pasuii B
K&)K/JO0H TOYKe X € X BBINOJHAETCSA HepaBeHCTBO dim, X < dimy,(,, Y, 1 paBeHCTBO B HEM paBHO-
CHJIBHO 3TUMOPOHOCTH .

JOKA3ATE/BCTBO. B cuty ymip. 6.10 MmoxHO cuntath X u Y apdruHbMu. Kaxxzaa nenodka (6-6) B X
Mo jieM. 5.3 Ha cTp. 81 MopoKJaeT Iel0uKy CTPOTO BIOKEHHBIX PYT B Ipyra 3aMKHYTHIX HEIIPUBOJU-
MBIX ToAMHoroo6pasuii ¢(X;) B Y. OTcioza BrITekaeT TpebyeMoe HepaBeHCTBO, U IpU @(X) # Y oHO
crporoe. Ecmm @(X) =Y, To A moboii nenouku Yy = {@(x)} & Y, & -+ & Y, =Y mpu xaxzaom i
MHoroo6pasue ¢~ *(Y;) C X uMeeT HENPUBOAUMYIO KOMIIOHEHTY X; CHODbeKTHBHO OTOGDaKAIOIITYIO-
caHal ;, 1 13 HUX COCTaBJIAeTCA LieToyka Buzja (6-6) B X. OTo JaéT IPOTHUBOIIOIOXKHOE HEPABEHCTBO
dim, X > dim,,, Y. UJ

CIEZCTBME 6.8
PasmepHocTh apduHHOrO MpocTpancTBa A" B 060t Touke x € A" paBHa 1.

JToKA3ATE/IBCTBO. HepaBeHcTBO dim,, A" > n BBITIOIHSETCS, IOCKOIBKY B A" MeeTcsa iermouxa (6-6),
ob6pasoBaHHasA IPOXOAAIIMMU Yepe3 X abbUHHBIMU IOATIPOCTPAaHCTBaMU. [IpOTUBOIIONIOXKHOE Hepa-
BEHCTBO /I0KA3bIBAETCS 110 MHAYKIIMU. OueBUAHO, 4To dim A% =0. [Mycth dim Ak =k AnaBcex k < n.
ITockosbKy IOCTIeAHUH OTIMYHBIH OT A, 271eMeHT X,,,_; B IF000I Lienouke NOAMHOTroo6pasuii

Xo & X1 & - C,;Xm—ngmZAn

JI0TyCKaeT KOHEeuHyIo CIOpbeKInIo Ha abdunHoe moampocrpanctso A¥ ¢ A™ ¢ k < n, us npea. 6.2
BBEITEKaeT HepaBeHCTBO dim X,,,_; < 1, OTKyZa m < n. O

CJIEACTBMYE 6.9
ITycts X — HenpuBoaumoe adpduHHOE MHOTOO6pasue, n @ : X -» A™ — KOHEYHbIN CEHOPbEKTUBHBIN
mopousm. Torza dim, X = m B kaxg04 Touke X € X, ¥ UUCJIO M He 3aBUCUT OT BbIOOpA ¢. Il

CJEACTBUE 6.10
PasmepHOCTb abPUHHOTO HETPUBOAUMOrO MHOTooOpasus X paBHa CTeNeHU TpaHCI_IeH,ZleHTHOCTI/IZ
anre6psr k[X] Hag k.

JIOKABATEILCTBO. ToMOMOp)HU3M MOABEMA KOHEUHOM cropbekuuu 7w : X —-» A™ 3azaér uenoe pac-
mupenvie T ¢ k[u,, ..., u,,] © K[X]. CrefoBaTensHo anre6pandecky He3aBUCHMble GYHKIMN 7T U;
ob6pasytoT 6asrc TpaHcieHAeHTHOCTH anre6psl K[ X ] Hazg k. O

YIPAXKHEHUE 6.11. JlIokaskute, uTo dim(X X Y) = dim X + dim Y 7151 i06bIX HEMPUBOAUMBIX MHO-
roobpasuii X, Y.

Ynave Y; okaxeTcs 06beIHeHeM KOHEeYHOT0 Y1c/la COOGCTBEHHBIX 3aMKHYTHIX TOZIMHOMKECTB — 06pa30oB
HENPUBOJMMBIX KOMIIOHEHT ITpoo6pasa q)_l(Yl-) CcX.
2Cwm. omp. 4.3 Ha cTp. 64.
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6.3.1. PasmepHocTu noamMHoroo6pasuii. Eciu dyuknua f € Kk[X] ToxzecTBeHHO 3aHy/sAeTCA
Ha OZ[HOH U3 IPOXOAAIINX Yepe3 TOUKy X € X HelIPUBOAMMBIX KOMIIOHEHT pasMepHocTy dim, X MHoO-
roo6pasus X, runeproBepxHocTb V(f) C X uMeeT B TOUKe X Ty ’Ke pa3MePHOCTD, UTO K 06'beMITIoIIee
MHOroo6pasue X. Takoe BO3MO)XHO, TOJIBKO ecyiu f AeauT Hyab B K[ X].

[IPEJIOXKEHUME 6.3
s mro6oit HeHyeBo# perysapHo ¢oyakiuy f € k[X] Ha HenpuBoguMOM adpduHHOM MHOTOOOPA-
3um X B KaXKJ0¥ Touke p € V(f) BBIOIHAETCA HEPAaBEHCTBO dimp V({f) = dimp X)-1.

JOKA3ATENBCTBO. Cinydait X = A™ yxe 6bu1 pazobpaH B c1. 6.6. O6muii cay4aii CBOAUTCA K HEMY
IIpYU IOMOIIY pacCyAeHNUsA, aHaJIOTUYHOTO UCII0Ib30BAHHOMY B JieM. 5.4 Ha cTp. 82. PaccmarpuBasn
HeIIPUBOJMIMble KOMIIOHEHTHI I'UIleplioBepxXHOCTH V(f) 10 OTZenbHOCTH, MBL MOXKEM CUMUTaTh [ €
k[X] HempuBogMbIM. 3adUKCUPyeM KOHEUHYIO cropbekimio 77 : X - A™ u paccmorpum oTobpa-
JKeHue

p=nxf:X—>A"XA", x~ (n(x),f(x).

B iem. 5.4 MbI BUZiesin, YTO OHO KOHEYHO U CIOPheKTUBHO 0TOOpakaeT X Ha adpPpUHHYIO rUIIepIoBepX-
HOCTB V(1) C A™ x A’ — MHOXeCTBO Hy/Ieil MUHIMAaIbHOTO MHOTOWIeHa

peu,t) = t" +a, (Wt + e () € Kluy, ., Uyt

¢yukuuu [ Hag nonem k(A™). Hempusogumas rumeprobepxHocTb V(f) C X KOHeYHO oToGpaxa-
eTcsl MOpGU3MOM ¢ Ha IlepeceveHne runeprnoBepxHocTy V(uy) ¢ apdunHol runepruiockoctsio V(t),
BHYTDPHU KOTOPOH 3TO IepecedeHre 3aaéTcs ypaBHeHUEM o, (u) = 0, T. e. ABjseTcsa adpPuHHOM rumep-
nosepxHocTbio V(a,) C A™ pasmepHoctu m — 1. ITo npezt. 6.2 dimV(f) = dimV(a,) =m -1 =
=dimX — 1. Il

CAEJCTBUE 6.11

Ha adpdunHOM MHOTOOGpasuu X A moboro Habopa GyHKIUH fi, ..., f, € K[X] B kaxzm0ii Touke
p € V(fi, ..., fn) BEIIONHATCA HepaBeHCTBO dimy, V(f, ..., fr) 2 dimy,(X) — m. Eci npu kaxzaoMm i
ksace GyHKIMH f; He eJIUT Hy/Ib B GaKTop kombre’ k[X] /(fis -, fi_1), TO HEDABEHCTBO CTAHOBUTCSA
PaBEHCTBOM. (Il

[TPEAOCTEPEXXEHME 6.1. Hunpez. 6.3, Hu ci1. 6.11 He yTBep:KAAlOT, YTO TUIeprioBepxHocTh V (f) win

nogmHoroob6pasue V(fi, ..., f;;) He ImycTo: B 3TOM ciydae npei. 6.3 u ci1. 6.11 Toxe dpopmanbHO
cripaBeznuBhl. ITo cnaboit Teopeme o Hysax nmycrora V(fy, ..., f;,) 03HaYaeT, YTO IPU HEKOTOPOM i
kiacc f; B k[X]/(f;, ..., fi_1) paBeH HeHy/IeBOH KoHcTaHTe. Takoe BIIOJIHE CIy4aeTcsA: HaIpHMep,

V(1) = @ Ha mo6om MHoroo6pasuu X, u V(x,x + 1) = @ Ha miockoctu A% = Spec, K[x, y]. Oto
MpeAyIpeXAeHe OTHOCUTCSA U K CJIEAYIOIIEMY IIPEAIOKEHHUIO.

[IPEAJIOXKEHUYE 6.4
Jst mo6bIx adpdUHHBIX MHOroo6pasuit X;,X, C A" B kaxzoi Touke X € X; N X, BHIIOJHAETCA
HepaBeHcTBO dim, (X; N X,) > dim,(X;) + dim,(X,) — n.

!Ymopsaaouennriit Habop dyHKIMiL f,, ..., f,, € K[X] ¢ TaKMM CBOMCTBOM HA3BIBAKOTCA pe2yapHoii nocue-
dogamenvHocmsto. IIpu i = 1 peryJasapHOCTb O3HAYAET, UTo f; He AenuT Hymb B k[ X].
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JIOKA3ATENBCTBO. [Tyetb @, ¢ X; © A" u g, : X, & A"™ — samkHyThle Broxenus. Torga X; N X,
ABJsAeTCa mpoobpasoM auaroHanu A C A™ X A™ ipu oTo6paxkeHun

QX Py Xy XX, S AT X A",

.2 % —_ %
Buytpu X, X X, OH 3aza€rca n ypaBHEHUAMH (¢, X @,) " X; = (¢; X ¢,)"Y;, KOTOPBIE ABIAIOTCA MOJ-
HATHAMU JIMHEMHBIX YPaBHEHUI X; = y;, 3agaomux Auarodaib 4 B A" X A", Ocraércest npruMeHUTh
c. 6.11. 0

[IPEAJIOXKEHME 6.5
Ecnu pazMepHOCTU HENIPUBOAUMBIX IIPOEKTUBHBIX MHOTroobpasuit X, X, C P,, = P(V) yaosnerso-
psroT HepaBeHcTBY dim(X, ) + dim(X,) > n, To X; N X, # @.

JIOKABATE/BCTBO. [IJIf HEIIPUBOAUMOTO IIPOEKTUBHOTO MHOroobpasua Z C IP(V) obo3HauuM depes
Z' ¢ A(V) adpdunnbIi KoHyC Haj Z, 3a7laBaeMblii TeMU ke CAMHUMU OJHOPOAHBIMU ypaBHEHUAMHU,
9TO ¥ Z, HO TOJIbKO Tenepb B agdUHHOM IpocTpaHcTBe. OH COAEPXKUT Havao KoopauHat 0 € A™!
u uMmeeT pasmepHoctb dimy Z' > dim Z + 1, Tak Kak mo6as nenouka {z} ¢ Z, ¢ - € Z,, = 7B
IPOeKTHBHOM MHOT006pasuy opoxkaeT B abPprHHOM KOHyCe I[eTodKy

(01 COnCziC..Cal=2",

HepBBIMU 3JIeMEeHTaMM KOTODOIi CTyKaT Hadaso koopauHat O u mpsamas (0, z). Ilo mpean. 6.4 gns
abduHHBIX KOHYCOB X;, X, C A™*! BrmonHAOTCA HepaBeHCTBa

dimy(X; N X3) > dimy(X;) + dimg(X,) —n — 1 > dim(X,) + dimp(X,) —n+ 1> 1.

TosToMy X; N X, HE NCYEPIBIBAETCA OFHOM TOIBKO TOYKOIA 0. O

6.3.2. Pa3aMepHOCTH CJIOEB peryaapHbIXx Mopdu3MoB. B aire6pandeckoil reoMeTprun pasmep-
HOCTb ITpo06pasa Mpy Pery/asspHOM OTOOpakeHUU KOHTPOIUPYETCS MOYTH CTOMb Ke KECTKO, Kak B
JuHelHoM anre6pe.

TEOPEMA 6.1

s mo6oro foMuHaHTHOrO MopduaMa ¢ : X — Y HenpUBOAMMEIX alrebpandecKux MHOroo0pasuii

B KaXK/I04 Touke x € X BBINONHAETCA HepaBeHeTBo dim,, ¢ (¢(x)) > dim X — dim Y, npuuém cymre-

CTBYeT TaKoe IUIOTHOE OTKPHITOe MOoAMHOXkecTBo U C Y, uTo A Bcexy € U ux € ¢~ *(y) umeer
. _1 _ . .

MecTo paBeHcTBoO dim, ¢~ (y) = dim, X — dim,, Y.

JIOKABATE/IBCTBO. Bepst KOMITO3UIIUIO (p ¢ KOHEYHBIM CIOPbeKTHUBHBEIM MOP$U3MOM KaKoi-HUOYyAb ab-
bUHHON OKpecTHOCTH TOYKK ((X) Ha apduHHOE mpocTpaHcTBo A™ 1 3amMeHss X pooGpasoM 3ToM
OKPECTHOCTU, MBI CBOZUM IIEPBOE YTBEPXKAEHNE TEOPEMEI K CIIyYaI0

Y = A™ = Spec,, k[uy, ..., u,, ], @x)=0.

3amensaa X apPUHHON OKPECTHOCTBIO TOYKU X, MBI MOXXeM cuuTaTh X adpPuHHBIM. B 3TOM ciydae
¢~ (0) ABNAETCA HEMyCTHIM MepecedeHreM m rumneprnoBepxHocteit V(¢*(u;)) C X, u Tpebyemoe
HepaBeHCTBO BbITekaeT U3 ci1. 6.11. B JokasaTenbCcTBe BTOPOToO YTBEP:KAEHU MBI TaK)Ke MOXKeM CUU-
TaTh 06a MHOT000Opasusa apduHHBIMU. Bosiee TOro, 10 ymp. 5.21 Ha cTp. 81 MOXKHO cUUTaTh X 3aMKHY-
TBHIM MIOZIMHOT006pasueM B Y XA amopdusm ¢ : X — Y orpaHnyeHreM Npoeknuu  : Y XA™ » Y.
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M&I cobupaeMcsi IPUMEHUTD K CIOSIM 3TOU HPOeKIHH cJ1. 6.7. JlIs 3TOr0 pacCMOTPUM IPOEKTUBHOE
sambikanue X C Y X IP,,, 1 BeIOEpeM B OZHOM U3 CJIOEB IIPOEKLIUU T:Y X P,, > Y He nexamyio
Ha X TouKy p € P, N\ A™ u mo6yro runepriockocts H C P,,, He mpoxoasiyo depes p. IIpoexuus
3 p Ha H ABJIAETCA KOHEYHBIM MOPGH3MOM BO BCEX CIIOSX, I7Ie TOUKa p He JeKuT B X . [lepecedeHne
Y x{phn X sABIAETCA COGCTBEHHBIM 3aMKHYTBHIM ITIOZIMHOXKECTBOM B X, aero 06pa3 Ipu IpOeKINH
T — cOBCTBEHHBIM 3aMKHYTHIM MTOAMHOXKecTBOM B Y. Hazl ka0t TOYKO# y U3 AOTIOMHUTETHHOTO K
ﬁ((Yx {p })n)_() IUIOTHOT'O OTKPHITOro NogMHOXecTBa U C Y npoekiysa us p Ha H koHeuHa. 3aMeHAA Y
Ha rro00e copep:xamieecd B U IIIaBHOE OTKPBITOE MOAMHOXXECTBO (TakKe ABsgroneecd abPUHHEIM aj-
reGpandyecKrM MHOTOOGPAsKeM), MBI MOJKEM, KaK B CJI. 6.7, KOHEYHO CIpoeKTHpoBath X C ¥ X A™
Ha adpduHHYIO rumepiockocTs Y X A™™ 1 C Y x A™. TToBTOpSAsA 3Ty KOHCTPYKIIUIO, MbI TIOMy4HM
KOHEYHYIO CIOpbeKIuio P : X - Y X A", orpaHuueHHe KOTOPOTO Ha KaX/bIi C/I0i ¢~ *(y) ABNAeT-
sl KOHEYHBIM CIOPheKTUBHEIM MOpdU3MOM ¢ 1(y) - {y} X A™. KoHe4HOCTb 1) BIe4ET paBeHCTBO
n = dimX — dimY, a KOHEYHOCTD ero orpaHUYeHuit Ha cou — paseHcTBo dim, ¢ ' (y) = n. (Il

CHEACTBUE 6.12 (TEOPEMA O ITOJIVHEITPEPBIBHOCTU PASMEPHOCTEM C/IOEB)
s mroboro Mopdur3Ma anrebpandeckux MHOT0OOpasuil ¢ : X — Y u KakAoro k € Z MHOXXeCTBO

X, € {xeX| dim, ¢ (@) =k}
3aMKHYTO B X.

JOKA3ATENBCTBO. Eciii dimY = 0, To Teopema TpuBHanbHO BepHa A Bcex X u k. ITycThb Tenepb
dimY = m u Ana Bcex Y MeHblIel pa3MepHOCTH TeopeMa BepHa i Bcex X U k. [TokaxeM, 4TO
OHa BepHa A Y. MoxkHo cuutath X U Y HenpusogumbiMu. Ecmu k < dim(X) — dim(Y), To X}, =
X no teop. 6.1. Jina k > dim(X) — dim(Y) samenum Y va Y’ = Y \ U, rae U B3aTo u3 Teop. 6.1,
aX—mnaX =@ ' (Y'). TornadimY’ < dimY, u mHoxectBO X;, C X' 3aMKHYTO 110 UHAYKTUBHOMY
TIPe/IONOKEHHIO. O

CAEZCTBUE 6.13

Jlns mro6oro 3aMKHyTOTO MOopdu3Ma anrebpandecKux MHoroobpasuii ¢ : X — Y u kaxzgoro k € Z
MHoxecTBo Y, € {y € Y| dim ¢~ *(y) > k} samxHyTO B Y.

TEOPEMA 6.2 (PASMEPHOCTHBIN KPUTEPUI HEITPUBOJUMOCTH)

Ecyv 3aMKHYTHIH perynapHbIii Mopdusm ¢ : X - Y CIOppeKTHBEH, a BCE ero CJION HENPUBOAUMBI U
VIMEIOT OIMHAKOBbIE PA3MEPHOCTH, TO HEIPUBOAUMOCTE Y BJI€YET HENIPUBOAUMOCTE X.
JIOKABATE/LCTBO. [TycTs X = X; U X,, rae X, X, samxHyTsL. [onoxkum ¥; € {y € Y| ¢~ (y) C X;},
raei = 1, 2. Tak KaK KabIH CJI0H ¢, OyAydr HEIPHUBOAVMEIM, [IEJIMKOM COZIeP:KUTCA In60 B X, 1160
B X,, Mbl 3aKJifo4aeM, 9to ¥ =Y, UY,, mecmn X; # X, Ton Y; # Y. IIoCKOJIbKY MHOXECTBO Y; COCTOUT
13 BCEX TaKMX TOYEK B Y, Ha/{ KOTOPBIMH CJIOH OTOOpaKeHUs |y, 1 X; — Y ¥MeeT MaKCHMaIbHYIO 13
ZOCTUTaeMBIX CIOAMH 3TOrO OTOOPaKeHUA pa3MePHOCTeH, MHOXXEeCTBO ¥; 3aMKHYTO 110 ¢JI. 6.13. Tem
CaMbIM, IPUBOAUMOCTD X BJIEUET IPUBOSUMOCTD Y. (I

6.4. Pa3zaMepHOCTH IPOEKTUBHBIX MHOT000Opa3suii. CornacHo npei. 6.5, kaxgoe d-MepHOe HETIPH-
BoAKUMoe MHoroo6pasue X C IP,, = P(V) nmepecekaeTcs co BceMH IPOEKTUBHBIMHU ITOAIIPOCTPAHCTBA-
mu H C P, paameproct dim H > n — d. [TokaxkeM, 4To oblijee TOAIPOCTPAHCTBO H KOpasMepHOCTH
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d + 1 He mepecekaetcs ¢ X, ¥ TEM cCaMbIM, pa3MePHOCTb HEPUBOAUMOTO IPOEKTUBHOTO MHOT000-
pasus paBHa HaUOOJIBIIIEMY TAKOMY YUCIY d, 4TO X TepeceKaeTcs: CO BCEMU ITPOEKTUBHBIMHU MTOJIIPO-
CTpaHCTBaMU KOPa3MePHOCTH d.

[TpoekTuBHbIe mognpocTrpancTsa H C P(V) paamepHocTy n — d — 1 ABIAIOTCS TOYKaMU TpaccMa-
uuaHa Gr(n — d,n + 1) = Gr(n — d, V). PaccMoTpuM MHOT006pa3vie MHIIUJEHTHOCTH

r€{x,H)eXxGn—-d,V)|xeH}. (6-7)

YTIPAXXHEHUE 6.12. Y6e,z[HTer, yrto I" ABNIsAeTcA IIPOEKTHBHBIM aJII‘e6paI/ILIeCKI/IM MHOFOOGPaBI/IeM.

Ipoexkuusa m; : I' » X CIOpbeKTUBHA, U e cJION HaJ KA A0 TOUKOM X COCTOUT U3 BCeX IIPOXOAAIIUX
Yyepe3 X MPOEKTUBHBIX TIOANIPOCTPAHCTB pa3MepHOCTH N — d — 1. Takue moANpoCTpaHCTBa 06pasyoT
rpaccmanual Gr(n —d — 1,n) = Gr(n —d — 1,V /k - x) Bcex BeKTOpHEIX (n — d — 1)-MepHBIX HOZ-
mpocTpaHcTB B ¢pakTop npoctpaHcTBe V /K - x. ITo Teop. 6.2 MHOroobpasue I" HEMPUBOAUMO U IMEET
pasmepHoctb d + (n —d — 1)(d + 1) = (n — d)(d + 1) — 1. O6pa3 n,(I') C Gr(n — d,V) BTOpOH
npoektuu w, . I' = Gr(n — d, V) cocTout us Bcex (n — d — 1)-MepHBIX IOAIIPOCTPAHCTB, NlepecekKa-
romux X. DTO HEMPUBOAVMMOE 3aMKHYTOE ITOMHOT000pa3rie pa3MepHOCTH, He TIpeBsbimiatoreii dim I’
U, TEM CaMbIM, CTpOTO MeHbliei, yeM dim Gr(n — d,V) = (n — d)(d + 1). I[ToaToMy MHOXKeCTBO He
nmepecekatomux X (n — d — 1)-MepHBIX TIOATIPOCTPAHCTB COAEPIKUT B ce6e OTKPHITOE 10 3aPUCCKOMY
BCIO/Iy IUIOTHOE MMOAMHOXKeCTBO rpaccManuana dim Gr(n — d, V).

CoobpakeHHsT pa3MEPHOCTHU TIO3BOJIIOT CKa3aTh U Gosbliiie. [IOBTOPSIA MpeAbIAyINee paccykie-
HUe A1 (n—d)-MepHbIX mogmpocTpancTs H' BMecTo (n—d—1)-MepHBIX, MBI IIOTyYHUM HEIIPUBOAUMOE
MIPOEKTUBHOE MHOT'000pasue

' {(x,H)eXxGrin—d+1,V)| x € H}

pasmeprocti dim X + dimGr(n —d,n) = d +dn—d) = din —d + 1). Tak kak X "N H' # @ pna
Beex H', npoextusa m, : I'' » Gr(n — d + 1,V) snumopdHa, u eé obwyuil cnotit umeert 1o Teop. 6.1
pasmepHocTb dim ' —dimGr(n —d + 1,n+ 1) =d(n—d+1)— (n—d + 1)d = 0. 3To 03HavaeT, 4yTO
o6wee noonpocmparcmeo H' kopasmeprocmu d nepecexaem X no koHeuHoMy UUCTY MoYex.

Beps oiHy 13 TaKKX IIockocTeit H' 1 mpoBozs BHyTpH Heé (n—d —1)-MepHyto IiockocTh H 4epes
OfHy U3 TOueK TepecedeHuA p € X NH', Mbl BuauM, 9T0 H N X KOHEYHO U HEelycTo. DTO 03HAYAET, YTO
y mpoekuu , @ I' — Gr(n — d,V) nepBoro MHOroo6pasus HHIUIEHTHOCTH (6-7) UMeeTCs HyJb-
MepHBIH coi. TeM camMbIM, MUHUMAa/JIbHAA Pa3MepPHOCTh HEIIYCTOI'O CJIOS 3TON IIPOeKIUU HyseBad,
oTkyza 1o teop. 6.1 BuTekaert, uro dimm,(I') = dim " = dim Gr(n — d,V) — 1, T. e. nepecexarouju-
ecst ¢ X nodnpocmpancmea pasmeprocmu n — d — 1 06pazyiom HenpugodUMyi0 2UnepnosepxHOCMb> B

rpaccmanuasne Gr(n —d,n + 1).

YIPAXKHEHUE 6.13. BbIBeAnTe 0TCIoZa, YTO CYIeCTByeT HeIIPUBOAUMBIN MHOTOWIEH OT IUTIOKKepo-
BBIX KOOpPAMHAT (n — d — 1)-MepHOTo MoAIpocTpaHcTBa B P, o6paleHre KOTOPOro B Hy/Ib Ha
JAHHOM IOATIpOCTpaHCTBe H paBHOCWIBHO TOMY, 4To H N X # @.

[IpozenaHHbIe pacCyAeHUS WUTIOCTPUPYIOT CTaHAAPTHBINM METOZ MOCYETa pa3MepPHOCTEH TIPH TI0-
MOII[A MHOT006pa3uii MHIIUAEHTHOCTH, YaCTO UCIIONb3yeMbIH B TEOMETPHHU.

IT. e. cioit Haz Mo6O#t TOUKOI M3 HEKOTOPOTO IIOTHOTO OTKPHITOTO OAMHOXeCTBA B IPacCMaHUAHe.
2T. e. moAMHOT006pasye KOpasMepHOCTH 1
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ITPUMEP 6.8 (PE3V/ILTAHT)

®uxcupyem n + 1 creneneit d,.d,,...,d, € N u obo3HauuM yepes Py, = P(s4iv™) MPOCTpaH-
CTBO [IPOEKTUBHBIX rUIleproBepxHocTell crenenu d; B P,, = P(V), kak B n° 4.5 Ha cTp. 66. [TokaxkeM,
9TO pe3yIbTaHTHOe MHOroobpasue R = {(Sy,....5,) € Py X ... X Py [ Son...NS, # &}
CUCTEMBI N + 1 OZHOPOAHBIX TOJTMHOMUAIBHBIX YPaBHEHUH Ha N + 1 HEN3BECTHBIX SIBJISIETCS HETIPU-
BOZMMO#1 I'UIIEPIIOBEPXHOCTEIO B Py X ... X Py , T. €. CyllecTByeT eIMHCTBEHHEIN C TOYHOCTBIO 210
MIPOTIOPIIMOHATBHOCTH HETIPUBOAUMEIN MHOTOWIEH OT KO3($OUINEHTOB ypaBHEHUM CUCTEMEBI, OZHO-
POAHBIN IO KO3 UITMEHTAM KaXK/0T0 YpaBHEHUs, oOpallleHre B HyJib KOTOPOrO Ha Habope MHOTO-
9IEHOB fy, ..., fn € K[xg, ..., X, ] pABHOCWIBHO CyIlleCTBOBAHUIO HEHY/IEBOI'O PEIIeHUA y CUCTEMBI
NOJIMHOMMAIBHEIX YPaBHeHUH f, = ... = f,, = 0. OTOT MHOTOWIEH Ha3bIBAETCH Pe3yIbMAaHmoMm CH-
CTeMbl OJHOPOJHBIX IIOJIMHOMUAIbHBIX YPAaBHEHUH cTeneHel d,, d,, ... ,d, Han + 1 nepeMeHHBIX.
PaccMoTpuM MHOT006pa3ue HHITUAEHTHOCTH

FE Sy S D) EPy X ... XPy XP,|pESyN...NS,}.

YIIPAYKHEHUME 6.14. y66ﬂI/ITer, qT0 G ABJIAETCS IIPOEKTUBHBIM aJ'II‘e6paI/I‘{ECKI/IM MHOFOO6paBI/I6M.

Tak kak ypaBHeHue f(p) = 0 muHelHo 110 f, IpoxozAmYe Yepes JaHHYI0 TOUKy p € IP,, IpoeKTHUBHbIE
TUIIEePIIOBEPXHOCTH CTEIIeHU d; 06pasyioT B ]P’Ni TUIIEPIUIOCKOCTD. [ToaToMy npoexkuma , : ' » P,
CIOPbEKTHUBHA, a Bce e€ CJI0U ABJIAI0TCA IIPOU3Be/leHUAMMY [IPOeKTUBHBIX I'UITepIUIOCKOCTeH U UMeIoT
oarHaKoBYIO pasMepHocTh Y (N; — 1) = ) N; — n — 1. Takum o6pasom, I ABIsieTCs] HENPUBOAUMBIM
IIPOEKTHUBHBIM MHOT00GpasyeM pasmepHoctu Y. N; — 1.

YHPAXKHEHME 6.15. [IpegbasuTe n + 1 runepnosepxHocTeil S; C P, MMeloIuX 3a/laHHbIE CTelle-
HU d; ¥ POBHO OZ/HY OOIIIYIO TOUKY.

YIpaxHeHHe IIOKa3bIBAET, YTO Y MPOoeKUMu 1, : I' — Py X...XPy ecTs HynIbMepHbIii c10i. [ToaTo-
n
My OOIIUI HEMyCTOM CJI0H TOXXe Hy/lbMepeH, oTkyza dim r, (I') = dim I". Tem cambiM, 7, (I') ABIAETCA
HEIPUBOJMMON 'UIIEPIIOBEPXHOCTBIO B Py X ... X Py .
n

YIPAXXHEHUE 6.16. TIOKQ)XHUTe, YTO BCIKOE HEIPUBOAUMOE TIOZAMHOTroo6pasre KopasMepHOCTH 1 B
NIPOM3BEAECHUHN IIPOEKTUBHBIX IIPOCTPAHCTB 33a4a€TCA HENIPUBOAUMBIM MHOTOYWIEHOM OT OJHO-
POAHBIX KOOPAWHAT, OAHOPOAHBIM 110 KOOPANHATaM KaXkI0r0 U3 IIPOEKTUBHBIX IIPOCTPAHCTB.

[TPUMEP 6.9 (ITPAMBIE HA [IOBEPXHOCTAX B P5)
[IpoctpaHnctso Py = P(S dy*) nosepxHocTel cTenenu d B P; = P(V) umeeT pasMepHOCTb

N=%(d+1)(d+2)(d+3)—1.

I[Tpsamele B P, cocTapiAioT rpaccManuaH Gr(2, 4) = Gr(2, V), KOTOpEIH MBI OTOXK/JECTBUM C KBaJPUKOMH
[Tmroxkepa P C P, = P(A2V). PaccMOTpUM MHOT006pasyie MHIUAEHTHOCTH

ref{(s,¢)ePyxpP|£csS}cPyxPyg.

YIPAXXHEHHME 6.17. JIOK&)XuTe, 4TO [ ABJIAETCA 3aMKHYTBIM IIoAMHOroobpasueM B Py X P.

[Toxa)keM, YTO IPOeKUUA T, : ' » Qp CIOPbeKTUBHA U BCe e€ CJIOU ABJAIOTCA IPOEKTUBHBIMU IIPO-
CTPaHCTBaMHU OJMHAKOBON pasMepHOCTH. [Ipamast £, 3ajaHHas YpaBHEHUAMHU X, = X5 = 0, IeXKUT Ha
noBepxHoCTU V (f) ecu ¥ TONBKO eclu f = X, g + X5 h IeXUT B 06pa3e IMHEHHOrO OTOOpasKeHUA

Y ST @SV 5 ST (g h) e x,9 + x3h,
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KOTOpBIi n3oMopdeH pakTopy mpocrparcTsa SV * @ S41V* pasmepHocTH % d(d+1)(d+ 2)no
nognpocTpaHcTBy kery = {(g,h) = (x3q,—x,9)| q € s4-2y*) pasMepHOCTHU %(d — 1Dd(d + 1).
[ToaTomy comeprkarnye £ TOBEPXHOCTH COCTABIAIOT IPOEKTUBHOE IPOCTPAHCTBO Pa3MEPHOCTH

%(2d(d+1)(d+2)—(d—1)d(d+1))—1=%d(d+1)(d+5)—1.

MeI 3aktroyaeM, 9To [” ABjisgeTcs HeIPUBOAUMBIM ITPOEKTUBHBIM MHOT000Opa3ueM pa3MepPHOCTH
. 1
diml" = gd(d+1)(d+5)+3.

I[Tpoexuus m, (I') C Py npeacrasisieT cO60I0 MHOKECTBO IOBEPXHOCTEMH, COZiep)KaIUX XOTs Obl OZHY
npsAMyto. M3 ci1. 6.2 Ha cTp. 90 BEITEKAET, YTO 5TO 3aMKHYTOe HeIIPUBOANMOE IIOAMHOroobpasue B Py,
pasMepHOCTb KOTOPOro paBHa pasHocTy dim I' 1 MUHHUMAJ/IbHOM M3 pasMepPHOCTEM HEIYCTHIX CJIOEB
IIPOeKINH 7T, . ITockobKy dim Py —dim " = % ((d +1)(d+2)(d+3)—d(d+1)(d+ 5)) —4=d-3,
MBI 3aKJII09aeM, 4To Ipu d > 4 o6pas m,(I") C Py 3aBeZoMO ABJIAETCA COOCTBEHHBIM IOAMHOT000-

pasueM. [TosTomy obmas’ IIOBEPXHOCTD cTeneHu d > 4 B P; He coAepKUT NPAMBIX.

YIPAXKHEHHUE 6.18. YOeauTech, YTO Ha IPOEKTUBHOM 3aMbIKaHUH apPUHHON KyOrdecKol IoBepx-
HOCTHU XyZ = 1 JIeXKaT pOBHO TPU IPSMBIX.

YipakHeHuUe [TOKa3bIBaeT, 4To Npu d = 3 y mpoekuuu 1, : I — Py ecTb HemycToil Hy/IbMEpPHEIi
cioii. CnepoBarenbHo, dimm, (I') = dim " = N, u 13 HENPUBOAUMOCTH T, () BEITEKAET PAaBEHCTBO
7,(I') = Py. Takum 06pa3oM, Ha KaKJ0i KyOUdecKoi IoBepxHOCTH B [P JIeXUT XOTA GBI OZHA HPsi-
Masi, IprYéM Ha 06IIel KyOUIecKoM ITOBEPXHOCTH JIEXKUT KOHEYHOE YKCIIO MPSIMBIX.

YIPAXHEHUE 6.19. ONUIINTE BCE CIOU IPOeKIMn 7, © I' — Py ana d=2.

YIPAXKHEHME 6.20. HaiiziuTe Bee npsamble Ha KyGuke ®epma xj + x5 + x5 + x5 = 0.

6.5. OTcrymuieHue: 27 NIPSIMbIX Ha IMIaJKO# KyOU4YeCcKoii MOBEPXHOCTH. PaccMoTpuM rﬂazucy}oz Ky-
6uueckyto noBepxHocTs S = V(F) C P,.

JIEMMA 6.3
[IpuBOAVIMOE IUIOCKOE CeueHHe MOBEPXHOCTU S ABIAETCA MO0 00beAMHEHNEM MIPSMOU U TIaAKOU
KOHUKH, TN60 06befuHEHUEM TPEX PA3TMYHBIX TIPIMBIX.

JIOKA3ATE/ILCTBO. [Ipe/yioskeHNe YTBEPXKIAET, YTO HUKAKOe TUIocKoe cedueHue 1 N V(F) He comepKUT
JBOMHOM TIpAMOM. J[OIyCTHM, UTO TaKas JBOkHasA npsaMasi £ C T N S uMeeTtcs. BeibepeM KOOpAUHATEHI
Tak, 4YTOOHI IVIOCKOCTh 7T Mejla ypaBHeHue x, = 0, a npaMas £ — ypaBHeHud x, = x5 = 0. Torza
F=x,Q+ x§L C JIMHEWHBIM L 1 KBaZipaTUIHBIM Q. O603HaUYUM Yepes3 a OAHY U3 TOUEK MepeceYeH s
npamoii £ ¢ kBazapukoii V(Q). Toraa x,(a) = x3(a) = Q(a) = 0 u Bce yacTHbIe Ipou3BozHbIe OF /dx;
PaBHBI HYJIIO B TOYKE a, T. €. KyOrKa S ocoba B TOUKe a. O

CJEACTBUE 6.14
B 0Z1HO¥ TOUKe MOBEPXHOCTU S MOXET MEePECEKAThCs He 6ojiee TPEX JIeXKAIUX Ha S MPSMBIX, U TaKUe
TIPSIMBIE JIEXKAT B OAHOU IIOCKOCTH.

IT. e. npuHaaexameil HEKOTOPOMY ILIOTHOMY II0 3apHUCCKOMY OTKPEITOMY HOAMHOXECTBY B IPOCTPAHCTBE
BCeX TUIEPIIOBEPXHOCTEH.
2Cm. n° 1.5 Ha cTp. 16.
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JIOKA3ATE/ILCTBO. Bee sexxamue Ha S IpsAMEble, IPOXOAALINE Yepe3 TOUKY p € S, cozgepKaTcs B Iepe-

cedeHnH S N T, S TOBEPXHOCTHU S € e€ KacaTeIbHOM IIOCKOCTBIO 1), S B TOUKE p. (I
JIEMMA 6.4
Jna kaxzaol npsAMoii £ C S cyllecTBYIOT POBHO 5 pa3/IMYHBIX IIOCKOCTEH T4, ... , g, COAEPKALIUX £

¥ ITepeceKalomyx S 1o Tpoitke mpAMBIX ;NS = £U£; UL, . Tipuatom £;N¢; = £;n€; =€ NL; =@
At Beex § # J, v mo6ast Jiexamas Ha S U He IlepeceKarouiast ¢ mpsMasi Ipy KaKAOM | IlepeceKaeTr
DOBHO O/IHY U3 JIByX IIPAMBIX £}, £} .

JIOKABATE/IbCTBO. PaccMOTpUM Takoi 6asuc e, e,, e,, e; € V, uro npamad £ = (eye,) 3agaérea
ypaBHEHUAMU X, = x5 = 0. Torza 3azaromuii IoBEPXHOCTD S MHOTOWIEH F nMeeT B,

Loo(x5,%3) - xg + 2 Loy (%5, X3) - Xg%1 + Lqq (x5, %3) - X5+

+2Q0(x5,x3) - xg +2Q(x5,%x3) - x; + R(x5,x3) =0, (6-8)

rae L; o Q.. R € Kkl[x,, x;] ABnAIOTCA OAHOPOJHBIMY MHOTOWIEHAMHU CTeneHel 1, 2, 3 COOTBeTCTBEH-
Ho. Kaxzaa cogepxaias mpAMylo £ IUIOCKOCTb IlepeceKaeT IMpAMYIO (e,e5) B eJUHCTBEHHOM Touke
ey = U,e, + 9;e5. O603HAUUM TaKYIO IUIOCKOCTb 4epe3 Ty = (e,e; e,9) ¥ OyZeM UCII0Ib30BaTh OZHO-
poaHyto koopAuHaty ¥ = (¥, . ¥;) € IP; TOUKU ey OTHOCUTEIBHO 6a3uca e,, e; B KauecTBe TapaMeT-
pa B IIy4Ke IUTOCKOCTel, IPOXOAAIMINX Yepe3 npAMyo £. Obo3HauuM depe3 (t, : t; : t,) OAHOPOAHEIE
KOOPZMHATBI B IULTOCKOCTH TT,9 OTHOCUTENIBHO 6asica ey, e, €. [IpaMan £ C my 3a4aéTca B 9THX KOOP-
JAVHaTax ypaBHeHHeM t, = 0, a ypaBHeHUe IUIOCKOI KOHUKU (n,g ns ) \ ¢ noy4aeTcsa U3 ypaBHEHUs
(6-8) mozcTaHOBKOM X = (t, : t; : J,t, : U3t,) U COKpaIleHreM 00IIero MHOXUTENA t, B JIeBOH Ja-
cru. TakuM obpasoM, MaTpulia I'pama 3Toi KOHUKHU paBHa

Loo(@) Lo1(9) Qp(0)
G= Lo1("9) L11("9) Ql(ﬁ)
Q) Q¥ R®)

a eé ompezienutenb D(J) = det G ABisgeTCS OAHOPOAHBIM MHOTOWIEHOM CTENeHU 5 OT 9

D) = Loo(9)Ly;(9RW) + 2 Ly (9)Q0(9)Q4(9)—
— L1 (9)Q5(9) = LogQT®) — Loy (9)*RW) € k[¥,,95].  (6-9)

OH obpajaeTcs B Hy/Ib B IIATH Toukax ¥ € P, yITEHHBIX C KpaTHOCTAMMU. MEI I0JDKHEI TOKA3aTh, YTO
BCe 3TU KPaTHOCTH PaBHHI efuHUIle. Kaxx el Hy/Ib leTepMUHaHTa (6-9) COOTBETCTBYET BBIPOXK/EHUIO
KOHUKH B I1apy NpsAMBIX. ToUKa [lepecedeHus STUX IPAMBIX JTHOO JIeXKUT Ha £, 1100 HeT.

B nepBom cirydae BhIGepeM Ga3HC TaK, YTOGBI STUMU AByMS IPAMBIME 6bUH TipsAMbe £/ = (e, e,)
ut” = (eo (e; + ez)), KOTOPBbIE 33/jal0TCS yPaBHEHUAMH X5 = x; = 0 m x5 = (x; — x,) = 0. Torga
BeIpOXKZieHHe npoucxoaut mpu ¥ = (1: 0), ¥ KpaTHOCTh 3TOro KOPHA paBHA HaNOOIbIIeH CTelneH:
Y5, Ha KoTOpYIO Aemutcst D(Y,,9,). Tak kak £, £/, £” C S, ypaBuenue (6-8) umeer Bua

X1 %5(xy — %) +x39 =0

[JIsI HEKOTOPOT'O KBapaTUIHOTO MHOTOWIeHa q. He fenamumucs Ha U, 37ieMeHTaMy MaTpUIE! G MO-
TyT 6BITh UMb Ly, = X, (mod 9;) u Q; = —x2 /2 (mod 9,), IpU yCIOBUH, YTO MOHOMBI X, X5 M X2 X,
BXOZIAT B (6-8) ¢ HeHy/IeBBIMU KO3QOUIIMEHTAMH, ¥ 3TO JIEHCTBUTEIBHO TaK, TOCKOIbKY MOHOM X, X3
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ABJIAETCA €AUHCTBEHHEIM, JaIOIM HeHy/IeBo BK/aZ B YacTHbIe IPOU3BOAHbIE OT F BTouke e, € S, a
MOHOM X§ X, — €/IAHCTBEHHBIM C HEHyJIEBHIM BKJIa/JIOM B YaCTHbIE TPOU3BO/IHBIE OT F B TOUKe ¢, € S.
Taxum 06pasom, D(39,,93) = —Ly, Q7 = 9, (mod 93) umeer 1o 9, MOPAAOK 1.

Bo BTOpoM cirydae BeibepeM Gasuc Tak, utobsl £ = (eye,), £” = (e, e,) 3ajaBanncy ypaBHeHuUs-
MU x; = x; = 01 x5 = x5 = 0. DTO BEIpOXKA€HUe TaxKe Mpoucxofut npu ¥ = (1: 0), a ypaBHeHue
(6-8) umeet BUZA xyx,X, + x;q = 0. He gemamumMca Ha ¥; a1eMeHTOM MaTpULbL G ABJAETCA JUIIb
Loy = x, /2 (mod ¥Y;), u onpegenutens D(9,,9;) = —L5,R = 9, (mod 97) Toxke umeeT 1o 9, mops-
Jok 1. OcraBluecs yTBep:AeHHA O llepecedeHUAX NMPAMBIX BBITeKaloT U3 ci. 6.14, neM. 6.3 u Toro,
9TO Kaxkzas npAMas B IP; nepecexaeT ir06yI0 ILIOCKOCTb. O

CJIEACTBME 6.15
Jltobas miazKas Kybudeckas IOBEPXHOCTD COAEPKUT He MepeceKaloIuecs mpsMble. O

JIEMMA 6.5

Hu yepes kakue yeThIpe Jiexalye Ha IOBEPXHOCTH S MOMAapHO He MepeceKarouiuecs IpsAMble Helb3s
MIPOBECTHU KBaZIPUKY. B YacTHOCTH, /17151 TIO60H TaKOM YeTBEPKY IIPAMBIX CYIIIECTBYET ITO KpaiiHel Mepe
ofHa, HO He 6oJiee ABYX JIeXKANIUX Ha S MPSAMBIX, IEPECEKAIONINX KaXKAYIO MPAMYIO YeTBEPKU.

JIOKA3ATE/IBCTBO. Eciii yepe3 ZJaHHBIe YEThIPE MOMAPHO HellepeceKaIoNecs JieXKamye Ha S IpsMble
TIPOXOZIUT KBaZIpUKA (, TO 3TO IIaZiKas KBaZpUKa Cer‘pel, 3aMeTaeMas JIByMs CEMENCTBAMU MPSMBIX,
1 BCE 4YEeThIpe AaHHbIE ITPAMBIE JIEXKAT B OAHOM M3 3TUX ABYX CeMefICTB. HOCKOIH::KY KaXxgas npAaMas
ZIPYTOTO CeEMeMCTBa MepeceKaeT BCe YeThIPE JaHHbIE TIPSMbIE, OHA JIEXKUT Ha KyOUUeCKO# MOBEpPXHO-
ctu S. Tem cambIM, Q C S, T. €. TOBEPXHOCTH S TPUBOAMMA, a 3HAYUT, 0coba. Il

TEOPEMA 6.3

Kaxxzas miagkad Kybudeckad IoBepxHOCTb S C IP; cogepsXUT POBHO 27 NPAMEIX, IPUYEM MaTpHUIA
HIX TIOTIAPHBIX IIepecedeH > ¢ TOYHOCTBIO 10 HyMepaI[UH IPAMBIX He 3aBHCHUT OT IIOBEPXHOCTH.
JOKA3ATE/IbCTBO. 3adpUKCUPyeM Hapy CKPEIINBAIOIINXCA IPAMBIX @, b C S ¥ mocTpouM 5 map nps-
MBbIX ¢;, £/, PacCTIONIOXKEHHBIX B IPOXOAANIUX Yepe3 IPAMYIO @ IJIOCKOCTAX COMIACHO JieM. 6.4, TPHYEM
B Ka7[0i1 Tape 0603Ha4MM depes ¢; Ty IPAMYI0, KOTopas Tiepecekaercs ¢ b, a uepes £ — Ty, 4To He
nepecekaer. Jlanee, 0603Ha4uM depes £ emé 5 npAMBbIX, 06pasyIoNIUuX BMECTE C PAMBIMY ¢; TATH
Tap MPsSMBIX, PACIIONIOXXEHHBIX COIIACHO JieM. 6.4 B TUIOCKOCTSAX MPOXOAAIIUX depe3 mpsaMyio b. Ta-
KM 06pa3oM, KaXas U3 NpAMBIX £ He NepeceKaeTcs HHU C d, HU C IPAMBIM £ j» Y KOTOPBIX j # i, HO
nepeceKaeTcs ¢ b ¥ cO BCeMU IPAMBIMHU £;, y KOTOPBIX j # i.

Jlrobas npsiMasi ¢ C S, OTIMYHAsA OT 17 MepevrcIeHHbIX, He TIepeceKaeT HU 4, HU b, HO TIPU Kax-
JIOM [ TIEPECEKAET POBHO Of[HY U3 AByX NPAMBIX £;, £{. VI3 eMm. 6.5 BBITEKaeT, 4To Bee JieKalye Ha S
IpsAMBbIe, TepeceKarolire He MeHee YeTEIPEX NPSAMBIX £;, NCUePIIBIBAIOTCA Iapoi IpAMEIX a, b. C apy-
TOM CTOPOHBI, eCJIH JIexalnasn Ha S IIpAMas ¢ liepecekaeT He 6osee ABYX NPAMBIX £, TO C TOYHOCTHIO
/10 TIEPECTAaHOBKU MH/EKCOB, OHa [EPeCeKaeTcsl C TpeMs NpAMbIMH £, €5, €5 1 emé 1160 ¢ IpsaMoin
¢}, 6o ¢ npamoii £5. B 060ux crydasx mo jiem. 6.5 IpsAMas ¢ 3To ofiHa U3 ABYX IIPAMbIX a, £4 .

Taxkum 06pa3oM, Kaxas npsamas ¢ C S, omMYHas ot 17 mpaMbIx a, b, £;, £}, € , nepecekaetcs
B TOYHOCTH C TpeMs IpAMBIME ¢;. [TokaskeM, 4TO Ha IOBEPXHOCTU S ecTb pOBHO 10 TaKUX NPAMBIX, U

1Cm. dpopm. (2-11) Ha cTp. 28.

T.e. CMMMeTpHYHas MaTpulia pasmepa 27 X 27, B IO3ULUH [ j KOTOPOH CTOUT HyJb, eciu £; N £ j=0,u
eAuHuUNa, ectu £;NL ; # . llpu epeHyMepaLyy IPsAMbIX 3Ta MaTPHULIA CONPATAeTCA MaTpulleli IepecTaHOBKU
HOMEPOB.
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OHY 6MEKTUBHO COOTBETCTBYIOT (z) = 10 tpoiikam {i,j,k} C {1, 2, 3, 4, 5}. A KaXKXA0OU TPOUKHU
IPAMBIX £; IMeeTcs caMmoe OoJblilee OJHA OTIMYHAA OT a NpAMasd ¢, lepeceKarolas Bee IpAMbIe U3
TPOMKU U OCTABIIUECS ABE IIPAMBIE £ ; C ZpyToli CTOPOHBI, IT0 JIeM. 6.4 U1 KaXK/I0T0 [ Ha S JIEXKUT POB-
HO 10 IPAMBIX, TIEpeceKAIIMX PAMYIO £;. B Mx 4ucio BxogaT 4 ipsambie a, b, ¢}, ¢{, a ocraBumecs 6
OJIKHBI, KaK Mbl 3HA€M, TIePeCeKarh elll€ POBHO /1B U3 OCTABIIMXCA Y€ThIPEX NPAMBIX ¥ ;. [IOCKOIBKY
TaKWX I1ap U UMeeTCsI POBHO (:) = 6, MBI IOJTy4aeM HY>XHYI0 OMEKIIHIO MeX/y IPSMBIMU C ¥ TPOMKA-
mu (i, j, k). |
VIPAXHEHUE 6.21. [Tosie F, & F,[x]/(x? + x + 1) ABAAeTCA KBapaTMYHBIM paclIMpPeHKUeM T0Js
F, = Z/(2) u obnanaetr asTomopduzmom ®pobennyca z - z £ z2, ToxzaectBeHHbIM Ha F, u
TlepeBoAAIMM KOpHU MHorowieHa' x% + x + 1 apyr B gpyra. O60znaqum yepes PU, (F, ) daxtop
yrumapHoii epynnet U, (F,) = {M € Mat,(F,) | MM® = E} o TIOATPyTIIIe CKAJAPHBIX YHUTAP-
HBIX MaTpHll, a yepe3 G C S,, — TPYIILy BCEX COXPAHAIONINX MaTPUIy UHIIUJEHTHOCTH Iiepe-
CTaHOBOK IPAMBIX, JIEXKAITIX Ha IIAAKOH Kybudeckoii moBepxHocTH S. [Tokaxure, uro PU,(F,)

ABJIAETCA NOAIPYNIION HHAeKca 2 B G, ¥ HalAWTe OPALOK I'PYIIIEL .

!Pacmupenue F, C IF, ananoruuno pacmupenuio R C € = R[x]/(x*+x+1), u aBTomopdusm ®pobenuyca
CIIY’KUT aHAJIOTOM KOMIUIEKCHOTO COTIPSIKEHIS.
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yop. 6.1. Eom x;x; # 0,10 ¢, =X, /%; = (x, : xi)/(x]- L) = tiy/tj (mpuv = i Hajo caMTaTh
t;; = 1). TIoaToMy @%; @ t;,, = t;,,/t; ;. O6paTHsiit K @ F; romomopduam k [D (t; ;)] — k [D (¢;;)]
JelcTByeT 10 Toli »ke dopMyiie tj-i) ~1/ t§j ), tiv Pty /b

Yop. 6.2. B kaxz0M TakoM W nMeeTcsa eAUHCTBEHHBIHN 6as3uc wy, ..., W), IPOEKTUPYIOLUIHNIICA B CTaH-
AApPTHBIA 6asucC e , ... , €; KOOPAUHATHOM IIOCKOCTH. Marpuua z, 1o CTpoKaM KOTOPOH CTOAT KOOp-
AVHATHI BEKTOPOB W; B CTaHAApTHOM 6a3uce npocrpaHcta k™, umeer s;(z) = E. B GL, -op6uTe Kax-
JIOM MaTpUIBL X im U, TakKe MMeeTcs eIMHCTBeHHAsA MaTpuna Z ¢ 5;(z) = E —uMeHHo, z = s;(x) 1 -x.

Ynp. 6.3. DneMeHThI k X m-MaTpHULbl s]_1 ((p ,(t)) - @;(t) ABNAIOTCA pal[OHATBHBIMY QYHKI[UAMU OT 3JIe-
MEHTOB MaTPHLbl ¢ CO 3HAMeHaTeAMu det s, ((p ,(t)) U, CTaJIO OBITH, PETY/IAPHEL B D (det sy ((p ,(t)) )
ITosTomy oToGpakeHue ¢, lepeBoO/sLIee 3Ty MaTpULly B €€ k X (m — k)-noamarputyy, o6pasoBaH-
HYIO CTOJIOI[aMHU C He JieXXalllUMU B | HOMepaMHu, peryispHo. ObpaTHoe oToOpajkeHHe 3a1aéTCs TOU
xe Gopmynoil: t = sj (s,‘l (gol(t)) . gol(t)) (ymocroBepsTech B 3TOM!).

Yip. 6.4. OTo ciefiyeT U3 oIpeZesieHus JOKalIbHOMN peryisapHoi ¢yHKIuY u 3aM. 5.1. Ha cTp. 79.

Ymp. 6.5. OTOOpaXKeHUe » MOXKHO 3a4aTh POPMYIOH (X : X1 1 Xp) H (X X, I XX, o XX, ), U3 KOTOPOH
BU/IHO, YTO OHO He OmpeziesieHo ToabKo B Toukax (1: 0: 0),(0: 1: 0),(0: 0: 1) u obpas x Toxe
PaBeH JIOTIOIHEHHIO 10 3TUX TPEX TOUeK.

Yrp. 6.6. B o603HaueHusa u3 npuM. 6.1 Ha cTp. 84 mepeceyeHre MHOXKECTBA HyJIel OZHOPOAHOI'O MHO-
rowrena f(xq, X4, ..., X,) CO CTaHAApTHOM KapToii U; C IP,, 3agaérca B adpOUHHBIX KOOpPAUHATAX t;
KapThl U; TONMMHOMUAIbHBIM ypaBHEHHEM

f (ti,o’ ceey ti,i—l’ 1, ti,i+1’ ey ti,n) == 0 .

Ymp. 6.10. Ilyct X;, X, C X — ABa 3aMKHYTBIX HEIPUBOAMMBIX NOAMHOXeCTBa U U C X — OTKpHITOE
MHOXeCTBO, TaKoe 4To o6a nepecedenua X, NU, X, NU wenycteL. Torqa X, = X, <= X, NU =X,NU,
nockonbky X; = X; N U.

Voip. 6.11. JIOKaXXWUTe, YTO IPOU3BECHNE KOHEUHBIX CIOpbeKIuii X — A", Y — A™ apjsgeTca KOHEYHOM
cropbeknuein X X Y — A" x A™,

Yop. 6.12. Beibepute B H Kakoi-HUOYAb 6a3uc, 3aUIINTE KOOPAMHATHI BEKTOPOB 3TOT0 6a3uca 1 Koop-
JVHATHI TOYKU P 110 cTpokaM (n — d + 1) X (n + 1)-maTpuiisl. YejaoBue p € H o3HavaeT, 4YTO PaHT 3TOU
MaTpPHUIIB paBeH N — d. 3aHyJIeHUe BCEX MUHOPOB mopsaka n— d + 1 ABIAeTCS CUCTEMOU OWTMHEMHBIX
ypaBHeHMi1 Ha ITIOKKePOBBI KOOPAMHATHI IOATIPOCTpaHCTBa H ¥ OZHOPOAHEIE KOOPAMHATHI TOYKH .

Ymp. 6.14. I 3aaéTca 0fHOPOAHBIMU 110 K&XK/OMY f; M TI0 p ypaBHeHUAMH f(p) = f1(p) = - = f,(p) =
0.

Yop. 6.15. Bo3pmuTe n+ 1 rUnepIuiocKoCTe, mepeceKaroxcs B OFHOM TOYKe, ¥ BO3BEIUTE 3aatolue
UX TUHENHbIE GOPMBI B TIOAXOASAIINE CTETIEHU.

Ymip. 6.17. JIlnHeliHas 060109Ka BEKTOPOB U, W € V ABJsieTcss 06pa3oM JIMHEHHOTO 0TOOpakeHUs

V>V, €H6€(qu)=<§,u®w—w®u).

lHaHOMHIO, YTO IUTIOKKEPOBBIMU KOOPpAVHATAMU IIOAIIPOCTPAHCTBA ABJAIOTCA CTapllvi€é MUHOPEI MaTPUIbI,
COCTaBJIEHHOH U3 KOOpAVHAaT KaKOI‘O-HI/I6yZ[b 6asuca B 3TOM IIOAIIPOCTPAHCTBE

103



104 OTBeTH! U YKa3aHUA K YIPaKHEHUAM

[pamas (uw) C P, sexxut Ha noBepxHocTu V(f) C P ecnu u Tosnbko ecnu f (6 E(u A W)) = 0 ana
Bcex & € V™. IlycTb BEKTOPEI €, 06pa3ytoT 6asuc BV, u = Y ue;, v = Y. v;e;, § = Y. &;ef . Toraa

uAW=ZPijei/\ej’ rae pij=—pjl-=uivj—ujvi
i#j

0603HavaIOT IUTIOKKEPOBB! KOOPAUHATH Ha Py = P(A?V). [TocKOMBKY

Oe(uAw) = Z Z fkpija(%k (e;nej) = Z(Zpijfk) “Ejs

K i#j ki

NOACTAaBIAA X j = > v j$i B f(X) 1 IpHpaBHUBAsA K HYJIIO KO3GQUIMEHT IIPU KAXXJO0M MOHOME OT & I
i#]

MOJIy4aeM CHCTEMY ITOJIMHOMUAIBHEIX YpaBHEHUH Ha K03 PULIMeHTh MHOTrOWIEHA f Y IUTFOKKEPOBEI

KOOPAMHATHI P, j, OLUCHIBAIOIYIO " KaK 3aMKHyTOe aarebpandeckoe roamuoroobpasue B Py X Pg.

yop. 6.18. B apduHHON YacTu IpAMBIX HET BOOOIIe, TaK KaK MOACTaBIAA BMeCTO (X, Y, Z) TOUKY, 6ery-
IIYIO 10 IPAMOM ¢ TapaMeTPUYeCKUM YPaBHEHUEM X = X, + a t,y = Y, + f t, z = Z, + y t IonydaeM
HECOBMECTHYIO CCTEMY YPaBHEHUH

apy =0
apzy + Pyxo +vay, =0
aYoZo + PXoZg +VXqYo =0

XoVoZo = 1

(y6eautech B aTom!). [lepeceueHrie TOBEPXHOCTH C OECKOHEYHO YAAIEHHOM TUIEPILIOCKOCTHIO 3a/1a-
éTcsl ypaBHEHUEM XYZ = 3 U ABIAETCA 00beJUHEHUEM TPEX MPSMBIX.

yop. 6.19. B atom ciydae Py, = P(S y*y = P, sTo mpocTpaHcTBO KBaApUK. C/I0H MPOEKLUUH T4
I' - Py Hag Kax/0H IMTaAKON KBaZIPUKOI ABJIAETCA AUIBIOHKTHBIM OObeJUHEHHEeM /IBYX IIPOEKTHB-
HBIX IIPSIMBIX, CJIOH Ha JIF0O0M [M1aIKO TOUKOM T'UIepIIOBEPXHOCTH BHIPOXKAeHHBIX KBaApuk V' (det) C
P, ABIAETCA OAHOM MPOEKTUBHOM IPSAMOM, CJIOK HaJ Mapoi IepeceKaroluxcs IJIOCKOCTeH U30MOp-
beH I3 BIOHKTHOMY 00 BeJMHEHHIO ABOMCTBEHHBIX IUTOCKOCTEH, a CJIOH HaZ ABOHHOM IVTOCKOCTBIO —
ZIBOMCTBEHHOM IIJIOCKOCTH.

Ymp. 6.20. C TOYHOCTBIO JI0 IIepeHyMepaluy KOOpAVHAT, Tapa JUHEeWHbBIX YpaBHeHUH, 3a/jaloluX Ips-
Myto Ha KyOouxe ®epma, npuBoanuTca MeToZoM laycca k BUAY X, = axX, + fx3, x; = yXx, + 0x5.
[ToxcTaBbTe 5TU 3HAYEHUA B ypaBHeHUe KyOUKH, IOKaxxure, yTo afyd = 0, a 3aTeM HalauTe UX.

ymp. 6.21. Ky6uueckas ¢opma ®@epma Y x7 naz F, coBmazaer co cTaHAapTHOM 3PMUTOBOMN GopMOit
Y x;x;. IloaTomy mpoekTHBHas yHuTapHas rpymnmna PU, (F, ) zeiictByer Ha KyGrke ®epma Cp C P, (F,)
u3 ymp. 6.20, nepeBozs IpsAMEbIe B IIpAMbIe ¢ COXpaHeHHeM UHIuAeHTHocTy. [1pu atoMm | PU,(F,)| =
=26.3%.5,a|G| = 51840.
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